Relative normalizing extensions

C. Vidal Martin

Abstract

The purpose of this note is to study relative normalizing ring homomor-
phisms and the functorial behaviour of the classical sheaves constructed in
[19], with respect to these.

1 Introduction

In [20] we announced that the functoriality results proved for relative centralizing
extensions could be generalized to ring morphisms, which are only assumed to be
strongly normalizing with respect to a fixed symmetric biradical (), p). To prove this
assertion, we need some “going up” and “going down” results, hence we included
a section devoted to the development of the necessary techniques (similar to the
ones used in [1]) which permit us to obtain analogous properties as in the relative
centralizing case for relative normalizing extensions.

This note is organised as follows. In the first section, we recall some generalities
on abstract localization. In section 2, we study relative normalizing extensions and
in the last section we use the results proved before to show that the sheaves do
indeed behave functorially in the classical case. As the results contained in section
3 of [20], i.e., the symmetric case, are easily translated to the present context we
only give details in the classical case.

2 Some Background on Localization

2.1 We briefly recall here some of the notions and results about abstract local-
ization which will be needed afterwards. For more details, we refer the reader to
13, 5, 7, 8.
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A radical o in R-mod is a left exact subfunctor of the identity with the property
that o(M/oM) = 0, for any left R-module M. A left R-module M is said to be
o-torsion or a-torsionfree, whenever (M) = M resp. o(M) = 0. We let 7, resp. F,
denote the class of all o-torsion resp. o-torsionfree left R-modules. Each of these
determines o.

Denote by L(o) the Gabriel filter associated to o, i.e., the set of all left ideals L
of R with the property that R/L is o-torsion. It is well-known that £(c) determines
o completely. Indeed, if M is a left R-module M and m € M, then m € o(M) if
and only if Anng(m) € L(0).

2.2 If ¢ is a radical in R-mod and FE is a left R-module, we say that E is o-
injective resp. o-closed if the canonical morphism

HomR(M, E) — HomR(N, E)

is surjective, resp. bijective for any morphism N — M with o-torsion kernel and
cokernel (such morphisms are usually called o-isomorphisms). It is easy to see that
E is o-closed if and only if F is o-injective and o-torsionfree.

Associated to the radical o, there is a localization functor Q,(—) in R-mod which
maps every left R-module M to a o-closed left R-module Q,(M), endowed with a
o-isomorphism M — @Q,(M). One usually calls Q,(M) the module of quotients of
M at o.

The module @,(R) has a canonical ring structure extending that of R and for
any left R-module M, we have that Q,(M) is a left Q,(R)-module.

We will also need the fact that if M is an R-bimodule, then so is Q,(M). Hence,
the localization functor @,(—) restricts to an internal functor in the category R-
mod-R of R-bimodules. If M is an R-bimodule then @Q,(M) is canonically iso-
morphic to Qz(M), where 7 is the induced radical in R-mod-R. Moreover, if M
is o-torsionfree then Q,(M) C E*(M), where E?(M) is the injective hull of M in
R-mod-R.

2.3 Let £?(o) be the set of twosided ideals of R belonging to £(c). We say that
o is symmetric if L?(o) is a filter basis for £(0), i.e. , if for any L € L(o) we can
find I € £%(o) such that I C L. Let us denote by K (o) the set of all primes P in R
with the property that R/P € F,. It is well known that if o is symmetric or if the
ring R is noetherian, given a prime ideal P of R, we have P € K(o) if and only if
P& L2(o).

We say that the ring R is o-noetherian, if R satisfies the ascending chain condition
for o-closed subobjects or, equivalently, each left ideal of R is o-finitely generated.
A left R-module M is o-finitely generated, if it contains a finitely generated left
R-module N with the property that M/N € 7,. The radical o is said to be of finite
type, if L(o) has a basis consisting of finitely generated left ideals of R. It is clear
that if R is o-noetherian, then o is of finite type.

2.4 Aradical A in R-mod is said to be a biradical (in the sense of [9]), if there exists
a radical p in mod-R with the property that A(R/I) = p(R/I), for any twosided
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ideal I of R. We also call the couple (A, p) a biradical over R. For example, if C' is
an Ore set in a noetherian ring R, then the radical A¢ in R-mod is a biradical.

In this note, we will work throughout with a symmetric biradical (X, p) with re-
spect to which R is (A, p)-noetherian and (X, p)-closed.

With these properties it is easily proved that for any left ideal L of R and any
left R-module M, we have LQx(M) C QA(LM) (see [19, (2.3)]). It also follows that
OrK) = Q,(K) for any twosided ideal K of R (see [18, (2.6)]).

2.5 If p is any radical in (R, A)-mod, we can define a radical £ in R-mod by
letting /1 consist of all left R-modules M with the property that Q(M) is p-torsion.
We have typical examples of this situation when we take a multiplicatively closed
filter £ 2 L£%()\) of twosided ideals of R. Indeed, £ defines a radical yu. in (R, \)-
mod, by letting a A\-closed R-module M be u,-torsion if and only if for any m € M
there exists some L € L such that Lm = 0. Let us denote by A, the radical ti
induced by p, in R-mod.

Let Y C K(A) be any generically closed subset of K () and denote by £(Y") the
set of all twosided ideals I of R such that I ¢ P for all P € Y. Then L£(Y') defines

the radical Ay < Az(yy and it is easy to see that K(\y) =Y. If I is a twosided
ideal of R and
XN = {PeKN; 1L P},

then we write A; for Ay (). Similarly, if P € K(A) and Y = {P}, we write Ag_p
for )\{p}.

2.6 All radicals defined before are examples of radicals which are relatively sym-
metric with respect to A. Such a radical ¢ has the property that for any L € L(0),
we can find I € L%(o) such that I C Qx(L). These radicals share most of the
properties of the symmetric radicals in the absolute case. In particular, if o is
relatively symmetric with respect to A, then ¢ = Apck()Ar—p. Also, if M is a
Mfinitely generated, A-torsionfree left R-module, then M is o-torsion if and only if
Annr(M) € L?(0).

3 Relative normalizing extensions

3.1 Let ¢ : R — S be a ring homomorphism and let ¢ be a radical in R-mod.
It is well-known that, in general, there is no ring homomorphism ¢ : Q,(R) —
Q5(S) induced by ¢. In [20] this problem is solved introducing relative centralizing
extensions. Let us now consider a more general notion of ring morphisms, the so
called relative strongly normalizing extensions.

First of all, let us define an R-bimodule M to be left normalizing (resp. strongly
left normalizing) with respect to (A, p) if M is (), p)-torsionfree and there exists a
normalizing (resp. strongly normalizing) R-subbimodule N C M such that M/N €
T\. Recall from [1] that an R-bimodule M is said to be normalizing (resp. strongly
normalizing) if M = RNg(M) (resp. M = RN (M)), where Np(M) (resp. Nj(M))
is the set of all m € M with the property that mR = Rm (resp. with the property
that Im = ml, for all twosided ideals I of R.) Right normalizing and strongly right
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normalizing R-bimodules with respect to (A, p) are defined similarly and we will say
that an R-bimodule M is (), p)-normalizing (resp. (A, p)- strongly normalizing) or
normalizing with respect to (A, p) (resp. strongly normalizing with respect to (A, p))
if it has the property on both sides.

Let us say that ¢ : R — S is normalizing (resp. strongly normalizing) with respect
to (A, p)if S'is (A, p)-closed and (A, p)-normalizing (resp. (A, p)-strongly normalizing)
as an R-bimodule.

3.2 In [20] it has been proved that if ¢ : R — S is centralizing with respect to
(A, p), we can define a map:

Wi KA\ —= KO : Q— ¢ '(Q),

where )\ is, as usual, the radical induced by A in S-mod. The same result is easily
proved for strongly normalizing extensions with respect to (A, p). We want to know
what happens for normalizing homomorphisms with respect to (), p).

3.3 Note that if ¢ : R — S is (A, p)-normalizing (resp. strongly normalizing),
then S/S" is (A, p)-torsion for some normalizing (resp. strongly normalizing) R-
bimodule S’. If we may choose S of the form S" = > | Ra; = >, a;R for
some {aq,...,a,} € Ng(9) (resp. in N3 (S5)), we will say that ¢ is a finite (A, p)-
normalizing homomorphism or a finite (A, p)-strongly normalizing homomorphism.
Suppose ¢ : R — S is a finite (), p)-normalizing homomorphism and canonically
factorize ¢ as

RL RS S
where R = R/ker(p). Denote by N, resp. by p”, the radical induced by A resp.
by p in R-mod, resp. in mod-R. Then i : R — S is an injective finite (\’, p”)-
normalizing extension with the property that R is (A", p")-torsionfree.

Assume that R and S are endowed with symmetric biradicals (), p) resp. (X, p'),
with respect to which they are both noetherian and closed. Let ¢ : R — S be a ring
homomorphism, which is a finite normalizing (A, p)-homomorphism and such that
(N, p") > (A, p). In this case, if we consider the injective component R «— S of ¢,
we are in the same situation as described above, with the difference however, that
the ring R is only (X", p”)-torsionfree.

From now to the end of the section, we suppose R and S to be endowed with
symmetric biradicals (A, p) resp. (X, p'), with respect to which they are both noethe-
rian, S is closed and R is torsionfree. Let ¢ : R C S be a ring monomorphism, which
is normalizing with respect to (), p), of finite type, such that (X, p') > (X, p) and
with the property that (), p) is g-compatible.

3.4 In the situation described previously, we may define for all twosided ideals I
of R and for all 1 <7 <n twosided ideals

Li={reR;ra; € a;l}

and,
I'={r € R; air € Ia;}.
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We have that a;] = Ia; and Ia; = a;I]. Assume that the following affirmations are
equivalent:

1. T€L2(N);
2. I; € £2()\),
3. Il € L2(N).

Note that in the centralizing and the strongly normalizing cases we always have this
property (I = I; = I}).

Following the steps of [1, 2], we prove the following results.
Suppose that the S-module M is (A, p)-closed as an R-bimodule. If N C M is
an R-submodule of M, we can define for all 1 <i <n

a;'N={meM;amée N}.
Lemma 3.5 For gN C M and for all 1 < i < n, we have a; *Qx(M) = Qx(a; ' N).

Proof:

If g € a;'QA(N) C a; ' M, there exists L € £>(\) such that La;q = a;Liq C N.
But in this case, Lig C a; "N, so q¢ € Qx(a; ' N).

For the other inclusion, take ¢ € Qx(a; ' N) and L € £2()\) such that Lq C a; ' N
or equivalently a;Lq C N. But a;Lq = L;a;q with L; € £L2()\), so a;q € QA(N) and
q € a;'Q\(N).O

Corollary 3.6 If N is \-closed, then a;'N is also A-closed.

For N C M, we let b(N) = (_, a; ' N and call this the bound of N in M.

Lemma 3.7 If N is A-closed, then b(N) is the biggest S-submodule of M inside N.
It is also A-closed.

Proof:

Because of the last corollary, b(NN) is trivially A-closed.

If we take ¢ € b(IN) and s € S, we have to show that s¢ € b(N). If s = a;
or s € S the proof is similar to the absolute case. In general, if s € S there
exists L € L%(\) such that Ls C 5’ so Lsq C S’q C b(N) and this implies that
sq € Qx(b(N)) = b(N).O

Lemma 3.8 If N = Q\(M) is R-essential in M, then b(N) is R-essential in M.
Proof: See [1].0

Argueing as in [1, 2], one easily proves:

Lemma 3.9 Let Q4 .S and Q CT C S. Suppose @ verifies that for every L C S
with Q € L, we also have Q £ LNT. If Q € H, then

1. Q€ HNa 'T for every a € Ng(S).
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2. QZ HNo(T)

Lemma 3.10 For any Q € K()), there exist prime ideals P € K(\) and
{Py,...,P,} in R such that

I.NL,P=QNR;
2. if P, # R, then R/P ~ R/P; as rings (so P, € K()\)).

Proof:

Let F = {gYs; b(Y) = Q}. As F # 0 is inductive, there exists gYs C S
maximal for the condition b(Y') = @. Using the maximality of Y, it is clear that YV
must be A-closed. We have also that @) = Q,(Q) because A is i-compatible and so
S/Q € Fy.

Let P := Y N R, then R/P C S/Y is Atorsionfree. Take r € R, s € S and
suppose that rRs C Y. We are going to show that r € Y or s € Y. If r ¢ Y and
s €Y, we define

I := QA(R'I“S) +Y

J = QA(RSS) + Y

It is clear that I and J are A-closed (R, S) submodules of S, so b(I) and b(J) are
twosided ideals of S. The maximality of Y permits us to say that @ ¢ b(/) and
Q Z b(J). However,

b(D)b(J) C QA(RrS)b(J) +Yb(J) C Qr(Rrb(J)) +Y

-
C QMBrQA(RsS+Y))+Y CQAQA\Y)+Y) =Y.

This proves in particular that P € Spec(R), so P € K(\).
With P, = a; 'Y N R for any 1 < i < n, it now follows that R/P; C S/a;'Y € F)
as a; 'Y is A-closed because of 3.6. We can define

0;: R— R/P,

by 0;(r) := r' + P, where ra; = a;r’. Clearly 6; is a ring morphism and Ker6;, = P,
so if P; # R then P, € K(\).O

3.11 We can develop the same kind of results if we take gk Ng C ¢ Mg and assume
M to be (A, p)-closed. We can define for all i,5 € {1,...,n}

a;'Na;' = {m € M; a;ma; € N}

1

and b(N) = Ny ja; "Naj'. If N is (X, p)-closed, then b(N) is the biggest S-subbimo-
dule of M contained in N and it is (A, p)-closed.

Remark 3.12 It is well known that if we work with a ring and a symmetric biradical
(A, p) with respect to which R is closed, then a prime P of R belongs to K(\) = K(p)
if and only if it is (A, p)-closed.

The problem appears when the ring R is not (), p)-closed. In our situation,
the ring R = R/Keryp is only torsionfree with respect to the symmetric biradical
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(X', p"). However a prime P” of R is in K(\") if and only if P” = P/Kery with P
in K(\). Nevertheless we will need that

Qx(P/1) = Qu(P/I),

which is equivalent to
QA(P/T) = Qp(P/I).
We can suppose that Q\(R/I) = Q,(R/I), for any (A, p)-closed twosided ideal

I of R. For this it is enough to have that (A, p) is a strongly centralizing biradical,
which means that Q\(M) = Q,(M) for every centralizing R-bimodule M.

Lemma 3.13 Suppose that (X, p) is a strongly centralizing biradical. If P € K()\),
there exists QQ € K(X') such that P is minimal over Q N R.

Proof:
Let us define

It is an easy exercise to prove that C is inductive and C # (), so let Q be the maximal
element in C. Then @ N R C P and @ = Qx(Q) so S/Q is N-torsionfree.

Let us show that @ € Spec(S). Suppose that I, J are twosided ideals of S such
that IJ C Q, I € @ and J € ). The maximality of ) in C allows us to say that
Qx(I+Q)NRZ P and Qu(J+Q)NR L P. But

@I +Q)NR)(Qx(J+Q)NR) C QI +Q)Qx(J+Q)NR C
Qv(@vI+Q)(J+Q))NR = Qv(U+Q)(J+Q)NR C
Qv(Q)NR cC P

and this contradicts the fact that P is prime in R.

Finally, let us verify that P is minimal over QN R or, equivalently, P, = P/QNR
is minimal in R; = R/Q N R. If P, is not minimal in Ry, then P; would be essential
in Ry, so rank(Ry) = rank(P;). Let Q@ C K C S be an R-subbimodule of S maximal
with respect to K N (R+ Q) C Q, then K = Q\(K) = Q,(K) and

rank(Sy) = rank(S/Q) = rank((K; = K/Q) @ Ry) = rank(K, ® P,)

so (K@ P+ Q)/Q is essential in S; and, (by 3.9) b(K ©@ P + Q)/Q is also essential
in S;. If we prove that Qx(b(K @ Q\(P)+ Q)) N R C P, we will contradict the
maximality of @), because b(K @ Q»(P) + Q) is a twosided ideal of S (3.11).

Let us show that Qx(b(K @ QA(P)+Q))NR C P.

¢ H(KOQAP)+Q)NRC (KB QAP)+Q)NRCOAP)NRC R;

e If ] is a twosided ideal of S such that /N R C P then also Qx(I)NR C P. If
q € Qx(I)NR, then there exists L € £3(\') C £2(A) such that Lg C INR C P.
But as \ is ¢-compatible we have that LN R € £%()\) and, as (INR)q C Pq C
Or(P)NRC P.O
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Lemma 3.14 Ifs € Np(S) and S is prime, then Anng(s) € rady(R) := Npex(x) P-

Proof:
First, note that Annk(s) = Ann’z(s) is a twosided ideal of R, because s €

N3(S). For every P € K(\), the last lemma permits us to find Q € K()) such
that QN RC P. As 5= s+ Q € Np,p(5/Q), we have that Anan/P(E) =0 as it is

a twosided ideal of R/P, while S is prime and Anan/P(E)E = 0. This means that
Annk(s) CQNRC P.O

4 Functorial Behaviour

From now on, we assume throughout R to satisfy the strong second layer condition
with respect to (A, p) ([19]).

Assume that the ring homomorphism ¢ : R — S is strongly normalizing with
respect to (A, p). Exactly as in the relative centralizing case, it can be proved that
this yields a map:

‘0 K(A) = K(\); Q= ¢ '(Q)
It has been verified in [18], that the set T'(R, A, p) consisting of all sets Xz (I, \) such
that (A7, pr) is a biradical, is a topology on K (\).

4.1 Let us recall the definition of the structure sheaf on (K(\),T'(R, A, p)) con-
structed in [18] through classical localization.
To every open subset Xg(1,A) in T'(R, A, p), we associate the radical

A= N er

PeXg(I,N)

If we define p(;) in a similar way, it has been proved in [18] that if M is an R-
bimodule which is normalizing with respect to (A, p), then we can associate to any
open subset Xg(I,\) of T(R, A, p) the module of quotients Q) (M) of M at (.

This yields a sheaf of R-bimodules Q)7 on (K (\), T(R, X, p)), with global sections
T(K(\), Q) = QA(M).

4.2 In [18], we introduce a relative notion of Ore set with respect to A\. If C' C R is
a multiplicatively closed subset of R, we will say that C'is a left Ore set with respect
to X\ if A¢ is an internal radical in (R, A)-mod. This means that A\c(M) € (R, \)-
mod for any M € (R, \)-mod and that there exist, for any 7 € R and ¢ € C, a left
ideal I € L(A) and d € C, with Idr C Re ( or equivalently if @Q\(R/Rc) is A¢-torsion
for any ¢ € C).

If C' C R is a left Ore set with respect to A and M € F) then

A(M)={me M;3IceC, cm=0}.
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4.3 For any subset X C K()), we define A\(x) := ApexAc(p), T€sp. p(x) =
Apexpe(p)- It is clear that (Ax), pix)) = (A, p)-
If X is link closed, satisfies the weak intersection property and the strong second
layer condition with respect to (A, p), then (A(x), p(x)) is a biradical [18, (3.11)].
Moreover, the weak intersection property guarantees that Ax) = Ac(x), resp.
p(x) = pe(x) where A¢(x) resp. pe(x) is the radical in R-mod, resp. in mod-R
obtained by reflecting the radical A¢(x) resp. p(x) in (R, A\)-mod, resp. in mod-
(R, p) (see 2.5).

Definition 4.4 If M € R-mod, we will say that m € M is weakly regular with

respect to A, if for every P € K(X\) and any r € R, one has rm € Pm if and only
ifre P.

Lemma 4.5 If R C S is (A, p)-strongly normalizing of finite type and s € N3, (S),
then s is weakly regular with respect to .

Proof:
Let P € K(\) and r € R. If rs € Ps, then rs = ps, for some p € P. This means
that (r — p) € Annly(s) C P (see 3.14), so r € P.O

Remark 4.6 If we have R C S with S a prime ring and s € Nj(S), then s is
weakly regular with respect to A. This is clear because Annly(s) is a twosided ideal
of R and if Js = 0 for any twosided ideal J of R, then J =0 or s = 0.

Proposition 4.7 Let M be an R-bimodule and let m € N3 (M). Assume m to be
weakly regqular with respect to X and let r,r" € R be linked through r'm = mr. Then
we have:

e forany P € K(X\), r € P if and only if r' € P;
o for any X C K(\), r € Cr(X) if and only if ' € Cr(X).

Proof: Exactly the same as in [3, (11.7.4)].0

Lemma 4.8 Let M be an R-bimodule generated by elements in N3,(M) which are
weakly regular with respect to A. Let X C K(\) and assume C' = C(X) is a left Ore
set with respect to A. Then:

1. for any m € M and any c € C, there exist some d € C' and some J € L(N)
such that Jdm C Mc;

2. for any m € M and any ¢ € C with mc = 0, there exists some d € C' such
that dm € A\(M).

Proof:
Let ¢ € C and write m = 3>!_; rym; with 7; € R and m; € N3 (M) weakly regular
with respect to A\. By the previous result, we can find for every index 7, some ¢, € C
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such that ¢;m; = m;c. If we apply the commom denominator property, there exist
d € C and J € L(\) such that Jdr; C Rc; for any . Let j € J, then

t t t
jdm =Y jdrim; =Y rldm; =Y rlm;c € Me,
i=1 i=1 i=1
so Jdm C Me.
To prove the second assertion, one argues as in [20, (4.3)].0
Taking into account the previous result, one proves as in [20, (4.4)]:

Corollary 4.9 Let X C K(\) such that C = C(X) is a left Ore set with respect to
A and let N be an R-bimodule generated by elements in N3 (M) which are weakly
reqular with respect to . Let M = Q\(N), then:

1. for any m € M and any c € C, there exist some d € C' and some J € L(\)
such that Jdm C Mc;

2. for any m € M and any ¢ € C with mc = 0, there exists some d € C' such
that dm € A\(M).

4.10 Our next goal will be to show that

Q5 (V) & Qux) (V) = Quxy (V) < Qx (V)
for any (A, p)-torsionfree strongly normalizing R-bimodule N and any subset X C
K () which is link closed with respect to (A, p) (see [3, 10] for definitions).
As we will need that Q\(NV) = Q,(N) for any (A, p)-torsionfree strongly normal-
izing R-bimodule N, we assume (), p) to be a strongly normalizing biradical. Note
that this implies, in particular, that (A, p) is a strongly centralizing biradical.

Proposition 4.11 Let (A, p) be a strongly normalizing biradical over R with the
property that R is (X, p)-closed, (A, p)-noetherian and satisfies the strong second
layer condition with respect to (X, p). Let X C K(\) = K(p) be a link closed subset
with respect to (X, p), satisfying the weak intersection property with respect to (A, p).
Then Qix)(N) = Q(x)(N), for any (X, p)-torsionfree R-bimodule N generated by
elements in Nj,(N) which are weakly reqular with respect to .

Proof:

Since (A(x), px)) = (A, p) and since our hypotheses imply [20, (3.2)] also to hold
true for torsionfree strongly normalizing R-bimodules, we have that A\ xyN = p(x) V.
So, N/Ax)N = N/px)yN and as (A(x), px)) = (A, p) , we may suppose that N is
(Ax); p(x))- torsionfree.

Let M = Q:(N) = Q,(N) and take g € Q = Q4 (N) = Q (M). As Q/M is Ax-
torsion and A-torsionfree, there exists ¢ € C(X) such that m = ¢q € M. Applying
the right handed version of 4.9, we can find J € L*(\) = L%*(p) and d € C(X)
such that mdJ C ¢M. For any j € J, let m; € M be such that mdj = ¢m;. Then
c(qdj —m;j) =0 and as gdj —m; € Qix)(N) and this is A¢(x)-torsionfree as,

Ao @y (V) = Ao @5 (V) = Ax) Q4 (N) =0
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, 1t follows that qdj = m; so qd € Q,(M) = M.
Taking into account 2.2, with ¢ = ¢+ M € Q/M, it follows that

pex)(Q/M) € pex) (EZ( )/M) =
( 2(N) /M) 0 pexy@p(E*(N) /M) =
= (E*(N)/M) 0 pox)Qp(E*(N) /M) =
pex)(E*(N) /M),

so Q/M € T, and then Q%(N) = Q C Q% (M) = Q%(N). The other inclusion is
obtained by symmetry.O]

I 'QI

Theorem 4.12 Let (A, p) be a strongly normalizing biradical over R with the prop-
erty that R is (A, p)-closed, (X, p)-noetherian and satisfies the strong second layer
condition with respect to (X, p). Assume that every (A, p)-clique in K(X) satisfies
the weak intersection property with respect to (X, p). Then Qix)(N) = Q(x)(N), for
any subset X C K(X) = K(p) which is link closed with respect to (X, p) and any
(A, p)-torsionfree R-bimodule N generated by elements in Nj(N) which are weakly
regular with respect to \.

Proof: This may be proved along the lines of [20, (4.8)], taking into account the
previous result.O

Corollary 4.13 Let (A, p) be a strongly normalizing biradical over R with the prop-
erty that R is (A, p)-closed, (X, p)-noetherian and satisfies the strong second layer
condition with respect to (X, p). Let ¢ : R — S be a ring homomorphism. Assume
one of the following properties is satisfied:

1. ¢ is a finite strongly normalizing homomorphism with respect to (X, p);

2. ¢ is strongly normalizing with respect to (X, p) and S is prime.

For any subset X C K(X) = K(p) which is link closed with respect to (X, p), the
rings Q%(S) and Q%(S) are canonically isomorphic.

Proof:

If we factorize ¢ : R — S as R = R <> S, then 7 is centralizing so the result
follows by [20, (4.8)]. For the injective part use the previous theorem and 4.5 resp.
4.6 for the finite case resp. for the prime case.O

4.14 To derive functoriality we will only need to study what happens at the sheaf
level because under our hypotheses it can be proved as in [20, (3.4)] that the map

‘o K(N) — K())
constructed before, induces a continuous map
Yo (K(XN), T(S, X, p)) = (K(A), T(R, A, p)).

Note that the result [20, (2.9)] is easily translated to the strongly normalizing case.
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If o > X is a radical in R-mod, we can show (as in [3, (II.5.3)]) that Q,(S)
possesses a ring structure making the canonical morphism j, sS — Q,(S) into a
ring homomorphism if and only if Q,(S) has a left S-module structure extending
that of S. In this case, this structure is necessarily unique. Moreover Q,(.S) ~ Q5(.5)
and

QJ(Q‘J) : QJ(R> - QJ(S> = Q&(S>

is the unique ring homomorphism extending ¢.

Theorem 4.15 Let (X, p) be a strongly normalizing biradical over R with the prop-
erty that R is (A, p)-closed, (X, p)-noetherian and satisfies the strong second layer
condition with respect to (A, p). Assume that (N, p') is a symmetric biradical over
S such that S satisfies analogous properties with respect to (N, p') and that every
(A, p)-clique in K(\) satisfies the weak intersection property with respect to (X, p).
Assume also that the ring homomorphism ¢ : R — S satisfies one of the following
properties:

1. ¢ is a finite strongly normalizing homomorphism with respect to (X, p);
2. ¢ is strongly normalizing with respect to (A, p) and S is prime.
If (N, p') > (N, p), then o induces a morphism of ringed spaces
“o: (K(N),T(S,X,p), Q5") = (K(\), T(R, A, p), Q).

Proof:
If I is any twosided ideal of R such that (A7, pr) is a biradical then Q{;(S) ~
Q(n(5), so after the previous comments of 4.14 we have a ring homomorphism:

Qil)(R) - Qil)(5> = QW(S)

We can conclude the result from the fact that Ay < Ag,(sr in S-mod (see [20,
(4.9)]).0
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