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Abstract

Many authors have used the André/Bruck and Bose representation of
PG(2,¢%) in PG(4,q) to study objects in the Desarguesian plane with great
success. This paper looks at the André/Bruck and Bose representation of
the Desarguesian plane PG(2, ¢") in PG(2h, ¢) in order to determine whether
this higher dimensional representation provides additional information about
objects in the plane. In particular, we look at the representation of unitals
and Baer subplanes in this setting.

1 Introduction: the Andr é&/Bruck-Bose representation

André[1] and Bruck and Bose[4, 5] independently developed a method for represent-
ing translation planes of order ¢" with kernel containing GF(q) in the projective
space PG(2h, ¢). André gave a construction based on group theory; Bruck and Bose
gave an equivalent geometric construction. This geometric construction of Bruck
and Bose is the form we use in this paper. We refer to this representation as the
André/Bruck-Bose representation.

In this section we present the results of Bruck and Bose. In particular, we
obtain a representation of the Desarguesian plane PG(2,¢") in the projective space
PG(2h, q). We also obtain a convenient and natural coordinate system for PG(2, ¢")
in this André/Bruck-Bose representation.

Throughout this paper we shall use the following notation. An r—space of
PG(n,q) is a subspace of dimension r. We shall use the term a subspace of
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PG(n, q)\X to mean a subspace of PG(n, q) which is not a subspace of the hyper-
plane 3. Anr—spread of PG(n, ¢) is a set of r—spaces which partitions the points
of PG(n,q). When the dimension of the subspace elements of a given r—spread is
clear by the context, we often refer to the r—spread as a spread.

1.1 The Andr é/Bruck-Bose construction

In this section we describe the André/Bruck-Bose representation; we follow[4, Sec-
tion 4].

Let S be a (h—1)—spread of ¥, = PG(2h—1, ¢) and embed ¥, as a hyperplane
in PG(2h, q).

Define an incidence structure aff(\V) as follows.

The points of aff(V) are the points of PG(2h, ¢)\Xw.

The lines of aff(V) are the h—spaces of PG(2h,q) which intersect X, in a
unique element of S. (Note that this implies that each such h—space is not
contained in ¥.)

The incidence relation of aff(¥) is that induced by the incidence relation of
PG(2h,q).

By [4, Theorem 4.1, Corollary], aff(¥) is an affine plane of order ¢".

The affine plane aff{ V) may be embedded in a projective plane ¥ by adjoining
the spread S to aff(¥) as a line at infinity which we denote by /.. Each element
of S corresponds to a class of parallel lines of aff(\V), thus each element of S is
adjoined to ¥ as a point at infinity.

By [4, Theorem 7.1, Corollary], aff(¥V) is a translation plane with translation
line the line at infinity. Moreover, every finite translation plane is isomorphic to at
least one plane aff(¥). Also we note, by [5, Theorem 12.1, Corollary], for h > 2 and
q > 2, the finite projective plane ¥ is Desarguesian if and only if the (h—1)—spread
S of ¥, is a regular spread.

1.2 The Andr é/Bruck-Bose representation of PG(2,q") in PG(2h,q)

Our aim is to obtain a convenient coordinate representation of PG(2,¢") in the
André/Bruck-Bose setting with construction ¥ as given in the previous section.
We require a regular (h — 1)—spread S of 3o, = PG(2h — 1,¢q). The following
determination of a regular spread S is a special case of the work of Bruck and Bose
given in [4, Section 5.

Represent Yo, = PG(2h — 1,q) as the (2h)—dimensional vector space GF(g?")
over GF(q); the points of PG(2h — 1, q) corresponding to the 1-dimensional vector
subspaces of GF(¢?"). We do this in the following way: let

{La,... ,ah_l,ﬁ,ﬁa, .. .,ﬁah_l}

denote a basis for GF(¢?") as a vector space over GF(q). Here a € GF(¢")\GF(q) has
minimal polynomial p,(z) = 2" — ¢y 12" 1 — ... — c;x — ¢p, so that {1,a,..., a1}

forms a basis for GF(¢") = GF(q)(a) over GF(q) and 8 € GF(¢*")\GF(¢") is
algebraic over GF(¢") so that {1, 3} forms a basis for GF(¢*") over GF(¢").
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Let J(o0), J(0), J(1) be three distinct (h—1)—subspaces of PG(2h—1, q), chosen
so that as vector subspaces of GF(¢?"),
J(c0) has basis {1, a,...,a" 1},
J(0) has basis {3, Ba, ..., Ba" 1}, and
J(1) has basis {1+ 8,a + Ba,...,a" "t + ga~1}.
Denote by ' the following linear transformation of J(co) onto J(0),

":a — d = Ba.

Consequently, the following linear transformation maps .J(oco) onto J(1),
a — a+d.

Note that the vector space GF(¢?") is the direct sum of J(co) and J(0).

The three vector subspaces J(o0), J(0), J(1) intersect pairwise in the zero vector
and hence, when considered as (h — 1)—dimensional subspaces of PG(2h — 1, q), the
three subspaces are pairwise disjoint.

Since J(o0o) is the h—dimensional vector space GF(¢g") over GF(q) with basis
{1,a,...,a" 1}, each element a € J(oo) can be uniquely expressed in the form,

h—1
a = ag+ax+...+ap 1

where the a; are in GF(q).
Note that a” is an element of GF(¢") and

" = o+ caat .. 4ot (1)
since @ € GF(¢") has minimal polynomial p,(x) = 2" — ¢;_12"~1 — ... — ¢y, where
the ¢; are in GF(q).

Similarly, for each power o*% i = 1,...,h — 2, the element o is also an
element of GF(¢") and therefore can be uniquely expressed as a linear combination
of the basis elements {1, q,...,a""'}. Hence, let

"= gio+ giaa+ .. gt (2)
where the g; ; are in GF(q).

Consider the product ba of two elements b, a € J(oc0). We have,

b = by+bia+...+bp_1a"?
= ay+aa+...+ap 1"
where b; and a; are elements of GF(q). Therefore ba is given by,
(bo +bra+ ...+ b1 V(ag +ara+ ... +ap_ 10" (3)

and by substituting the expressions (1) and (2) into the product (3), we can sim-
plify (3) and determine ba as a (unique) linear combination of {1,a,...,a" 1}
Denote this linear combination by,

ba = (bO +ba+...+ bh_lah_l (ao ‘a4, F ah—lah_l)
(do+ dya + ...+ dp_1a"71)
d
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where the d; are in GF(q) and d € J(o0) = GF(¢").

For convenience, we represent each element a € J(c0) as a h—dimensional vector
(ag,as,...,an_1), where a = ag+aja+. ..+ a,_1a" with the a; € GF(q) as usual.
Then for each element b € J(00), b = by + by + ...+ bp_1a" 1 = (by, by, ..., bn_1),
the product (3) is equivalent to a linear transformation of J(oo) defined by a h x h
matrix, which we shall denote by By, with entries in GF(q), as follows,

J(00) — J(0)
a = (ag,a1,...,ap—1) +—— (ao,a1,...,ap-1)By = (do,dy,...,dp—1) = d.

For each of these h x h matrices B, over GF(q) defined above, define
J(b) = {aBy+d'|ac J(o0)} (4)

so that J(b) is a h—dimensional vector subspace of GF(¢*") and so represents a
(h — 1)—space in ¥ = PG(2h —1,¢).
Let C denote the collection of the ¢" matrices By, over GF(q), so that,

C={By|be GF(qh)}.
Let S be the collection
{J(c0)} U {J(b) | b€ GF(¢")}

of ¢"+1 (h—1)—spaces in PG(2h—1, ¢). Note that for b = 0 and b = 1 the definition
of spaces J(0) and J(1) is consistent with our earlier definition of these spaces. We
also note by (3) and the following remarks, that J(0) is defined by the zero matrix
By =01in C and J(1) is defined by the identity matrix By = I in C.

We now show that S is a regular (h — 1)—spread of 3., = PG(2h — 1, ¢).

First we note that since J(co) has basis {1,a,...,a" 1} as a vector subspace of
GF(¢?") and given the definition of J(b), the subspaces J(oo) and J(b) have only
the zero vector in common and hence as (h — 1)—spaces in PG(2h — 1, q) they are
disjoint.

Consider a matrix By, in C. For any element a € J(oo) the product aBj corre-
sponds to the element ba in J(co) = GF(¢"). Hence aB, = 0, for a € J(c0) and
a # 0, if and only if b = 0. It follows that for every non-zero matrix B, in C, B, is
non-singular. Moreover we note that for distinct matrices By, , By, in C,

Bb1 - Bb2 = Bb1—b2

is an element of C since by — by € GF(qh). Similarly, C is closed under matrix multi-
plication. In fact (C,+,-) is isomorphic to the field GF(¢") under the isomorphism
By +— b from C to GF(¢").

For distinct matrices By, , By,, since By, — By, is an element of C, by the above
discussion By, — By, is non-singular. Next suppose that the two vector subspaces
J(b1) and J(by) of GF(¢*"), corresponding to the distinct matrices By, By, € C
respectively, have a non-zero vector z in common. By the definition in (4), for some
elements ay,as € J(o0) = GF(¢"),

/ /
r = a1By, +ay = asBy, + a,.



The André/Bruck and Bose representation in PG(2h,q) 177

By equating coefficients of the basis elements of GF(¢?"), we obtain a; = a, and
therefore a; = as. Hence we have the equality a;By, = a1Bp, which implies
a1(By, — By,) = 0. Since By, — By, is non-singular we have a; = 0 and so =z = 0, a
contradiction.

Hence S is a collection of ¢" + 1 pairwise disjoint (A — 1)—spaces in
Yoo = PG(2h — 1,q), that is, S is a (h — 1)—spread of . Finally, by [5, Theorem
11.3] and since (C, +, -) is a field, the spread § is a regular spread of ¥.

Since § is a regular (h—1)—spread of ¥, = PG(2h—1, q), the André/Bruck-Bose
construction ¥, of the previous section, with spread S, is a Desarguesian projective
plane of order ¢", for h > 2 and ¢ > 2.

1.3 Coordinates for the projective plane ¥ =PG(2,q")

Let W be a finite projective plane of order ¢ with the construction of Section 1.1 and
the notation introduced there. Let S be the regular (h — 1)—spread of
Yo = PG(2h — 1,q) determined in the previous section and with the notation
introduced there.

In this section we use the results of [4, Section 6] to obtain a coordinate system
for this Desarguesian projective plane ¥ determined by S.

First we recall a familiar coordinatisation of PG(2, ¢"). The points of PG(2, ¢")
have homogeneous coordinates (z,y, z), where x,y,2 € GF(¢") and z,y, z are not
all equal to zero. Let /., the line at infinity, be the line with equation z = 0, or in
line coordinates, £, is the line [0, 0, 1]. Let AG(2,¢") = PG(2, ¢")\ls be the affine
plane obtained from PG(2,¢") by removing /., and all of its points. The points of
AG(2,¢") have coordinates of the form (x,y,1).

The lines of AG(2,¢") may be divided into two types:

(i) Lines with equation y = d or, equivalently, with line coordinates [0, 1, —d],
where d € GF(q").
These lines constitute a parallel class of lines in AG(2,¢") with point at
infinity (1,0,0) in PG(2, ¢").

(ii)) Lines with equation x = by + f or, equivalently, with line coordinates
[1, —b, — f], where b, f € GF(q").
For each b € GF(q") these lines constitute a parallel class of lines in
AG(2,¢") with point at infinity (b, 1,0) in PG(2, ¢").

We work in the André/Bruck-Bose setting to obtain a natural coordinatisation
of the incidence structure W, natural in the sense that the coordinatisation will
correspond to the above coordinatisation of the plane PG(2,¢") in a convenient
way.

We have ¥, = PG(2h — 1, ¢) embedded as a hyperplane in the projective space
PG(2h,q). We represent PG(2h — 1,q) as a 2h—dimensional vector space GF(¢*")
over the field GF(q) with basis

{1,a,02, ..., 0" B3, Ba, ..., a1}
Embed GF(¢?") as a hyperplane in the (2h+1)—dimensional vector space GF (¢?**1),

and we only need to add a single element e* say of GF(¢?"*!) which is not in GF(¢*")
in order to obtain a basis

2 h—1 h—1
{Layar, ..., B, Ba, ..., a7 €™}
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for GF(g**1).

The regular (h — 1)-spread S of PG(2h — 1,q) is the collection of ¢" + 1
h—dimensional vector subspaces of GF(¢?") defined in the previous section, with
the notation introduced there,

S = {J(0)} U{J(0) | b€ GF(¢")}.

Consider the construction in Section 1.1 of the finite Desarguesian projective
plane ¥. Each affine point of ¥ is a 1-dimensional vector subspace of GF(¢?"*1) not
contained in the hyperplane GF(¢?*) and so has a unique basis element of the form

x+y +e° or, equivalently, (zo,Z1,...,Zh—1,Y0,Y1s--->Yn—1,1)

where 3/ € J(0) so that z,y € J(0o) = GF(¢") and have unique representation in
the form » = Y1) 208, y = S0 yial, where the z;,y; are in GF(g). (Note that
we have used the fact that GF(¢?") is the direct sum of J(oo) and J(0).) Thus we
define the coordinates of the affine point of ¥ with this basis element to be (z,y, 1)

for every ordered pair of elements x,y € J(co) = GF(¢"). We have defined,

r+y +e
(l‘o,l‘l, e Thp—15,Y0,Y15 - - - s Yh—1, 1)

(z,9,1)

A line of U, distinct from the line at infinity, is a (h+1)—dimensional vector subspace
of GF(¢*"1) over GF(q) which intersects GF(¢*") in a unique element J of S and
so has the form,

(J, (x,y,1)) (J,x+y +e*)

<J7 (33'0,33'1, <oy Th—1,Y0, Y15+ - -, Yn—1, 1)>

provided (z,y, 1) is one of its points.
We divide these lines into two types:
(i) Lines with equation y = d. If d is in J(c0) = GF(¢"), the point (z,y, 1)
of WU lies on the line
(J(00), (0,d, 1))

if and only if y = d.
These lines constitute a parallel class of lines in aff(V) with point at infinity
J(00) in W.

(ii) Lines with equation = by + f. Note that f is in J(co) = GF(¢") and
J(b) is in S, hence the point (z,y, 1) lies on the line

(J(D),(f,0,1)) = {aBy+d' |a€ J(0)}, f+0 +€%)
if and only if (x — f) + ¢/ is in J(b), that is, if and only if

(o — fo,x1 = fi,. s @no1 — foe1) = (Yo, Y1, -+ Yn1) Bo
where f = fo + fia + ...+ fa_1a" L.

For each b € GF(g") these lines constitute a parallel class of lines in aff(¥)
with point at infinity J(b) in W.
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Now we can consider the line at infinity /., of ¥ as being the line with equation
z = 0, or in line coordinates the line [0,0, 1]. Each element of the regular spread
S = {J(c0)} U{J(b) | b € GF(¢")} is a point on the line at infinity and it is
convenient to associate J(b) with the coordinates (b, 1,0) for all b € GF(q) U {o0},
so that in particular J(co) is associated with (1,0,0).

2 The Andr é/Bruck-Bose representation in  PG(2h,q) of Baer
subplanes and Baer sublines of PG(2,q")

In this section we consider the André/Bruck-Bose representation in projective space
of dimension greater than 4. In other words we consider the André/Bruck-Bose
representation defined by spreads other than 1—spreads of PG(3, q).

Our motivation is to determine the representation in André/Bruck-Bose of the
Baer subplanes and Baer sublines in PG(2, ¢"), when h is even. In our treatment we
consider the case h = 4, that is the André/Bruck-Bose representation of PG(2, ¢*)
in PG(8, q), in greatest detail.

2.1 Preliminaries

A Baer subplane of PG(2, ¢*) is a subplane of order ¢°. Each line ¢ in PG(2, ¢**)
intersects a given Baer subplane B in exactly 1 or ¢° 4+ 1 points; if |¢ N B| = ¢° + 1,
then the intersection N B is called a Baer subline (of ¢) in B. A Baer subplane B
in PG(2, ¢*%) is therefore a blocking (¢* + ¢° + 1)—set in PG(2, ¢*); conversely, by
(6, Theorem 13.2.2], a blocking (¢?* + ¢ + 1)—set in PG(2, ¢**) is a Baer subplane
of PG(2, ¢*).

For a fixed chosen line {4, of PG(2,¢*), which we call the line at infinity, the
Baer subplanes of PG(2, ¢**) which contain ¢* + 1 points of £, will be called affine
Baer subplanes of PG(2, ¢*). The remaining Baer subplanes, which each contain
a unique point of £, will be called non-affine Baer subplanes of PG(2, ¢*).

In this section we will be discussing spreads of PG(2h — 1, ¢) in detail. We shall
require the following results on spreads.

Theorem 2.1.

1. [6, Theorem 4.1.1] A spread of r—spaces of PG(n, q) exists if and only if (r+1)
divides (n + 1).

2. [7, Theorem 25.6.7] The group PGL(2n + 2,q) acts transitively on the set of
all reqular n—spreads of PG(2n + 1, q).

3. [3, Theorem 5.3] Let PG(3,q) be embedded as a subgeometry of PG(3,¢*). Let
~ denote the Frébenius automorphism of PG(3,¢*) which fizes every point in
PG(3,q). If x is a subspace of PG(3,¢%), then T is called the subspace of
PG(3,¢?) conjugate to x with respect to the quadratic extension GF(q*) of
GF(q). Let g be any line of PG(3, ¢?) which contains no point of PG(3,q). For
each such line g, let S, denote the set of all lines of PG(3,q) which meet g.
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Then, S, = S and S, is a reqular spread of PG(3,q). Moreover, each reqular
spread of PG(3,q) can be represented in this manner for a unique pair of lines

9,9

In the following, we also use some properties of reguli and Segre varieties; con-
cepts which we will not define here, but for which we provide references where
appropriate. For definitions and results regarding Segre varieties see for example
[7, Sections 25.5, 25.6].

2.2 The main construction

In [7, page 206] a method for constructing spreads is given; a particular case of
which is the following. Note that since 2h divides 4h, a (2h — 1)—spread Spj,_; 2
exists in PG(4h — 1, ¢?) and since Sy;,_; 42 has more elements than there are points
in PG(4h — 1,q), there exists an element of Sy,_1, which is disjoint from the
Baer subspace PG(4h — 1,q) of PG(4h — 1,¢%). Tt is therefore possible to embed
PG(2h — 1,¢?) in the extension PG(4h — 1,¢?) of PG(4h — 1,q) in such a way that
PG(2h — 1,¢?) does not contain a point of PG(4h — 1, q).

Construction 2.2. : a construction of a (2h — 1)—spread of PG(4h — 1,q)
from a (h — 1)—spread of PG(2h — 1,¢?).

Consider a projective space PG(2h —1,¢?), h > 1. Since h divides 2h, there exists a
(h—1)—spread &' of PG(2h — 1, ¢?) which contains ¢*" + 1 spread elements Hi_l’qg,
j=1,...,¢*" + 1, of dimension h — 1 over GF(¢?). Embed PG(2h — 1,¢?) in the
extension PG(4h — 1,¢%) of PG(4h — 1,q) so that PG(2h — 1,¢*) does not contain
a point of PG(4h —1,q). The (h — 1)—space Hfl_l’qg and its conjugate ﬁi—l,qg
generate a (2h — 1)—space H%h_l’qg of PG(4h — 1,¢?) and Héh_l’qg NPG(4h — 1,q)
is a (2h — 1)—space H%h_l’q of PG(4h — 1,q). The ¢** + 1 spaces H%h_l’q form a
partition of PG(4h — 1, ¢) and we denote this (2h — 1)—spread of PG(4h — 1, q) by
S.

We prove that S is regular if &’ is regular.

Theorem 2.3. In Construction 2.2, if the (h — 1)—spread S’ of PG(2h — 1, ¢?) is
reqular, then the (2h — 1)—spread S of PG(4h — 1, q) is regular.

Proof Let H,ll_l’qg, Hi_l’ 2, H%_l’qg be three distinct elements of S’. Denote by
R =R(_; 2,11y 2,10}, ) the unique (h — 1)—regulus of PG(2h — 1, ¢*) con-
taining these three spread elements. Let TI3, , ., 113, , , T3, ;  be the three
distinct elements of S corresponding to I}, o, 1} _; », TI}_, » respectively in
the given construction. Let R = R(Iy,_,,,115, |, 113, ;) denote the unique
(2h — 1)—regulus of PG(4h — 1,q) containing 11y, , , 113, ,  and 113, | . So R
is a system of maximal (2h — 1)—spaces of a Segre variety (; 251 in PG(4h — 1, ¢).
Over GF(¢?), R becomes a (2h —1)—regulus R, of PG(4h—1,¢). Due to the above
construction of the spread S we have for j = 1,2, 3, H{l_l’qg is contained in Héh_l’qg,

where H% h_1,42 18 the unique element of the regulus R . which contains H% h—1q Lhus
the line transversals of R’ in PG(2h — 1, ¢%) are line transversals of R > and therefore
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R’ is a Segre subvariety (151 of B2 and by [7, Theorem 25.5.12 |, the regulus R’ is
precisely the intersection R, N PG(2h — 1,¢%).

It now follows that for any (2h — 1)—space H%h_l’q in R, where H%h—l,q is distinct
from I3, 1 4 15, 1, and H%h_l’q‘, the unique element H%h_l’q‘g of R, which contains
H%h—l,q has the property that H%h_l’qg NPG(2h —1,4¢?) = Hi_l’qg, for some element
I, |, of R'. By the Construction 2.2 of § from &', if I}, , , (€ R) is an element of
S, then 17 _ 2 (€ R') is an element of §’. The converse of the preceding statement
is true if Hi_l ;2 (€ R') is one of the ¢+ 1 elements of I’ associated to the elements
of R via the construction of the spread S. (Note that R’ has ¢® + 1 elements and R
has g + 1 elements).

If S is a regular spread, then the regulus R’ defined by IT;_; », 11}, », 11},
is contained in &’ and therefore, by the preceding argument, the regulus R of
PG(4h — 1,q) defined by 113, , 113, , 113, is contained in S. The result now
follows. u

Consider a translation plane 7 of order ¢** = (¢*)" defined by the André/Bruck-
Bose construction of Section 1.1 with a (h — 1)—spread S’ of ¥ = PG(2h — 1, ¢?).
We now have a convenient correspondence between this André/Bruck-Bose repre-
sentation of m and a second André/Bruck-Bose representation of 7 defined by a
(2h — 1)—spread S of ¥, = PG(4h — 1,q), where &’ and S are associated by Con-
struction 2.2.

For Desarguesian planes of certain orders which have an André/Bruck-Bose rep-
resentation, the above Construction 2.2 and Theorem 2.3 provide us with a conve-
nient method to obtain an André/Bruck-Bose representation of the plane in a space
of higher dimension and lower order.

To illustrate this, we consider the Desarguesian plane PG(2,¢*). The plane
PG(2, ¢*) has an André/Bruck-Bose representation in PG(4, ¢?) defined by a regular
line spread &’ of PG(3,¢*) and an André/Bruck-Bose representation in PG(S8, q)
defined by a regular 3—spread S of PG(7, ¢). In the following sections we determine
properties concerning the André/Bruck-Bose representation in PG(8, ¢) of the Baer
substructures of PG(2, ¢*) and provide some generalisations to higher dimensions.

2.3 Affine Baer subplanes and induced spreads in the Andr é/Bruck-Bose
representation of PG(2,q*) in PG(8,q)

Theorem 2.4. A regular 3—spread S in PG(7,q) has a well-defined and unique set
of induced regqular 1—spreads, one in each element of S.

Proof The regular 3—spreads of PG(7,q) are projectively equivalent. Therefore,
we can assume that S is the regular 3—spread of PG(7, ¢) obtained from a regular
1—spread S’ of PG(3,¢%) by the Construction 2.2 with h = 2. We repeat the
construction for this special case to establish notation.

Embed PG(7, ¢) in PG(7, ¢*) and let 3 2 be a 3—space over GF(¢*) in PG(7, ¢?)
which has no point in common with PG(7,q). Let S’ be a regular 1—spread of

¥3,42. Consider the conjugate space 3,2 of ¥3 2. For each element Hqu2 in &,
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j=1,...,¢*+1, the 3—space Hé’qg spanned by H{’qg and its conjugate ﬁ{’qg intersects
PG(7,q) in a 3—space which we denote by Hé’q. By Construction 2.2, these ¢* + 1
3—spaces II3 , form a 3—spread S of PG(7, ¢) which by Theorem 2.3 is regular.

Each element IT} , of S is the intersection (H{’qg,ﬁiqﬁ N PG(7,q) for a unique

line H{’qg of §'. For j fixed, the join of each point P of Hqu2 to its conjugate P yields
a line of Hé,q and the collection of these ¢? + 1 lines constitutes a regular 1—spread
SJ of Hé’q.

Hence each element Hé’q of the regular 3—spread S of PG(7, ¢) has a well defined
induced regular 1—spread which we denote by 8{.

It remains to prove that the set of induced spreads {S7} obtained above for the
regular 3—spread S is unique.

Consider the regular line spread S’ of 3 ;2 = PG(3, ¢*) and the regular 3—spread
S of PG(7,q) associated to &’ by the Construction 2.2. By the André/Bruck-Bose
construction of Section 1.1, these spreads correspond to an André/Bruck-Bose rep-
resentation of PG(2,¢?) in PG(4,¢*) and an André/Bruck-Bose representation of
PG(2,¢") in PG(8, q) respectively. Denote these André/Bruck-Bose incidence struc-
tures by W, 2 and Vg, respectively.

From the first part of this proof, there exists a well defined 1-1 correspondence
between the points of X3 2 and the (line) elements of the induced 1—spreads {S7}
of elements of S in PG(7, q).

For § a regular 3—spread of PG(7, ¢), the (line) elements of the ¢* + 1 induced
regular 1—spreads {S]} shall be called induced spread lines. That is, for each
3—space Hé,q € S, a line ¢ of Hé,q is an induced spread line if and only if ¢/ € .
The lines of PG(7,¢) not contained in any element of S shall be called transversal
lines.

Consider the André/Bruck-Bose representation W, 2 of PG(2,¢*) in PG(4, ¢*);
let E/OO = Y342 denote the hyperplane at infinity of the construction, so that E/OO
contains a regular spread S’, and the elements of S” correspond to the points on the
line at infinity £, of PG(2,¢*) in this representation. By [4, Section 9], an affine
Baer subplane B of PG(2,¢") is represented in ¥, by a plane not contained in
Y = Y5 42 and which meets ¥/ in a line ¢ which is not an element of &’. Consider
such a line ¢ in X3 2. Using the setting of the first part of this proof, the line
¢ and its conjugate ¢ generate a 3—space (¢,f) of PG(7,¢*) and the intersection
(¢,0) NPG(7,q) is a 3—space Xy of PG(7,q). Since / is incident with exactly ¢* + 1
1—spread elements in 3 .2, the 3—space ¥, intersects exactly ¢*+1 of the 3—spaces
in the spread S of PG(7, ¢), meeting each in an induced spread line. So in particular
Yy is disjoint from the remaining spread elements in S.

Consider the André/Bruck-Bose representation, Ws,, of PG(2,¢*) in PG(8,q)
defined by the regular 3—spread S of PG(7,¢). Consider a 4—dimensional subspace
B* of g, which intersects PG(7,¢) in the 3—space Xy. Any 4—space I* in Vg,
not contained in PG(7, ¢), which intersects PG(7, ¢) in a unique element of S, either
intersects B* in a unique affine point, or the spread element contained in [* is one of
the ¢® + 1 incident with B*. Since B* and the ¢> +1 3—spread elements incident
with B* constitute a (¢* + ¢* + 1)—blocking set in PG(2,¢?), it follows that B*
represents an affine Baer subplane of PG(2, ¢%).

By considering all lines ¢ in ¥3 ;2 which are not elements of the 1—spread S’ and
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repeating the above procedure, we obtain the André/Bruck-Bose representation in
PG(8, q) of all ¢*(¢® + ¢® + ¢* + ¢?) affine Baer subplanes of PG(2, ¢).

Intrinsic to this representation is the existence of exactly ¢® + ¢® + ¢* + ¢®
3—spaces of PG(7,¢) which each intersect precisely ¢* + 1 elements of the regular
3—spread S of PG(7,¢q) and such that the intersection in each case is a unique
induced spread line, namely an element of the induced regular 1—spread of that
3—space spread element. That is, since PG(2, ¢%) contains no further affine Baer
subplanes, it follows that the set of induced spreads {S7} is unique. [

Theorem 2.5. Let S be a regqular 3—spread of PG(7,q). For each 3—space ¥ of
PG(7,q) one of the following holds:

(1) 3 is an element of S and therefore ¥ = Hé’q has an induced reqular 1—spread
Si. By definition ¥ = 113 , contains evactly q* + 1 induced spread lines.

There are ¢* + 1 3—spaces ¥ of this type in PG(7,q).

(2) ¥ intersects exactly ¢*> + 1 elements of S, in which case it meets each in an
induced spread line. This set of ¢+ 1 induced spread lines constitutes a reqular
1—spread of 3 which we shall call o partition 1—spread.

Any two induced spread lines, contained in distinct elements of S, span such
a 3—space. There are ¢® + q° + ¢* + ¢* 3—spaces 3 of this type in PG(7,q).

(3) 3 intersects x elements of S where x > ¢* + 1. In this case either:

(i) = ¢®*+1 and X intersects one element of S in a plane (which necessarily
contains an induced spread line) and ¥ intersects a further ¢* elements
of §, meeting each in a point,
or,

(ii) ¥ intersects y elements of S in a line (with 0 <y < ¢*+ 1) and 2 in-
tersects a further v —y = (¢* +¢*+q+1) —y(g+1) > 0 elements of
S meeting each in a point.
In this case X contains at most one induced spread line.
Moreover, if 113, 113  TI3 | are three distinct elements of S which each
intersects X in a line, then X has a non-trivial intersection with each
element of S in the 3—regulus R(113 ,, 113 ,, 113 ) defined by 11} 113 113 ;

3,0 773, 3,q0 73,7 73,0
indeed Y. intersects each such element of S in a line.

Proof By Theorem 2.4, the ¢*+1 elements of S constitute the 3—spaces of PG(7, q)
of type (1).

By the remarks preceding Theorem 2.5, there exist ¢® + ¢ + ¢* + ¢*> 3—spaces
of PG(7,q) which each intersect ¢ + 1 distinct elements of S and which contain a
partition 1—spread. We shall call these 3—spaces partition 3—spaces of PG(7, q).
We must show that these are the only 3—spaces of PG(7, ¢) which intersect exactly
q* + 1 distinct elements of S.

g, is the André/Bruck-Bose representation of PG(2,¢*) in PG(8,¢q). The line
at infinity /o is the line with “points” the elements of S in PG(7, ¢). As usual, the
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Baer subplanes of PG(2, ¢*) which are secant to /., are called affine Baer subplanes.
There exist precisely ¢*(¢® + ¢® + ¢* + ¢*) affine Baer subplanes of PG(2, ¢*).

Consider a 4—space B* in PG(8, ¢) not contained in PG(7, ¢) and which intersects
PG(7,q) in a 3—space ¥ where Y intersects exactly ¢?+1 elements of S. Necessarily,
¥ intersects each of these ¢ + 1 elements of S in a line. By the incidence in
s ,, B* intersects (o, in exactly ¢* + 1 points. Each 4—space ¢ of PG(8,¢) which
represents a line of PG(2, ¢*) distinct from /., is not contained in PG(7, ¢) and meets
PG(7,¢) in an element of S. Such a 4—space ¢ either intersects B* in a point of
PG(8,q)\PG(7, q) or the element of S incident with £ is one of the ¢*+1 3—spread
elements incident with B*. It follows that B* represents a (¢* + ¢*> + 1)—blocking
set B in PG(2,¢?) and hence B is an affine Baer subplane of PG(2, ¢*).

Therefore any 4—space of PG(8, ¢), not contained in PG(7,¢q) and which meets
PG(7,q) in a partition 3—space represents an affine Baer subplane of PG(2,¢%).
There are ¢*(¢® + ¢® + ¢* + ¢*) such 4—spaces of PG(S8,¢q). Since this is also the
number of affine Baer subplanes of PG(2,¢%), there exist no further 3—spaces of
PG(7,q) (besides the partition 3—spaces) which intersect exactly ¢? + 1 elements of
S.

Let ¥ be a 3—space of PG(7, q) spanned by induced spread lines ¢; and ¢, where
(1 and /5 lie in distinct elements of S. In the quadratic extension, the lines ¢; and /s
intersect X3 2 in distinct points Ly and L, respectively. The 3—space (over GF(¢?))
spanned by the line Ly L, and its conjugate L;L, is the quadratic extension ¥, of
Y. By joining each point P on L;Ls to its conjugate P on L; L, we obtain a set of
q*> + 1 lines of ¥ which constitute a regular 1—spread of 3. The elements of this
1—spread are all induced spread lines and hence by definition, this regular 1—spread
is a partition 1—spread. Thus X is a partition 3—space. We have that two induced
spread lines from distinct elements of S span a partition 3—space.

The 3—spaces of PG(7, q) of type (1) and (2) have now been classified. The type
(3) 3—spaces include all possible exceptions. It remains to prove the final remark
regarding a 3—space of type (3)(i7).

Consider a 3—space X of PG(7, q) which intersects strictly greater than ¢* + 1
elements of S but which meets no element of § in a plane. Suppose ¥ intersects
the 3—spread elements II3 ,, II3 , II§ , each in a line ¢y, {5, £5 respectively. The lines
(1,05, 03 define a unique 1—regulus Ry = R({1,{s,¢3) in ¥. The 3—spread elements
113 ,, 113, 11§ , define a unique 3—regulus Ry = R(II3 ,, 113 , 11§ ) which is contained

3,00 73, 3,00 773,
in S since § is regular. The line transversals of R; are contained in Y and are

necessarily transversals of the regulus R3. Hence each spread element in R3 intersects
Y in a line, namely a maximal space of the Segre variety R;. [

Corollary 2.6. Let W, denote the André/Bruck-Bose representation of PG(2,¢*)
in PG(8,q) and let ¥ denote the hyperplane at infinity of PG(8,q).

1. B is an affine Baer subplane of PG(2,¢*) if and only if in Us, B is a 4—space
not contained in Yo, which intersects Yo in a partition 3—space, that is a
3—space which meets exactly ¢*> + 1 elements of the 3—spread S of Y.

2. by is a Baer subline of PG(2,q?) that contains a point of ls if and only if
in Vg4 be 15 a plane not contained in Yo, which intersects Yoo tn an induced
spread line.
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Proof The affine Baer subplane structure in Wg, was determined in the proof of
Theorem 2.5. A line ¢, distinct from /., of an affine Baer subplane B of PG(2, ¢%)
intersects B in a Baer subline b, that contains a point of /.

In Wg,, ¢ is a 4—space which intersects X in an element Hé’q of the 3—spread
S and B is a 4—space which intersects ¥, in a partition 3—space Y. The 3—spaces
Hé’q and X intersect in an induced spread line, hence in Wg 4, the intersection /N B is
a plane, not contained in Y, and which contains an induced spread line. This plane
is then the André/Bruck-Bose representation of the Baer subline b,. By counting
the number of such planes, the result follows. [

2.4 Some generalisations to higher dimensions

We investigate some generalisations to higher dimensions of the results determined
for PG(2, ¢%).

Theorem 2.7. Consider the Desarguesian plane PG(2,¢*") (n > 1) and the n
André/Bruck-Bose representations Wi = \I[2i+1’q2n—i (1 < i < n) which are deter-
mained by a

reqular 1—spread in PG(B,an_l),
reqular 3—spread in PG(?,an_Q),

reqular (20 — 1)—spread in PG(2H1 —1,¢*"),

reqular (2" — 1)—spread in PG(2"T — 1,q) respectively.

Then the regular (2° — 1)—spread in the hyperplane PG(2H1 — 1,¢%"") at infinity
of Wayit1 has a set of induced reqular (21 — 1)—spreads, one in each element of the
(2t —1)—spread. Furthermore, for each such induced regular (2°=' —1)—spread, there
exists a set of induced reqular (2772 — 1)—spreads, and so on, until finally there exist
induced reqular 1—spreads.

Proof Let S; be regular 1—spread of PG(3,¢*" ') and embed PG(3,¢*" ') as a
subspace in PG(7,¢*>" ) in such a way that it is skew to PG(7,¢*" ). By The-
orems 2.3, 2.4 and the Construction 2.2, §; determines a regular 3—spread S3 of
PG(7, q2n_2) which has a set of induced regular 1—spreads, one in each element of Ss.
Embed PG(7,¢*") as a subspace in PG(15,¢%" ") in such a way that PG(7,¢2" )
is skew to the Baer subspace PG(15,¢* ") of PG(15,¢*" ") and recursively repeat
the above procedure using Construction 2.2. At the final stage we obtain a regu-
lar (2" — 1)—spread in PG(2"*! — 1,¢) which contains the nested induced regular
spreads of each stage. If we stop the procedure before the final stage we have a reg-
ular (2 — 1)—spread in PG(2"! — 1,¢*" ") with the nested induced regular spreads
obtained up until that stage. Since regular (2° — 1)—spreads in PG(2¢*! —1,¢%"")
are projectively equivalent, the regular spread we have constructed, which contains
nested induced spreads, is representative. [ |
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Corollary 2.8. For ecach 1 <i < n, embed PG(2+' —1,¢*"") = X2~ as a hyper-
plane in PG(277,¢*" ") and let Uyin1 denote the André/Bruck-Bose representation
of PG(2,¢*") in PG(2+1 ¢*"") determined by the regular (2 — 1)—spread Syi_; of
21 as in Theorem 2.7.

Then B is an affine Baer subplane of PG(2,¢*") if and only if in Wy, B is
a (29)—space B* of PG(2T ¢*" ™) not contained in X% ' and which intersects
271 in ezactly ¢ + 1 elements of Syi_;.

Furthermore, each element A € Syi_y is either disjoint to B* or intersects B*
i a unique element (a (271 — 1)—space of order ¢*" ") of the induced regular
(271 — 1)—spread 83, _, in A.

Proof Similar to the proof of Theorem 2.4; use Construction 2.2 repeatedly
and then a counting argument using the known number of affine Baer subplanes of
PG(2,¢*"). n

Note that the André/Bruck-Bose representation B* of an affine Baer subplane
B of PG(2,¢*") is determined in Corollary 2.8, regardless of which of the n possible
André/Bruck-Bose representations of PG(2,¢*") is being considered. Moreover, im-
plicit to Theorem 2.7 and its Corollary 2.8 is the André/Bruck-Bose representation
of subplanes (which are not necessarily Baer subplanes) of order ¢** " of PG(2, ¢*")
which contain the line at infinity as a line. Due to the existence of the induced
spreads determined in Theorem 2.7, in an André/Bruck-Bose representation Wyii1
of a Desarguesian plane PG(2,¢*") we have the André/Bruck-Bose representations
of the subplanes, which contain the line at infinity as a line, nested in Wsi+1 as linear
subspaces. '

Finally, let ¢ be a subline of order ¢*"” (1 < j < n) of a line L of PG(2,¢*")
such that ¢ contains a unique point on the line at infinity. It follows from the above
discussion that the representation of £ in any André/Bruck-Bose representation Wy
of PG(2,¢*") is determined.

Corollary 2.9. Let { be a subline of order ¢*" (1 < j < n) of a line L of PG(2,¢*")
such that { contains a unique point on the line at infinity o of PG(2,¢*"). Let Wyina
(1 <i < n) denote the André/Bruck-Bose representation of PG(2,¢*") defined by a
reqular (2 — 1)—spread of PG(2771 — 1,¢*" ).

Then the subline € is represented by a (277 )—subspace (* of the (2')—space L*,
which represents L, in Woirr. Moreover, £ intersects the hyperplane at infinity
PG(2"*! — 1,¢*"") in exactly a unique induced spread element of dimension 279 —1

7

and order ¢*"". n

In this way we obtain the André/Bruck-Bose representations of any (not just a
Baer) subplane of PG(2,¢*") which contains the line at infinity as a line and any
(not just a Baer) subline of a line of PG(2,¢?") such that the subline contains a
unique point on the line at infinity.

2.5 Non-Affine Baer subplanes in the Andr  é/Bruck-Bose representation of
PG(2,q%) in PG(8,q)

The André/Bruck-Bose representation of PG(2,¢%) in PG(8, q) is determined by a
regular 3—spread S; in a fixed hyperplane Y7, of PG(8,¢). We denote this rep-
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resentation by Ws, and we denote by /s, the line at infinity of PG(2,¢*) which
corresponds to the spread &3 in 7.

In Section 2.3 we investigated the representation of the affine Baer subplanes
of PG(2,4¢*) in Wg,. In Corollary 2.6 we characterised the affine Baer subplanes
of PG(2,¢%) in terms of this representation. Moreover we determined how Baer
sublines b of lines of PG(2,¢*), such that b, is incident with /.., are represented
in Ug,. We now consider the non-affine Baer subplanes of PG(2, ¢*) and the Baer
sublines which are disjoint from /.

Let ¢ be a line in PG(2, ¢*) distinct from £, and let P be the unique point of
intersection of ¢ and (. Let by be a Baer subline of ¢ such that b, is disjoint from
s, so that P is not incident with b,. Also let W, 2 be the André/Bruck-Bose repre-
sentation of PG(2, ¢*) in PG(4, ¢%) defined by a regular 1—spread S; of a hyperplane
Y342 of PG(4,¢%). In U, 2, £ is represented by a plane ¢* of PG(4, ¢*)\X3 2 and
the intersection £* M X3 ;2 is a line P* which is an element of the spread S;. It is
known that a Baer subline in PG(2,¢*) which is disjoint from the line at infinity
is represented in Wy .2 by a certain non-degenerate conic, hence the Baer subline b,
is represented by a non-degenerate conic b; in the plane ¢* such that b is disjoint
from P*; we call such a conic in ¥, .» a Baer conic. Note that the plane ¢*\{P*},
namely ¢* with the line P* and all its points removed, is isomorphic to the affine
plane AG(2,¢?). We have the following correspondence due to the André/Bruck-
Bose representation: the points of ¢*\{P*} correspond to the points of ¢ distinct
from P; the lines of £*\{P*} correspond to the Baer sublines of ¢ which contain P;
incidence is containment.

In Wy ,, the line ¢ is represented by a 4—space ¢** of PG(8, ¢)\ X7, and the inter-
section £** N X7, is a 3—space element P** of the regular 3—spread S3 of ¥7,. By
Theorem 2.4, there exists a fixed induced regular 1—spread S} in P**. By Corol-
lary 2.6 the planes of £**\ P** which intersect P** in a unique line of S} represent the
Baer sublines of £ which contain the point P. Hence this regular 1—spread S} in P**
defines an André/Bruck-Bose representation of PG(2, ¢?) in the 4—space ¢**; this is
the André/Bruck-Bose representation of the plane ¢* in a 4—dimensional projective
space.

Let b;* denote the representation in Wg , of the Baer subline by of £. In ¥, ., since
b; is a non-degenerate conic in ¢*, disjoint from the line P* in ¢*, it follows from the
preceding paragraph that b;* C ¢** is precisely an André/Bruck-Bose representation
in 4—dimensions of a non-degenerate conic in the plane £* = PG(2, ¢*) and disjoint
from the line at infinity, P*.

By [2], [9] (see also [8]), a Baer subplane B of PG(2, ¢*) which intersects £+, in a
unique point R is represented in W, ,» by a ruled cubic surface B* with line directrix
R* where R* is an element of S;. Moreover, the intersection B* N X3 2 in Wy o is
exactly the line R* and the points of B* lie on ¢* + 1 distinct lines of Wy 2\X3 .2,
one through each point of R*. These lines represent the Baer sublines in B which
are incident with R. The remaining Baer sublines in B are represented in Wy ,» by
the ¢ (Baer) conics on the ruled cubic surface B*.

In Vg ,, the Baer subplane B is represented by a structure B** in PG(8,¢). The
point R in PG(2,q?%) is represented by an element R** of the spread S; of X7 ,.
By Theorem 2.4 and Corollary 2.6 and by considering the situation in W, ,» above,
the Baer sublines in B incident with R are represented in Wg, by ¢ + 1 distinct
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planes in PG(8, ¢)\X7, each of which intersect ¥z, in a distinct line of the induced
1—spread S{ in R**. Moreover, as B* contains ¢ Baer conics in Wy z2, the structure
B** contains ¢* representations of Baer conics in Wg ,, where each has the structure
discussed above for a given 4—space of ¥g ,, which corresponds to a line of PG(2, ¢*).

It is difficult to determine in more helpful geometric detail the André/Bruck-
Bose representation of the non-affine Baer subplanes of PG(2, ¢*) without appealing
to further deep theory.

3 Unitals

In this section we study the André/Bruck-Bose representation in PG(4h, ¢) of unitals
in PG(2, ¢*"). We treat the case h = 2 in greatest detail, and discuss the results for
general h. We also present an idea for the possible construction of non-Buekenhout-
Metz unitals in Desarguesian planes of order ¢*, however, so far we have been unable
to determine whether a set so constructed is a unital.

A unital U in a projective plane P of order ¢ is a set of ¢,/q+ 1 points, such that
every line of P meets U in 1 or ,/g+1 points. Lines of P are called tangent or secant
lines if they meet U in 1 or /g + 1 points respectively. A unital is called hyperbolic
if the line at infinity /., is a secant, and parabolic if {, is a tangent. The classical
unital is the set of points in PG(2, q) projectively equivalent to the Hermitian curve
with equation

zaV 4 yyVl 4 22V = 0.

3.1 Coordinates for the Andr é/Bruck-Bose representation of PG(2,q*%) in
PG(8,q)

In order to study unitals of PG(2, ¢*) in PG(8, ¢) we use the coordinate representa-
tion described in Section 1.1. To simplify our calculations, we use an appropriate
but less general form for the basis of GF(¢q?) as a vector space over GF(q). In this
section we describe the coordinate representation for this case in detail in order to
establish notation.

Let X be a hyperplane of PG(8, ¢) and let S be a regular 3-spread of ¥.,. Con-
sider the incidence structure with: points the points of PG(8, ¢) \ X, together with
the elements of S; lines the 4-spaces of PG(8, ¢) not in X, which contain an element
of §, together with the line at infinity (-, containing all the spread elements of S;
and incidence is the natural incidence. This structure is isomorphic to PG(2, ¢%).
(Note that PG(2,¢?) also corresponds to a regular 1—spread of PG(3,¢?) by the
usual André/Bruck-Bose representation in PG(4, ¢%).) Recall that by Theorem 2.4,
each element of S contains an induced regular 1—spread. Planes of PG(8,¢) \ Y
about an induced spread line correspond to Baer sublines of PG(2, ¢*) which contain
a point on ¢, and conversely.

We coordinatise PG(2,¢*) as follows. Let the points of PG(2, ¢*) have homoge-
neous coordinates (z,y, z) where z,y, z € GF(q). Let z = 0 be the line at infinity (,
then the affine points have coordinates (x,y, 1) where z,y € GF(¢*). Let {1, 3} be
a basis for GF(q*) as a vector space over GF(¢?) where 3 has minimum polynomial
2+ x4+ =0,7 € GF(¢*) \ GF(q). Let {1,a} be a basis for GF(¢?) as a vector
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space over GF(q) where a has minimum polynomial 2% + z + ¢ = 0, ¢ € GF(q).
Hence {1, o, 3, a3} is a basis for GF(q?) as a vector space over GF(q). We can write
v as v = a + ab for unique a,b € GF(q), where b # 0. Note that for g even, both ~
and c are category 1; and for ¢ odd, 1 — 47 is a non-square in GF(¢?) and 1 — 4c is
a non-square in GF(q).

Let the homogeneous coordinates of a point in PG(8, q) be (zo, x1, T2, T3, Yo, Y1, Y2,
ys, z), where x;,y;, 2 € GF(q). Let ¥ be the hyperplane with equation z = 0.

If z,y € GF(¢') then we can write * = =z + z10 + 220 + w303 and
Y = Yo + y1c + y28 + ysaf for unique xg, x1, 9, T3, Yo, Y1, Y2, Y3 € GF(q). We map
the affine point (z,y,1) of PG(2,¢*) to the point (xg,z1, T2, T3, Yo, Y1, Y2, Y3, 1) in
PG(8,¢) \ Xw.

We use this mapping to show that the lines of PG(2, ¢*) distinct from ¢, cor-
respond to 4-spaces of PG(8,¢q) \ X about a spread element. Consider the line
r = my + fz in PG(2,¢*) which meets /, in the point (m,1,0). This line has
affine equation x = my + f. Writing © = 2o + 10 4+ 228 + z303, vy = yo + 1 +
Y23 + yzaB, m = mg + mia + maf + maafS and f = fo + fra + fof + fsafB where
xi,yi, mi, fi € GF(q), the line corresponds to the set of points in PG(8,¢) \ Y
satisfying

To + 110 + T2 + w30 = (Mo + mia + mafB + mzaB)(yo + yia + yo3 + yza8)+
(fo+ fia+ foB + fsaB).

This can be simplified using the minimum polynomials of a and (. Equating coef-
ficients of basis elements and homogenising gives four linearly independent hyper-
planes in PG(8,¢). The line corresponds to the 4-space intersection of the following
four linearly independent hyperplanes:

moyo — cmayr + (bems — ams)ys + (bemg + c(a — b)ms)ys — xo + foz =0

mayo+(mo—ma)y1+(b(ms—ma) —ams)ys+((a—b) (ms—msz)+bems)ys —z1+ frz = 0
mayo — cmzyr + (Mo — ma)ys + c¢(ms — my)ys — x2 + foz =0
msyo + (ma — m3)yr + (m1 — m3)y2 + (mo — m1 — ma + m3)ys — x3 + f32 = 0.

This 4-space meets ¥, in the 3-space J(m), the element of S which corresponds to
the point at infinity of all affine lines with equation x = my + f, f € GF(¢%).

Finally, the lines y = dz with point at infinity (1,0,0) correspond to the
points of PG(8,¢q) in the 4-space yo = doz,y1 = di1z,y2 = doz,ys = d3z, where
d = dy + dia + daf + dsaf8 for unique d; € GF(q). These 4-spaces all contain the
spread element J(oo) defined by yo = 0,91 =0,y = 0,y3 =0,z = 0.

3.2 The hyperbolic classical unitalin  PG(2,q*)

Let U be a classical unital secant to £, in PG(2,¢*). We can describe its point
set in PG(8, ¢) by using the two André/Bruck-Bose correspondences of PG(2,¢*) in
PG(4,¢?) and PG(8, q) respectively. In PG(8,q), the classical unital secant to £
in PG(2,¢") corresponds to ¢* + 1 elements of the spread S and ¢* — 1 planes of
PG(8,q) \ Xs about each induced spread line in these spread elements; a total of
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(¢*—1)(¢*+1)(¢*>+1) planes. No two of these planes lie in a 4-space that corresponds
to either a Baer subplane or a line of PG(2, ¢*).
We investigate this structure further using coordinates and show:

Theorem 3.1. Let U be the hyperbolic classical unital in PG(2, ¢%).
In the André/ Bruck and Bose representation of PG(2,q%) in PG(8,q), U corre-
sponds to the set of points in the intersection of two quadrics in PG(8, q).

Proof. We use the coordinatisation described in Section 3.1. The classical unital
secant to £y, in PG(2, ¢*) is isomorphic to the set of points satisfying 2T +yy+2z = 0
where T = 27°. This is equivalent to the set of points (x,y,1) satisfying the affine
equation 2Z+y7+1 = 0 together with the ¢?+1 points of the Baer subline 2Z+y7 = 0
of ly. Writing x = z¢ + 100 + 298 + 2300 and y = yo + y1a + Y28 + yzaf and
substituting into 2T 4+ yy + 1 = 0 we obtain the equation:

Fo(x) + Foly) + (Fu(x) + Fi(y))e+1 =0

where

Fo(z) = 22 — ea? + ax? — c(a — b)x2 — xoxa + cxixs — 2bcxaxs
0 1 2 3
Fi(z) = —27 4+ bx3 — (a — b+ be)xs + 220071 — 1073 — 129 + 2173 + 2(a — b) 973,

This is the equation of a quadric in the quadratic extension PG(8, ¢%) of PG(8, q).
By equating coefficients of powers of a and homogenising we obtain two quadrics
in PG(8, ¢), namely

Q: Fy(z)+ Foly) + 22 =0
Q' Fi(z)+ Fi(y) =0

The points of the unital correspond to points in the intersection of these two quadrics
and conversely. n

The two quadrics Q, @ both contain the ¢? + 1 elements of S which correspond
to the points of /, that satisfy the equation 7 4+ yy = 0. They contain no further
common spread element as the unital contains no further point of £, in PG(2, ¢%).

By determining the points at which all the partial derivatives of a quadric vanish,
we can find the space of singular points of the quadric (or in the case ¢ even and
the quadric non-singular, we obtain the nucleus of the quadric). We look at the
quadrics @, @' in the cases ¢ odd and ¢ even separately.

If ¢ is even, Q is non-singular with nucleus (0,0, 0,0, 0,0, 0,0, 1) and Q' is singular
with singular space the point (0,0,0,0,0,0,0,0,1). However, if we let Q" = Q+ Q|
then Q" is non-singular with nucleus (0, 0,0, 0, 0,0, 0,0, 1) and the unital corresponds
to the points on the intersection of two quadrics @ and Q" which are both non-
singular with a common nucleus.

If ¢ is odd, Q is singular or non-singular depending on the choice of basis for
GF(q") over GF(q); similarly for Q” = Q + Q'. The quadric Q' is always singular,
with the dimension of the space of singular points depending on the choice of basis.
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3.3 The parabolic classical unital in ~ PG(2,q*%)

Let U be a Buekenhout-Metz unital in PG(2, ¢*) tangent to ¢4, the parabolic clas-
sical unital is an example of such a unital. By considering the André/Bruck-Bose
representations of PG(2,¢?) in PG(4, ¢?) and in PG(8, q), we observe that U cor-
responds to the set of points of PG(8,¢q) lying on ¢* + 1 planes about an induced
spread line ¢ together with the spread element J containing ¢. These planes are not
contained in Y.; no three lie in a 4-space which corresponds to a Baer subplane
of PG(2,4¢"); and no two lie in a 4-space which corresponds to a line of PG(2, ¢*).
These points form a cone U which is the join of the vertex ¢, and a base a set of
q* points of PG(8,q) \ s (no three in a plane about an induced spread line) in a
6-space that meets >, in a 5-space and meets the spread element J in an induced
spread line m distinct from ¢; we also include m in the base of the cone.

We now investigate the parabolic classical unital using coordinates. We use the
quadric notation of [7, Chapter 22]. In PG(n,q), n even, we denote by P,, a non-
singular parabolic quadric. In PG(n,q), n odd, we denote by &, (respectively H,,)
a non-singular elliptic (respectively hyperbolic) quadric. If a quadric in PG(n, q) is
singular, then it is a cone denoted I1,,_;_1 Q;, that is, the join of a (n — s — 1)-space
verter I1,_s_1 to a base a non-singular quadric Q; in an s-space Ils, where II; and
IT,,_s_1 are disjoint. Note that the vertex II,_s_; is the space of singular points of
the quadric. We use the phrase an s-dimensional quadric to mean a quadric Qg that
lies in an s-space but is not contained in any (s — 1)-space.

Theorem 3.2. Let U be the parabolic classical unital in PG(2, ¢*).

In the André/Bruck-Bose representation in PG(8, q), U corresponds to a set of points
U which is the intersection of two quadrics Qq, Q1 of PG(8,q), that is, U = QN Q.
The characters of Qo and Q1 depend on the basis chosen for G’F(q4) as a vector space
over GF(q) as follows:

1. If q is even, then

(i) if b is category 1, then Qy and Qy both have form I1sE5;
(i) if b is category 0, then Qy and Qy both have form IlaHs.
2. If q is odd, let k = 16b*c + (4a — 1)(4a — 4b — 1), then
(i) if k # 0 and k is a square in GF(q), then Qy and Q; both have form
HQHS;'

(ii) if k # 0 and k is a non-square in GF(q), then Qo and Q1 both have form
H255;'
(#ii) if k =0, then Qy and Q1 both have form I13Py.

In every case, the singular spaces of Qo and Q1 contain the induced spread line ¢
which is the vertex of U.

Proof. We use the coordinatisation described in Section 3.1. The parabolic classical
unital in PG(2, ¢?) is isomorphic to the set of points satisfying #Z+yz+yz = 0 where
T = 2. This corresponds to the set of affine points (x,y,1) satisfying 27+y+7 = 0
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together with the point at infinity (0, 1,0). Writing © = 2o + x1a + 22 + z304 and
Y = Yo + Y1 + 123 + y3a8 we obtain a quadric in PG(8, ¢?) with equation:

Fo(z) + 2y — y2 + a(Fi(x) + 2y1 —y3) = 0

where Fy(x), Fi(x) are given in Section 3.2. Equating coefficients of basis elements
and homogenising gives two quadrics Q, Q; in PG(8,¢) whose intersection corre-
sponds to the points of the unital. The quadrics Qqy, 9 are as follows:

Qo : xg — cx? + axd — cla — b)x% — ToTo + cr1x3 — 2bcxaws + 2ypz — Yoz = 0

O : —x%—l—bx%—(a—b—l—bc)x%—l—Q:co:cl—xoxg—xlxg—i-xlxg+2(a—b)x2x3+2ylz—ygz =0.

These two quadrics both contain the 3-space spread element .J(0) which is the
intersection of the five linearly independent hyperplanes xo = 0,21 = 0,29 = 0,
x3 = 0,z = 0. This spread element corresponds to the point (0,1,0) of /. in
PG(2,¢"). The quadrics contain no further common spread element.

By determining the points at which all the partial derivatives of Q; vanish, we
can find the space of singular points of the quadric Q;, + = 0, 1.

1. Consider the case ¢ even.

If g is even then the quadrics are given by the equations:

Qo : x% + cx% + ax% + (ac+ bc)x% + xoTo + cr1T3 + Yoz =0

O : x% + bx% + (a+b+ bc)x% + xox3 + 11702 + T173 + Y32 = 0.

The space of singular points of Q is a plane 7y in X, where 7 is the intersection
of six linearly independent hyperplanes:

To + X :0,1'1 :0,$2:0,$3:0,y2 :O,ZIO.

The space of singular points of Q; is a plane 7; in X, where m; is the intersection
of six linearly independent hyperplanes:

T X :0,1'1 :0,$2:0,$3:0,y3 :O,ZIO.

Using the technique described in [7, Section 22.2] we can determine whether the
base of the quadric Q; is elliptic or hyperbolic. We need to look at the intersection
of each quadric Q; with a 5-space skew to the space of singular points of the quadric.

For Qp, the 5-space defined by yo = 0,91 = 0,y3 = 0 is disjoint from 7, so
we consider the points of the quadric with coordinates (xg, z1, 2, 3, 0,0, 32,0, 2), or
for convenience, x = (g, Z1, T2, T3, Y2, 2). We write the quadric as 1x(A + B)x' as

2
described in [7], with

2 0 1 0 0 0] 0 0 10 0 0]
0 2 0 c 00 0 0 0c 0 0
102 0 00 ~1 0 00 0 0
A=10 ¢ 0 2a+b) 0 0 and B=1"4 .00 0 o0
00 0 0 01 0 0 00 0 1
00 0 0 10| 0 0 00 —1 0|
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Now |B| = ¢? and |A| = *(—4a + 1)(4a + 4b — 1). Note that since |A| = —c* # 0,
the quadric is non-singular. Moreover,

5+1

B~ (-1 [4] _
48]

—4a®> —4ab+2a+b=b since ¢ is even.

Hence the base quadric of Qy is a non-singular 5-dimensional quadric which is elliptic
if b is category 1 and is hyperbolic if b is category 0.

Similarly, for Q; we intersect Q; with the 5-space given by yo = 0,91 = 0,2 =0
and consider the quadric thus obtained with coordinates x = (zo, x1, T2, T3, Y3, 2).
The matrices A and B are as follows:

[0 0 0 1 00 0 0 01 0 0
02 1 1 00 0 0 11 0 0
A |01 2 0 00 s_| 0 —100 0 0
"1 1 0 2a+b+be) 00 -1 -100 0 0
00 0 0 01 0 0 00 0 1
100 0 0 10 0 0 00 —1 0]

and |A| =4b — 1, |B| = 1. This quadric is non-singular as |A] = —1 # 0. Further,

5+1

B~ (-1 ]4] _
48]

b.

Hence the base quadric of Q; is a non-singular 5-dimensional quadric which is elliptic
if b is category 1 and hyperbolic if b is category 0.

Thus both Qg and Q; have base a 5-dimensional elliptic quadric if b is in category
1, else they both have base a 5-dimensional hyperbolic quadric.

Hence, if ¢ is even, the unital corresponds to the intersection of two quadrics
Qp with plane vertex my and Q; with plane vertex m;, both quadrics with a base
5-dimensional quadric of the same character t. The two vertex planes my, m are
contained in J(0) and meet in a line which is an induced spread line of J(0) (since
the unital consists of ¢* planes of PG(8, q) \ Yo about an induced spread line). The
base of the unital lies in a 6-space disjoint from this induced spread line. Such a
6-space meets Qy (respectively Q;) in a cone with vertex a point of 7y (respectively
m1) and base a non-singular 5-dimensional quadric of character . Thus the base of
the unital is the intersection of two 6-dimensional quadric cones with distinct point
vertices in Y., and base quadrics of character ¢.

2. We now consider the case ¢ odd. Here the dimension of the space of singular
points of each quadric depends on the choice of basis.

The partial derivatives of Q all vanish when the following equations are satisfied.

2.%'0 — ) =0
— 2cx1 + cT3 =
—Zo +  2axy — 2bcxs =
cxy — 2bcxs + 2¢(b—a)xs =
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These equations are linearly independent if and only if
k = 16b%c + (4a — 1)(4a — 4b — 1) # 0.

In this case, Qg has vertex a plane and base a non-singular 5-dimensional quadric
(as derived below). In order to determine the character of the base quadric we need
to find a 5-space that is disjoint from the vertex of Qy. The 5-space y; = 0,y3 =
0,90 — y2 = 0 is suitable. Qg meets this 5-space in the quadric

2_

2 2 2
xg — cx] + axy — c(a — b)x; — xoxe + cxiw3 — 2bcxows + Yoz =0

of points with coordinates x = (zo, z1, %2, T3, Yo, 2). Writing this as ix(A + B)x'
yields:

2 0 -1 0 0 0]
0 —2¢ 0 c 0 0
A -1 0 2a —2bc 0 0
1 0 ¢ —2bc 2¢(b—a) O O
0 0 0 0 01
L 0 0 0 0 1 0|

and |A| = —c(16b%c + (4a — 1)(4a — 4b — 1)) = —c?k. Hence the base quadric is
hyperbolic if and only if —|A| = ¢*k is a non-zero square of GF(q), that is, if and
only if k is a non-zero square of GF(q); else (with & # 0) the base quadric is elliptic.

The partial derivatives of Q; all vanish when the following equations are satisfied.

233'1 — T3 =

21‘0 — 2.%'1 — X9 + I3 =
- x + 2bxs + 2(a — b)xs =

—z9 + 1 + 2(a—0b)za — 2(a—0b+bc)xs =
A et

These equations are linearly independent if and only if
k = 16b%c + (4a — 1)(4a — 4b — 1) # 0.

In this case, Q; has vertex a plane and base a non-singular 5-dimensional quadric
(as derived below). To determine the character of this base quadric we need to find a
5-space that is disjoint from the vertex of Q;. The 5-space yo =0,y = 0,y1—y3 =0
is suitable. Q; meets this 5-space in the quadric

—a2 + bal + (b—a— bc)x% + 2x011 — T3 — T1x2 + X123 + 2(a — b)xox3 + Y12 =0

of points with coordinates x = (zo, 1, x2, T3, Y1, 2). Writing this as %X(A + B)x!
yields:

0 2 0 -1 0 0

2 =2 —1 1 0 0
a0 -1 2a—b) 00
-1 1 2a-=0b) 2(b—a—bc) 0 0
0 0 0 0 01
00 0 0 10|
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and |A| = —(4a — 1)(4a — 4b — 1) — 16b*c = —k. Hence the base quadric of Q;
is hyperbolic if and only if —|A| = k is a non-zero square of GF(q), that is, if and
only if Qp has a hyperbolic base quadric; else (with k& # 0) the base quadric of Q;
is elliptic.

In summary, if k = 16b%c + (4a — 1)(4a — 4b — 1) # 0 the space of singular points
of Qyq is a plane:

o - Lo :0,1'1 :0,1'2 :0,1'3 :O,ZIO,QyQ—yQ =0
and the space of singular points of Q; is a plane:
T - X9 :0,1'1 :0,1'2 :0,1'3 :O,ZIO,le — Y3 =0.

Both these planes lie in the spread element J(0): zg = 0,21 = 0,29 = 0,23 = 0,2 =0
which corresponds to the point (0, 1,0) of PG(2, ¢*). The planes meet in the induced
spread line ¢ : g = 0,21 = 0,20 = 0,23 = 0,2 = 0,2yg — yo = 0,2y; —y3 = 0.
The quadrics Qg and Q; each have as base non-singular 5-dimensional quadrics of
the same character. The base quadrics are hyperbolic if k is a square in GF(q), else
they are elliptic quadrics.

We now consider the case k = 16b%c + (4a — 1)(4a — 4b — 1) = 0. Note that in
this case, 4a — 1 # 0 and 4a — 4b — 1 # 0.

The space of singular points of Qg is a 3-space I'y given by the following five
linearly independent hyperplanes:

Lo:2xg— 29 =0,201 — 23 =0,4bxs + (4da — 4b — 1)xz3 = 0,2 = 0,2yo — y2 = 0.

It can be shown that the base quadric of Qy is a non-singular 4-dimensional quadric,
that is, Qg has form II3P,.

The space of singular points of Q; is a 3-space 'y given by the following five
linearly independent hyperplanes:

[y 1 200—221—x9423 = 0,201 —23 = 0, 4bxo+(da—4b—1)x3 = 0,2 = 0, 2y; —y3 = 0.

The base quadric of Q; is a non-singular 4-dimensional quadric, that is, Q; has form
[13P,.

The two 3-space vertices 'y, I'; meet the spread element J(0) in the planes 7
and 7 respectively (where 7y and 7; are defined as above). In addition, I'o N T is
given by the intersection of six linearly independent hyperplanes, hence it is a plane
that meets J(0) in the induced spread line /.

Note that in this case U contains 3-spaces of PG(8, ¢). We noted earlier that the
unital consists of ¢* planes of PG(8,q) \ X« about an induced spread line, no three
in a 4-space that corresponds to a Baer subplane of PG(2, ¢*). As shown above, the
vertices I'y and I'y each contain the induced spread line ¢. Moreover, since I'g and I'y
each intersect J(0) in a plane, neither vertex I'g nor I'; contains a further induced
spread line (see Theorem 2.5). So any 4 space containing one of these vertices does
not correspond to either a Baer subplane or a line of PG(2, ¢*). ]
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3.4 Searching for new unitals

Consider the two André/Bruck-Bose representations of PG(2,¢*) in PG(4, ¢?) and
PG(8,q) respectively. In the PG(4,¢?) representation, every plane and line of
PG(4,¢%) \ ¥ has a natural correspondence to either a line, a Baer subplane or
a Baer subline of PG(2,¢*). However, in PG(8,q) there are planes and 4-spaces
that have no “nice” correspondence with objects in PG(2, ¢*). In particular, a plane
of PG(8, ¢) that meets ¥ in a line which is not an induced spread line does not
correspond to a Baer subline of PG(2, ¢*).

Recall that in the André/Bruck-Bose representation of PG(2,¢?) in PG(8,¢q), a
Buekenhout-Metz unital in PG(2,¢?) corresponds to a set of ¢! planes of
PG(8,q) \ ¥ about an induced spread line. Consider a transformation of the
unital that moves its ¢* planes to a set of ¢* planes of PG(8,q) \ X« about a line
¢" which is contained in an element of the spread S, but such that ¢ is not an in-
duced spread line of §. Suppose that the resulting set of points corresponds to a
unital of PG(2,¢*). Then this unital contains a point on £, such that none of the
q? secants through this point meets the unital in a Baer subline. This unital is not
Buekenhout-Metz since, by construction, through each point of a Buekenhout-Metz
unital there exists at least one secant line which meets the unital in a Baer subline.

We have run some computer searches in small projective planes testing several
different types of transformations which gave a set of ¢* planes in PG(8,q) \ X
through a line that lies in an element of S but is not an induced spread line. In each
case we considered, the resulting set was not a unital of PG(2, ¢*), however the set
did have an interesting structure. Recall that a unital in PG(2, ¢?) is a set of type
(1,¢* + 1). The sets we investigated were sets of type (1,q +1,2¢ + 1,...,¢* + 1,
(¢+1)g+1) and for each such set, every one of these intersection numbers occurred.

It seems plausible that a search for non-Buekenhout-Metz unitals in the De-
sarguesian plane should be carried out in the André/Bruck-Bose representation of
PG(2,¢") in PG(8,q) based on the above observations.

3.5 Unitalsin PG(2,q%")

The results of Sections 3.2 and 3.3 can be generalized to the classical unital of
PG(2,¢*") in the André/Bruck-Bose representation in PG(4h, q) as follows.

Theorem 3.3. The classical unital in PG(2, ¢**) corresponds to the intersection of
h quadrics in the André/Bruck-Bose representation of PG(2,¢*") in PG(4h,q). m

Theorem 3.4. In the André/Bruck-Bose representation of PG(2,¢*") in
PG(2*,¢*" "), 1 < ¢ < n, a Buekenhout-Metz unital in PG(2,¢*") corresponds
to a set of ¢*" 2" -dimensional subspaces of PG(21 ¢*" ") (not in ¥ ) about an
induced spread element of dimension 2071 — 1. m
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