On copies of ¢y and £, in L,(X*,Y)
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Abstract

The aim of this paper is to prove that (a) L« (X*,Y) contains a copy of
¢p if and only if either X or Y contains a copy of ¢g, or L, (X*,Y) contains
a copy of ¢, and (b) If both X and Y contain a copy of cg, then L« (X*,Y)
contains a copy of .. From these facts we extract some consequences.

1 Preliminaries

If X and Y are two Banach spaces over the same field K (R or C), we denote
by L(X,Y) the Banach space of all bounded linear operators from X into Y
equipped with the operator norm and by L.« (X*,Y") the closed linear subspace of
L (X*,Y) formed by all weak*-weakly continuous linear operators. The closed sub-
space of L, (X*Y) consisting of all those compact operators will be designed by
Ky (X*,Y), whereas W (X, Y') will stand for the closed linear subspace of L (X,Y)
consisting of all weakly compact operators. If (2, X, i) is a non-trivial positive finite
measure space and X a Banach space, we will denote by P;(u, X) the linear space
over the field K of all X-valued [classes of scalarly equivalent] weakly p-measurable
Pettis integrable functions f defined on €2, equipped with the norm

171 =sup{ [ | @)l dps (@) : 0" € X7, 0" < 1.

In what follow we will shorten the sentence ‘weakly unconditionally Cauchy’ by
‘wuC’. Three relevant results concerning copies of ¢y and fo, in L, (X*,Y) and
Ky (X*,Y) are in order.
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Theorem 1.1. ([1, main Thm.]) K, (X*,Y) contains a copy of L« if and only if
either X contains a copy of Lo orY contains a copy of ls.

Theorem 1.2. (]2, main Thm.]) Assuming L.~ (X*,Y) contains a complemented
copy of co, then either X contains a copy of ¢y or'Y contains a copy of cg.

Theorem 1.3. ([3, main Thm.]) Ifcq embeds into K- (X*,Y), either K, ,«(X*,Y) =
Ly (X*,Y) or Ky (X*,Y) is uncomplemented in Ly (X*,Y).

The aim of this paper is to complete the study of copies of ¢ in Ly« (X*,Y) by
proving the two theorems below, from which we will obtain several consequences;
among them, Theorem 1.2.

Theorem 1.4. L, (X*Y) contains a copy of ¢y if and only if either (a) X orY
contains a copy of co, or (b) Ly« (X*,Y) contains a copy of {o.

Theorem 1.5. If both X and Y contain a copy of co, then L(X*Y) contains a
copy of log.

2 Proof of Theorem 1.4

We will show the nontrivial ‘only if’ part, which is essentially contained in [2]. So
assume that c¢q embeds into L, (X*,Y) but neither X nor Y contain a copy of
co. Let {T,,} be a normalized sequence in L, (X*,Y) equivalent to the unit vector
basis {e,} of ¢, and let J be a topological isomorphism from ¢ into L, (X*,Y)
such that Je,, = T, for each n € N. Since the formal series > >°, T, is wuC and
the linear form on L, (X*Y) given by T"— y*T'x* is continuous for each z* € X*
and y* € Y*, it follows that >0°, |[y*T,z*| < co. Hence, the series Yo, T,,z* in
Y is wuC for each z* € X* and, as Y contains no copy of ¢y, this implies that the
series Y00 | &, T, x* converges [in norm] in Y for each £ € /., and x* € X*. This fact
allows us to consider the linear map ¢ : {o, — L (X*,Y) defined by

(‘pf) rt = Z fnTnx*
n=1

for each x* € X*. This linear operator is well-defined and bounded. Indeed, choosing
C > 0 such that

> &

i=1

sup
neN

< Ol [ 1I€]]o
Y

for each £ € (,, and z* € X*, for each fixed pair (£, 2*) € l,, x X* there exists
no € N with HZfinle fiTix*HY < €, which implies that

1) zlly < Cllz"|[ gl + e

This shows at the same time that o € L (X*Y) and that ¢ is bounded. Now let
us prove that ¢ (o) C Ly« (X*,Y).

Let £ be a fixed non null element of /... We are going to see that p& is weak™-
weakly continuous. Since T — z* (T*y*) = y*T'z* is a continuous linear form

on L(X*Y), then >0, |z* (T¥y*)| < oo and thus the series >0, T7y* in X is
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wuC for each y* € Y*. Given that ¢y is not embedded into X, then > 07, Ty* is
unconditionally convergent in norm for each y* € Y*. In particular, >°°, &, 1 y*
converges in X for each y* € Y*. Let {z};: d € D} be a net in X* which converges
to some z* € X* under the weak™ topology of X*. Working from now onwards with
some concrete y* € Y* and given € > 0, there is k € D such that

n=1
for each d > k. On the other hand, since >, £, T*y* converges in norm in X, then
n=1

for each d € D, and due to the fact that >0° | &, 1), (x — 2*) converges in norm in
Y to (¢€) (z}; — x*) for each d € D, one has that

<€

lim > & (v — ") ITy" =
i=1

v (96) (e — 2%) = lim 3 &' () — 27) = lim D& () — ") Ty’
3 =1

=1

n=1

for each d € D. Therefore,

Y (€) (g — ") <€

for each d > k, i.e. y*(p€)z — y* (©€)x*. Since this is true for every y* € Y™,
it follows that (¢€)z); — (¢€)x* under the weak topology of Y. Consequently, we
have that ¢ (o) C Ly~ (X*Y') as stated. Finally, since

lpenll = sup {[[(wen) 27y - 2™ € X7, 27 <1}
= sup {[| 2"y - 2" € X7, [la"]| < 1} = || T, = 1

for each n € N, Rosenthal’s /., theorem implies that /., embeds into L, (X*Y).

3 Proof of Theorem 1.5

Let {z,} and {y,} be two normalized basic sequences in X and Y, respectively,
equivalent to the unit vector basis {e,} of ¢. Since the formal series >.°° ; x,, and
o2 1 Yn are wuC, it follows that z,, — 0 under the weak topology of X and y, — 0
under the weak topology of Y. Consider the linear mapping ¢ : o, — L (X*Y)
defined by

(¢§) Tt = Z fnl‘*l‘n “Yn
n=1

for each x* € X*. This linear operator is well-defined and bounded. Indeed, first
note that ,z*z, — 0, so >0, &2, - ¥, converges in Y in norm. On the other
hand, if C' > 0 satisfies that

n

sup
neN

§ix"wi - yil| < Csup [§uaw,| < ClE]l, (127
1 v neN

=
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for each £ € /., and z* € X*, then

1(€) 2™[ly = < Clélloe 271

Y

o
Z §x"wi -y
i=1

for each ¢ € ¢, and z* € X*. Hence, ¥¢ € L(X*Y) for each £ € /,, and ¢
is bounded. Now, let us show that ¢ ({s) C Ly (X*,Y). So, choose some fixed
¢ € Uy and consider a net {z}:d € D} in X* converging to some z* € X* under
the weak™® topology of X*. We have to prove that y* (&) z; — y* (¢€) x* for each
y* € Y*. Thus, let us work with some concrete y* € Y*. Since >0 | &% yn -, € X,

we have . .

n=1 n=1

But, since any*yn S XNT, = T <Z§ny*yn . xn> for each d € D and

n=1 n=1

Z §nl Yn - 7Ty = T (Z §nl " Yn - xn) )
n=1 n=1

we obtain that - -
n=1 n=1

On the other hand, since > )7, £,2%z, - y, converges in Y, we have

Y rimy Yy =y <Z En Ty, - yn> = y* (V&) x} (3.2)
n=1 n=1

and . .
Y LT T, Yy =y (Z £ Ty, - yn> = y* (&) a* (3.3)
n=1 n=1

Therefore, from (3.1), (3.2) and (3.3), we conclude that

y* () xg =y (¥) 2"

as required.
Finally, since |[¢e,|| = sup{||z*z, - yull : |2*|| < 1} = ||| [|yall = 1 for each
n € N, Rosenthal’s {,, theorem guarantees that (., is embedded into L~ (X*,Y).
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4 Some consequences

Corollary 4.1. If Py(p, X) contains a copy of cq, then either X contains a copy of
co o1 Ly« (X*, L1(1)) contains a copy of lu.

Proof. According to a result of Huff [4], P;(u, X) is embedded into Ly (X™*, L (p)).
Since L (p) contains no copy of ¢y, the statement of the corollary is an obvious
consequence of Theorem 1.4. [

Corollary 4.2. (Theorem 1.2) Assuming L~ (X*,Y) contains a complemented copy
of co, then either X contains a copy of co or'Y contains a copy of cy.

Proof. Looking at the proof of Theorem 1.4, assuming by contradiction that neither
X or Y contains a copy of ¢y and denoting by P a bounded projection operator from
Ly (X*,Y) onto J (cp), then J~! o P o ¢ is a bounded quotient map from ¢, onto
o, a contradiction. [ |

Corollary 4.3. Assume that W (X,Y) contains a copy of co. If ¢y is not embedded
into X* orY, then W (X,Y) contains a copy of lw.

Proof. This is due to Theorem 1.4 and to the fact that W (X,Y") is isomorphic to
Ly (X™)Y). [

Corollary 4.4. Assume that L,«(X*,Y) contains a copy of co. If Ky(X*Y) =
Ly (X*)Y), then either X contains a copy of ¢y or'Y contains a copy of cq.

Proof. Assume L,«(X*,Y') contains a copy of ¢y. If neither X or Y contains a copy
of cp, according to Theorem 1.4, L, (X*,Y) must contain a copy of {. Since
Ky (X*)Y) = Ly (X*,Y), applying Theorem 1.1, either X or Y contains a copy
of /,, a contradiction. [ |

Corollary 4.5. Assume that both X and Y contain a copy of co. If neither X nor
Y contain a copy of U, then Ky «(X*,Y) is not complemented in L,(X*,Y).

Proof. According to Theorem 1.5, L« (X*,Y") must contain a copy of £,. But since
neither X nor Y contain a copy of ¢, Theorem 1.1 implies that K,(X* Y) #
Ly (X*,Y). Since ¢ is embedded into K,«(X*,Y), Theorem 1.3 guarantees that
K,+(X™*,Y) is uncomplemented in L, (X™*,Y). [
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