On dual Euler-Simpson formulae

Lj. Dedi¢ M. Mati¢ J. Pecari¢

Abstract

The dual Euler-Simpson formulae are given. A number of inequalities,
for functions whose derivatives are either functions of bounded variation or
Lipschitzian functions or functions in L,-spaces, are proved. The results are
applied to obtain the error estimates for some quadrature rules..

1 Introduction

One of the elementary quadrature rules of closed type is the Simpson’s rule based
on the Simpson’s formula [4, p. 45]

/abf(t)dt = bga lf (a) +4f (a;rb> +f(b)] - Mf(“)(f), (1.1)

2880

where a < & < b. A simple quadrature rule of open type, which is closely related to
the Simpson’s rule, is based on the following three-point formula [4, p. 71]

b b—a 3a+b a+b a4+ 3b
= 2 — 2
[ = 52 or (357) = (557) v (7))
7(b — a)5 (4)
_ 1.2
om0 @) (1.2)
where a < n < b. The formulae (1.1) and (1.2) are valid for any function f which
has a continuous fourth derivative f® on [a,b]. P. S. Bullen [3] proved that, under
certain convexity assumptions on f, the three-point quadrature rule based on the
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formula (1.2) is more accurate than the Simpson’s quadrature rule. As pointed in
3], the formula (1.2) naturally appears in a pair with the formula (1.1) and we call
it the dual Simpson formula. This dual Simpson formula is the key notion in this
paper.

In the recent paper [5] the following two identities, named the extended Euler
formulae, have been proved:

flz) = bia/abf(t)dtJrTn(x) + R(z) (1.3)

and
1

fla) = —

where Ty(x) = 0 and

[ e+ s 0) + R2Go), (14)

T,(z) = f: (b—a)™ B (37:;> [f(k—l)(b) _ f(’“_l)(a)} ’ (1.5)
for m > 1, while

R =~ [ (T4

n!

mw === LB (G20 - (2] a0

Here, as in the rest of the paper, we write [, ; g(t)dp(t) to denote the Riemann-
Stieltjes integral with respect to a function ¢ : [a,b] — R of bounded variation, and
JPg(t)dt for the Riemann integral. The identities (1.3) and (1.4) extend the well
known formula for the expansion of an arbitrary function in Bernoulli polynomials
[6, p. 17]. They hold for every function f : [a,b] — R such that £~ is a continuous
function of bounded variation on [a,b], for some n > 1, and for every x € [a,b].
The functions By(t) are the Bernoulli polynomials, By, = By(0) are the Bernoulli
numbers, and Bj(t), k > 0, are periodic functions of period 1, related to the Bernoulli
polynomials as

and

Bj(t) = By(t), for 0 <t <1,
Bi(t+1) = Bi(t), for t € R.

The Bernoulli polynomials By (t), k > 0 are uniquely determined by the following
identities
Bi(t) = kB_1(t), k> 1; By(t)=1 (1.6)

and
Bi(t +1) — By(t) = kt**, k> 0. (1.7)

For some further details on the Bernoulli polynomials and the Bernoulli numbers
see for example [1] or [2]. We have

1 3 1
, Bo(t) =t —t + 5 Bs(t) =3 — Zt? + 5t (1.8)

N | —
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so that Bi(t) = 1 and Bj(t) is a discontinuous function with a jump of —1 at each
integer. From (1.7) it follows that By(1) = By(0) = By, for k > 2, so that Bj(t) are
continuous functions for k£ > 2. Moreover, using (1.6) we get

By =kB;_,(t), k>1 (1.9)

and this holds for every t € R when k > 3, and for every t € R\ Z when k = 1, 2.

The aim of this paper is to establish a generalizations of the dual Simpson formula
(1.2) and then, to give various error estimates for the quadrature rules which are
based on such generalizations of (1.2).

In Section 2 we use the extended Euler formulae (1.3) and (1.4) to obtain two new
integral identities. We call these new identities the dual Euler-Simpson formulae,
since they generalize the dual Simpson formula (1.2).

In Section 3 we prove a number of inequalities related to the dual Euler-Simpson
formulae, for functions whose derivatives are either functions of bounded variation
or Lipschitzian functions or functions from the L,-spaces.

Finally, in Section 4, we consider the repeated dual Euler-Simpson quadrature
rule and the repeated modified dual Euler-Simpson quadrature rule which are based
on the dual Euler-Simpson formulae. We give the error estimates for these quadra-
ture rules when they are applied to the functions of various classes. Also, we show
that, under certain assumptions on the involved functions, these quadrature rules
can be more accurate than the analogous repeated Euler-Simpson quadrature rule
considered in [6].

2 Dual Euler-Simpson formulae

For k > 1 define the functions G (t) and Fj(t) as

1 1 3
Gk(t)::ZB;*(Z—t)—B;;(i—t>+23;§<1—t>, teR

and }
Fk(t) = Gk(t) — Bk, t e R,
where ] ] 3

Obviously, Gk(t) and F(t) are periodic functions of period 1 and continuous for
k > 2. Thus, it is enough to know the behavior of these functions on the interval
[0,1] . We shall investigate this behavior in the next section.

Let f : [a,b] — R be such that ") exists on [a, b] for some n > 1. We introduce
the following notation

Dl ::bga l2f<3ajb> _f<a—2kb>+2f (a—zi’)bﬂ.

Further, we define To(a, b) ;=0 and, for 1 < m <n,

- b— 3a + b b 3b
Tp(a,b) = 3“{2Tm<“j )-Tm(a; >+2Tm<‘“;l )1
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where T),(x) is given by (1.5). It is easy to see that

Tl ) = 3 32 O g [0 ) — o)) 21

k=1

In the next theorem we establish two formulae which play the key role in this
paper. We call them the dual Euler-Simpson formulae.

Theorem 1. Let f : [a,b] — R be such that f"V) is a continuous function of
bounded variation on [a,b], for some n > 1. Then

/ () a,b) — To(a,b) + R (a,b), (2.2)
where (b— a)" .
B (a.b) = 3(n!) /[a,b]G (b— a> dr).
Also, \
/ F(O)At = D(a,b) — Tor(a,b) + B2(a,b), (2.3)
where
52 _ (b—a)" t— n—1)
R.(a,b) = 3(n!) /[a,b] Eu (b - a> A,
Proof. Put

x_3a+b a+b a+3b
47 27 4

in formula (1.3) to get three new formulae. Then multiply these new formulae by

2b—a) b—a 2(b—a)

3 7 37 3 7
respectively, and add. The result is the formula (2.2). The formula (2.3) is obtained
from (1.4) by the same procedure. [

Remark 1. Suppose that f : [a,b] — R is such that f™) exists and is integrable on
la, b], for some n > 1. In this case (2.2) holds with

R (a,b) = (63(_%%)” / ’ G, (Z — Z) F()dt

while (2.3) holds with

R (a,b) = (63(_n?))n /abF (Z— a> Fo ey

By direct calculation and using (1.8), we get

This implies, by (2.1),
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Also,

Fi(t)=Gi(t) =

—3t,

—3t+2,
—3t+1,
—3t+ 3,

3t2,

and
—3t3,

Fy(t) = Gs(t) =

32 — 4t +1,
3t2 — 2t,
3t2 — 6t + 3,

—3t3 + 612 — 3t + 2,
—3t3 +3¢2 — 2,
—3t3 4+ 9t — 9t + 3,
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0<t<1/4
1/4 <t <1/2
1/2 <t<3/4
3/4<t<1

0<t<1/4
1/4 <t<1/2
1/2 <t <3/4
3/a<t<1

(2.4)

(2.5)

0<t<1/4
1/4 <t<1/2
1/2<t<3/4 "
3/a<t<1

(2.6)

Applying (2.2) with n = 1, 2, 3 we get the identities

vam—pwm

b—a

(b—a)®
6
(b—a)’
18

3 [a,b] & (Zi : Z) df(®)
Jo @ (=)0
fo @ (5=3) arc

The same identities are obtained from (2.3) with n = 1, 2, 3, since To(a,b) =
Ti(a,b) = To(a,b) = 0 and Fi(t) = Gg(t) for k = 1, 2, 3, while (2.3) with n = 4

yields the identity
t—a
F. df"(t).
/[a,b] 4<b—a> /)

3 Some inequalities related to dual Euler-Simpson formulae

(b—a)
2

vam—pwm:

In this section we use the dual Euler-Simpson formulae established in Theorem 1 to
prove a number of inequalities for various classes of functions. First, we need some
properties of the functions Gy (t) and Fy(t) defined in the previous section. As we
noted earlier, it is enough to know the behavior of these functions on the interval
0,1]
The Bernoulli polynomials have a property of symmetry with respect to %, that
is [1, 23.1.8]
Br(1—1) = (=1)FBy(t), 0<t <1, k> 1.

Setting ¢ = £ and ¢ = I in (3.1) we get

o (3) = 295 (3) o 3 (3) - v

4

1 3 1 3 1
Boj—1 <§> =0, B (Z) + Bok—1 (Z) =0, By (Z) = Doy, (Z) , E>1,

(3.1)
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so that we have

~ 1 1 3
Bop—1 = 2B, (Z) — Bok <—> + 2891 <—>

2 4
= 0, k>1, (3.2)
and
~ 1 1 3 1 1
Bar = 2Ba (1) — Ban (5) + 282 (1) = 4B (1) — B (5) L

Also, we have [1, 23.1.21, 23.1.22]

Box (%) — — (1-2"%) By, By G) = 2% (12" By, k> 1,

which gives the formula

By =(8-27" —6-27% 4 1) By, k> 1. (3.3)
Now, by (3.2) we have
Fopo1 () = Gopr (), k> 1. (3.4)
Also, .
For(t) = Gop(t) — Boy, k> 1, (3.5)

where By, is given by (3.3). Further, the points 0 and 1 are the zeros of F,(t), that
is
F.(0)=F,(1)=0, n > 1.

As we shall see below, 0 and 1 are the only zeros of F,,(t) for n = 2k, k > 2, while
forn =2k — 1, k > 2 we have

1 1 3 1
Fopy <§> = Gop—1 <§> = 2DBo1 (Z) — Boj_1 + 2Bok_1 (Z) = 0.

We shall see that 0, % and 1 are the only zeros of For_1(t) = Gop_1(t), for k > 2.
Also, note that for n = 2k, kK > 1 we have

Gk (0) = G (1) = By = (8-27% — 6272 4 1) By,

and ] 1
Gk (5) = 4B (Z) ~ By = (8-27% —4-27 — 1) By,
while | 1
Fay, <§> = Gop, <§> — B, = —2 (1 - 2_%) Bo. (3.6)

Lemma 1. For k > 2 we have
Gr(l —t) = (=1)*Gi(t), 0 <t <1,

and
F(1—1t)=(=DFF(t), 0<t < 1.
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Proof. As we noted in Introduction, the functions Bj(t) are periodic with period 1
and continuous for £ > 2. Therefore, for k > 2 and 0 <t < 1 we have

1 B
BZ(Z_t>:{ Bk
k

and, using (3.1),

3 By,
(3 -
F\4 {Bk

Comparing the above equalities, we see that

B; GH) = (-1)*B; (——t), 0<t<1.

By the similar observation we get
1
5 (3 )
g (2 *

1 3
B; <Z+t> = (-1)*B; (Z—t>, 0<t<1.

Using these identities, we get

1
(—1)*B; (——t), 0<t<1,

and

cut-n) = am (o) - (-} o) om ()
- (o)) o o
- oG- (3o }-0)
= (—D*Gr(1),

which proves the first identity. Further, we have By = (—1)*B, since (3.2) holds,
so that

Fr(1=1) = Gx (1 —t) = By = (=1)} [Gy(t) = Be| = (-=1)*Fi (¢),

which proves the second identity. [
Note that the identities established in Lemma 1 are valid for k£ = 1, too, except

at the points §, 1 and 2 of discontinuity of F(t) = Gi(t).

Lemma 2. For k > 2 the function Gox—1(t) has no zeros in the interval (O, %) . The

sign of this function is determined by

1
(—1)* G 1(t) >0, 0 <t < >
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Proof. For k =2, G5(t) is given by (2.6) and it is easy to see that

1
—Gs3(t) >0, 0<t < 5"

Thus, our assertion is true for k = 2. Now, assume that £k > 3. Then 2k —1 > 5
and Goy_1(t) is continuous and twice differentiable function. Using (1.9) we get

Gop () = —(2k = 1)Gar2(t)

and
o1 () = (26 — 1)(2k — 2)Gap—3(t).

We know that 0 and % are the zeros of Gor_1(t). Let us suppose that some «,

0<acx< %, is also a zero of Gax_1(t). Then inside each of the intervals (0, ) and
(a, %) the derivative G%,_,(f) must have at least one zero, say 31, 0 < #; < a and

B, a < (2 < 3. Therefore, the second derivative G,_,(t) must have at least one
zero inside the interval (1, 32) . Thus, from the assumption that Gax_1(¢) has a zero
inside the interval (O, %) , it follows that (2k — 1)(2k — 2)Gax—3(t) also has a zero
inside this interval. From this it follows that G5(t) would have a zero inside the
interval (O, %) , which is not true. Thus, Gaor—1(t) can not have a zero inside the
interval (O, %) . To determine the sign of Ga_1(t), note that

1 1 1 1
Gak-1 (Z) = 2Bo;—1 (0) — Bay_1 (Z) + 28251 <§> = —DBop_1 (Z) .

We have [1, 23.1.14]
1
(=1)*Bor_1(t) >0, 0 <t < 3

which implies
1 1
(—1)k_1G2k_1 (Z) = (—1)kng_1 (Z) > 0.

Consequently, we have

1
(=) 'Gop1(t) >0, 0 < t < 5

Corollary 1. For k > 2 the functions (—1)kFyi(t) and (—1)*Gar(t) are strictly in-
creasing on the interval (O, %) , and strictly decreasing on the interval (%, 1) . Con-
sequently, 0 and 1 are the only zeros of Fuy(t) in the interval [0, 1] and

_ _ 92k >
e [Far(t)] =2 (1= 272) | Barl, k=2

Also, we have

max [Gop(t)| = (14427 —8-27%) By, k >2.
t€[0,1]
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Proof. Using (1.9) we get
[(~0*Pult)] = [(~1)FCa(0)] = 2k(= )" G (1)

and (—1)"Ga,_1(t) > 0 for 0 < t < 1, by the Lemma 2. Thus, (—1)*Fy(t) and
(—1)*Gyy(t) are strictly increasing on the interval (O, %) . Also, by the Lemma 1, we
have Fo(1—t) = Fo(t), 0 < ¢t < 1 and Gog(1—1) = Gax(t), 0 < ¢ < 1, which implies
that (—1)%Fy(t) and (—1)*Gar(t) are strictly decreasing on the interval (%, 1).
Further, F5,(0) = F5(1) = 0, which implies that |Fy,(t)| achieves its maximum at
t= %, that is

1
Fo(t)| = |For (5 )| =2 (1 = 27%%) | Ba] .
tfél[ngIH 2k(1)] 2% <2>‘ ( ) | Ba|
Also,
max |Gaox(t)]
1

= m&X{|G2k (0)]; |Gk <§>‘}

= max{(8-27% —6-27 4 1) | By, (1+4-272 —8.27) | By}

= (1+4-27%—8.27"%)|By/,
which completes the proof. [ |

Corollary 2. Assume k > 2. Then we have

gk at= [ |c dt =2 (1-277)|B
| 1Baa@lat= [ 1Gaaa®lat = 2 (1-27%) Bl

Also, we have
! ) ak 2%k
/O [For(t)] dt = [ Bas| = (8-27% — 6 27% 1 1) | Buy|

and
1 .
/ Gor(t)] dt < 2| B = 2(8-27% —6-27% 11) | By
0
Proof. Using (1.9) it is easy to see that
G, (t) = —mGp_1(t), m > 3. (3.7)

By (3.4) we have [y |For_1(t)|dt = [y |Gar_1(t)|dt. Now, using Lemma 1, Lemma 2
and (3.7) we get

1

1 % 1
[ 1Gaalde =2| [* Gus(t)ae :2‘——G2k(t)|g
0 0 2k

1 1 2
=7 ‘G% <§> — Gy, (0)‘ =7 (1 - 2_%) | Bok|
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which proves the first assertion. By the Corollary 1, Fy(t) does not change the sign
on the interval (0,1). Therefore, using (3.5) and (3.7), we get

[ 1Ewttat = | [ ] =| [ [Gt) - Bu] a1
e

Gaoi1(t)]g — Bar| = ‘B%‘

and By is given by (3.3). This proves the second assertion. Finally, we use (3.5)
again and the triangle inequality to obtain

1 1 - 1 ~ ~
| 1Ga@®lat = [ |Fut) + Bufat < [ |Fu)]at + |Ba| = 2|Bu.

which proves the third assertion. [ ]

Theorem 2. Let f : [a,b] — R be such that f"V) is an L-Lipschitzian function on
la, b] for some n > 1. Then

/abf(t)dt—D(a,b)+Tn_1(a,b)‘ b_an+1/ | (t)]dt - L. (3.8)

Also, we have

/abf(t)dt—D(a,b)JrTn(a,b)‘ b_“n+1/ Gu(®)|dt-L.  (3.9)

Proof. For any integrable function @ : [a,b] — R we have

b
[, o)< [eeiar L (3.10)
a,b a
since f(1 is L-Lipschitzian function. Applying (3.10) with ®(t) = F, (l’:—g) , we
get
o
F, df-
‘ 3(n!)  Jay b—a (0
< boar / F, ( > dt- L
- 3(n!) Ja b—a
(b _ a)n—f—l /
3(n!) 0 [En(t)]
Applying the above inequality, we get the inequality (3. ) rom the identity (2.3).
Similarly, we can apply the inequality (3.10) with ®(¢) = ( b_Z) , and then use
the identity (2.2), to obtain the inequality (3.9). ]

As we have already noted in Section 2, we have

To(a, b) = Tl(a, b) = Tg(a, b) = Tg(a, b) =0. (311)
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Moreover, since Bg =0 and ng_l =0, k > 1, we have

IS

] (b—a)% B

Ton(a,b) = ol By [f*FD(b) — f2D(a)], m > 4, (3.12)

™

1
35

where [%] is the greatest integer less than or equal to &

Corollary 3. Let f : [a,b] — R be given function.
If f is L-Lipschitzian on [a,b], then

bt

f t)dt — D(a, b)‘

If f" is L-Lipschitzian on [a,b], then

/abf(t)dt ~ D, b)‘ < 3%(@ _ )L

If f" is L-Lipschitzian on |a,b], then

/abf(t)dt ~ D(a, b)‘ < %(b —a) L.

If f"" is L-Lipschitzian on |a,b], then

— 23040

D(a,b)‘ < _-ar-L

Proof. Using (2.4) and (2.5) we get

1 F d > d 1 F d >
t)dt = = t)|dt = —
L IRl = 2 ana [C|F@)at= 2
respectively. Therefore, using (3.11) and applying (3.8) with n = 1 and n = 2, we
get the first and the second inequality, respectively. Using the Corollary 2, we get

7

1
F / Fult
/0| S0l dt = o= and [ [F(0)] dt = o

Now, the third inequality follows from (3.8) with n = 3 and (3.11), while the fourth
one follows from (3.8) with n =4 and (3.11). n

Corollary 4. Let f : [a,b] — R be such that fV is an L-Lipschitzian function
on [a,b] for somen > 3. Set Di(a,b) := 0 and for any integer r such that 2 <r < %
define
_ 1< (b—a)* - (2i—1) (2i—1)
Dy(a.b) =53 WB% F#00) = o) (3.13)

=2
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Ifn=2k—1, k> 2, then

4(b — a)*
320!

/b f()dt — D(a,b) + Dy_1(a, b)‘ < (1—=27%)|Bu| - L.

Ifn =2k k>2, then

/abf(t)dt — D(a,b) + Dy_1(a, b)‘ < % (8 Lotk g2k 1) |Boy| - L
and
/ab F(#)dt = D(a,b) + Di(a, b)‘ < % (8.2 — 622 1 1) By L

Proof. For n = 2k—1, by (3.12) we have that T},_; (a,b) = Dy_1(a,b). Thus, the first
inequality follows from Corollary 2 and (3.8). For n = 2k, by (3.12) we have that
To-1(a,b) = Dy_1(a,b) and Ty(a,b) = Dy(a,b). Now, the second inequality follows
from Corollary 2 and (3.8), while the third one follows from Corollary 2 and (3.9).

n

Remark 2. Suppose that f : [a,b] — R is such that f exists and is bounded on
la, b], for some n > 1 In this case we have for all t,s € [a,b]

£ = FO0(S)] < oo = 5
which means that fY is an || f™)||w-Lipschitzian function on [a,b]. Therefore,
the inequalities established in Theorem 2 hold with L = ||f™|«. Consequently,
under appropriate assumptions on f, the inequalities from Corollary 3 hold with
L= 1floos I/ oos 1" locs |f""|lco, respectively. However, a similar observation
can be made for the results of the Corollary 4.

Theorem 3. Let f : [a,b] — R be such that f™Y is a continuous function of
bounded variation on [a,b] for some n > 1. Then

[ 7o)t = Da.b) + s b>\ < O e (R (0] VD) (314)

3(n!) tefo]
and
b 3 b—a) )
/ f(t)dt—D(a,bHTn(a,b)‘S Ol Gu0] V), )

where V2(f"=1) is the total variation of f™=Y on [a,b].

Proof. If ® : [a,b] — R is bounded on [a,b] and the Riemann-Stieltjes integral
Jiap d(t)df V(1) exists, then

/[a,b] (1) (n_l)(”‘ < max [(t)] - V(S (3.16)

T tela,b]
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We apply the estimate (3.16) to ®(t) = F, (Z:—Z) to obtain

‘(b (—néll))n /[a,b]F (Z—a) dferD(t )‘
(b—a)"

t—a b £(n—1)
S T3 | (b—a> V)
= O e R (0] V)
3(n!) telo " ¢ '
Now, we use the above inequality and the 1dent1ty (2.3) to obtain (3.14) In the same
manner, we apply the estimate (3.16) to ®(¢ (t_ ) and then use the identity
(2.2), to obtain the inequality (3.15). n

Corollary 5. Let f : [a,b] — R be given function.
If f is a continuous function of bounded variation on [a,b], then

[/ s = D) < o020

If " is a continuous function of bounded variation on [a,b], then

[ st - D, b>\ Lo— a2 vir),

If f" is a continuous function of bounded variation on [a,b], then

[ 0= D) < gslo- 0 V2,

If f"" is a continuous function of bounded variation on [a,b], then

/ab F(t)dt — D(a, b)‘ < ﬁ(b — o)t V(.

Proof. From the explicit expressions (2.4), (2.5) and (2.6), we get
3 )
F = —F — = —
max [ (1) (1) =7
1 1
BU)| = —FB(=)=-
my ol = —R(3) =

and

1 5
F(t)=-F; (=) =—
ma [Fi(1)] 3(3) =3

respectively. Therefore, using (3.11) and applying (3.14) with n = 1, n = 2 and
n = 3, we get the first, the second and the third inequality, respectively. Further,
using the Corollary 1, we get

1
max [Fi(t)] = 75

Now, the fourth inequality follows from (3.14) with n =4 and (3.11). ]
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Corollary 6. Let f : [a,b] — R be such that fV is a continuous function of
bounded variation on |a, b, for somen > 3. Define D, (a,b), r > 0 as in the Corollary

4.
Ifn=2k—1, k> 2, then

)2k—1

( b( p(2k—2
31(2k — 1)1] velo; 1]|in§ ()] - VE(FEE-2)y,

waa—D@m+m4w@k

Ifn =2k, k>2, then

2(b — a)*

st (2 1Bal V()

waa—D@m+m4w@k

and

bf(t)dt — D(a,b) + Dg(a, b)‘
(b - a)2k
= B[]

Proof. The argument is similar to that used in the proof of Corollary 4. We apply
Theorem 3 and use the formulae established in Corollary 1. [

(1 + 4. 2—2k 8- 2—4k) |BQk| X ‘/ab(f@k_l))-

Remark 3. Suppose that f : [a,b] — R is such that f € Ly[a,b] for somen > 1
In this case f™V is a continuous function of bounded variation on [a,b] and we
have

fo0y = [7[f @) ae = 150,

Therefore, the inequalities established in Theorem 3 hold with || f™||, in place of
VA(f1). However, a similar observation can be made for the results of the Corol-
laries 5 and 6.

Theorem 4. Assume (p,q) is a pair of conjugate exponents, that is
1 1
l<pg<oo, —+-=1 or p=o0, q=1.
p q
Let f:[a,b] — R be such that f™ € Lyla,b] for some n > 1. Then we have

/ab FB)dt = D(a,b) + Toa(a,b)| < K(n,p)(b— a)"™* o - [ £, (3.17)

Ko = g [ 1B at]

[/ 0= D) 4 Ty (0] < Koo I (319

k) = g [ [ 1Ga0 0]’

where

Also, we have

where
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Proof. Applying the Holder inequality we have
‘ LG (t)dt‘
S LRG0T ] 1,
- 5 L moralt e,
= K(n.p)(b—a)" 5 - [|f],

Using the above inequality, by the Remark 1, from (2.3) we get the estimate(3.14)
In the same manner, from (2.2) we get the estimate (3.18). n

Remark 4. For p = oo we have

K(n, 00) = ﬁfol F ()] dt
and | )
K*(n,00) = m/0 G(1)] dt.

The results established in Theorem 4 for p = oo coincide with the results of Theorem
2 with L = || f||es. Moreover, by Remark 2 and Corollary 3, we have

b
/f(t)dt—D(a,b)‘SK(n,oo)(b—a)”HHf(”)Hoo, n=1234,

where
7

5}

o 1
324’ 576’
Further, by Remark 2 and Corollary 4, for k > 2 we have

/b f(t)dt = D(a,b) + Dy_1(a,b)| < K(2k — 1,00)(b — a)** - | f** V|,

/b f(t)dt — D(a,b) + Dy_1(a, b)‘ < K (2k,00)(b — a)* || 9| o

and
b
/ f(t)dt — D(a,b) + Dy(a, b>‘ < K*(2k,00)(b— a)™* - || f%9 |,
where
K(2k —1 4( _2_%)3
(2k — ’OO>_W| 2|
8-27% —6.272" 41
K(2k = B
and

2(8~2—4k—6~2—2’f+1)

K*(2k, 00) < ST | Bai| .
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Remark 5. Let us define for p=1

1
K(n,1) = —— F,
(n,1) 3(n!>tem[g§><1]| n(t)]
and |
K*(n 1) = —— )
(n,1) 3000 tem[g{XI]IGn(t)l

Then, using Remark 3 and Theorem 3, we can extend the results established in
Theorem 4 to the pair p =1, ¢ = oo. This means that if we set % =0, then (3.17)
and (3.18) hold for p = 1. Also, by Remark 3 and Corollary 5, we have

tﬁfwd—DmﬁﬂSKmﬂﬂhﬂm*me,nzLZ&%

where
5 1 5

1
K(l,l):ﬁ, K(Q,l):ﬁ, K(3,1):%’ K(4,1):®.

Further, by Remark 3 and Corollary 6, for k > 2 we have

/bf(t)dt — D(a,b) + Dy_1(a, b)‘ < K(2k —1,1)(b— a)®1 || f@=D|,

/b f(t)dt — D(a,b) + Dy_1(a, b)‘ < K(2k,1)(b — a>2k ) Hf(zk)Hl

and ,
[ e = D)+ Difa.)| < K1) - 0 |72,
where
K(2k = 1,1) = grar—sy s [P (1),
2(1-27%)
K(2k,1) = EICOIE | Bax|
and

2(144-27% —g.27)

K2k, 1) = 3R]

| Bag| -
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4 Error estimates for dual Euler-Simpson quadrature formulae

Let us divide the interval [a,b] into v subintervals of equal length h = (b — a).
Assume that f : [a,b] — R is such that f™~Y is a continuous function of bounded
variation on [a,b], for some n > 1. We consider the repeated dual Euler-Simpson
formula

[ 70t = DuF) = 00 1(7) + pul ) (1.1
and the repeated modified dual Euler-Simpson formula

[ 500t = D)~ 0ul ) + ), (1.2
where

Df) = SD(a+(i—1)ha+ih)
= LS f(at (- 3/4R) ~ fla+ (i~ 1/2)8) +2f(a+ (i~ 1/4)h)]
and ,
om(f) = Tp(a+ (i —1)h,a+ih), m >0,

Because of (3.11) we have

oo(f) = o1(f) = 0a(f) = o3(f) = 0, (4.3)
while for m > 4, using (3.12) we get

%] 27 .
onlf) = 233 il [ ok i) = e+ (- 1)
I
- %Z @) 1B, ; £ (@t i) — fO7D (a4 (i — 1)h)]
— lz%: h? BQ»[f(Zj_l)(b)—f(Zj_l)(a)] (4.4)
34 (2 Y ' '

The remainders p,(f) and p,(f) can be written as

v v

pn(f) = an(fSi)a pn(f) = pn(f51), (4.5)

i=1 i=1
where, for e =1,--- |1,
a+ih ~
pn(f317) :/ ( 1)hf(t)dt—D(a—i— (¢t —1)h,a+ih)+Th-1(a+ (i —1)h,a+ih)
a+(1—

and

pu(f31) = /;:)h ft)dt — D (a+ (i — 1) hya +ih) + T, (a+ (i — 1)h,a +ih).
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We shall apply the results from the preceding section to obtain some estimates for
the remainders p,(f) and p,(f). Before doing this, note that for n = 2k — 1, k > 3,
we have

ook—2(f) = o2m—1( 2j [f(Qj_l)(b) - f(2j_1)(a)} :

i

OJI>—t

Thus
par—1(f) = pa—1(f),

so that (4.1) and (4.2) coincide in this case. This shows that (4.2) can be interesting
only when n = 2k, £ > 2. In this case we have

p2e(f) = par(f) + ou(f) — o2m-1(f)

= pul(f) + WB% [f(%—n(b) _ f(2k—1)(a)} .

In fact we have
por—2(f) = par(f), k> 3.
Therefore, for k > 3 we can approximate [’ f(t)dt by

1k‘—1 h2j
D,(f) - ng;T

B, [ F2i-D gy _ p2i-1)(,
(j).Bm[f (b) — @ (a)]

using either (4.1) with n = 2k —1 or (4.2) with n = 2k — 2. To obtain the error esti-
mate for this approximation, if we apply (4.1), then we must assume that f(2*~2) is a
continuous function of bounded variation on [a,b]. To do this via the formula (4.2),

it is enough to assume that f2*=3) is a continuous function of bounded variation on
[a, b]

Theorem 5. Let f : [a,b] — R be such that f"V) is an L-Lipschitzian function on
la, b] for some n > 1.
Forn =1, 2, 3, 4 we have, respectively,

b 2
< [
f)‘ 241/h - L,

b 5
/af(t)dt—Dy(f)‘<@z/h3 L,

576

b 7
/a Ft)dt — Dy(f)‘ < sVt L.

Ifn=2k—1, k> 3, then

Dy(f)‘ < Lopo,

[ FEID(p) — f(2j—1)(a)}
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Ifn =2k, k>3, then

. 2k
— 3[(2kK)]

(8-27% —6-27% 4 1) | Boi| - L

Ifn =2k k>2, then

1 h2j D, 25—1 25—1
| swat =, gjzg(Qj)!Bm[f( {OESE ><a>}‘
v 2k+1

< g[gk;] (8-27% —6-27% +1) By - L

Proof. Applying (3.8) and (3.9) we get for i = 1,--- | v, respectively,

n+1

o /01 \F(t)]dt - L

lpn(f3)] <

and
o G dt- L
pu(f5)1 < g ) 1Ga(0)
Using the above estimates and the triangle inequality, we get from (4.5)

vhhtl 1
F,(t)|dt- L
o JALIC]

th+1

|<Z|pnf,|_3 /|G ) dt - L.

Now, we use (4.3) and (4.4) and the rest of the argument is quite the same as for
the Corollaries 3 and 4. ]

pulf)] < Z ol f2)] <

and

Remark 6. Instead of the assumption that fV is an L-Lipschitzian function on
[a, b],we can use the stronger assumption that f exists and is bounded on [a,b], for

some n > 1 In this case Theorem 5 applies with L replaced by Hf(”)H (see Remark

Theorem 6. Let [ : [a,b] — R be such that f"V is a continuous function of
bounded variation on [a,b] for some n > 1.
Forn =1, 2, 3, 4 we have, respectively,

[ e = D) < e v

b

1 2 /
O = DT < gon? VAP,

a
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ol VI (),

Y )‘ 1296

b
[ 0= (s < gt v,

Ifn=2k—1, k> 3, then

[ -nin+ S i [f”j‘”(b)—f(”‘”(a)}‘
h2k—1

= mtem 1]|F2k 1( )| .‘/ab(f(2k_2)).

Ifn =2k, k>3, then

By [£470(8) - f”j‘”(a)}‘

< 2h2k (1 B 2_%) | Bax| - Vb(f(%—l))
— 3[(2kK)] “ '

Ifn =2k, k> 2, then

h2i

b 1 .k
L OE= DD+ 52 5

By [£700) - f”j‘”(a)}‘

< gy 2T 2“““) Bl - V2 (£,

Proof. Applying (3.14) and (3.15) we get for i = 1,--- | v, respectively,

n

S < F i a—l—zh (n—1)
lon(f58)] < 3(n!>ggxu| (O] - VR, (F7 D)
and .
~ S < X a—l—zh (n—1)
|n(f38)] < 3(n!)ggxu|Gn(t)l e (F),

Using the above estimates and the triangle inequality, we get from (4.5)

GG

=1

hn
< Va—l—zh (n—1)
- 3(n)te[01] ®)]- Z wrnn(f )
hn
— F /b p(n—1)
300} max [Fn(t)] - Ve (f77)

and similarly

|15n(f>| < m tern[g:}f] |Gn(t)| . Vab(f(n—l)>“

Now, we use (4.3) and (4.4) and argue similarly as in the Corollaries 5 and 6. =



On dual Euler-Simpson formulae 499

Remark 7. If f : [a,b] — R is such that f € Li[a,b] for some n > 1, then f("=1
is a continuous function of bounded variation on [a,b] and V2(f"=1) = || f™|;.
Therefore, Theorem 6 applies with || f™||, in place of VP(f")) (see Remark 3).

Theorem 7. Assume (p,q) is a pair of conjugate exponents, that is
1 1
l<pg<oo, —+—-=1 or p=o0o, q=1.
P q
Let f: [a,b] — R be such that f™ € Lyla,b] for somen > 1. Then we have

on(H)] < vE (n,p)h™ 5 - [ £,
and )

|5n ()] < vE(n,p)h" 5 - || £,
where K(n,p) and K*(n,p) are defined as in Theorem j.
Proof. Fori=1,--- v consider the function g;(t) = f™(¢),t € [a + (i — 1)h,a + ih] .
Obviously we have

lgill < 17 1,

where the norm ||g;||, is taken over the interval [a + (¢ — 1)h, a + ih], while the norm
|£(™]|, is taken over the interval [a,b]. Applying (3.17) and (3.18) and using the
above inequality, we get for i =1,--- |v

ouf51)] < K (0, )5 lglly < K (o p)"55 - £

and
15n(f51)] < K*(n, p)h" 5 - [|gill, < K*(n, p)h" 0 - || £,

The result follows from (4.5) by the triangle inequality. ]

In the following discussion we assume that f : [a,0] — R has a continuous
derivative of order n, for some n > 1. In this case we can use (2.3) and the second

formula from Remark 1 to obtain, fort=1,--- , v,
: h™  patih t—a—(i—1)h
J(fid) = F, ™) (¢)dt
pulf30) 3(n!) /(1+(i—1)h ( h ) St
hn—i—l 1 (n) )
= 300 /0 Fo.(s)f"(a+ (i —1)h + hs)ds.

Therefore, by (4.5) we get

pulf) = ;f(n,) [ Fu)a(s)as (46)
where ,
®,(s) = fMa+(i—1)h+hs), 0<s<1. (4.7)

=1
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Similarly, we get

n+1
h / G

Obviously, ®,,(s) is a continuous functlon on [0, 1] and
/01 ®,(s)ds = ht Z [f(” ia+ih) — fOD(a+ (i — 1)h)}
- [ﬂ” V(o) - S a)]. (48)

From the discussion given at the beginning of this section it follows that it is the most

interesting to consider the repeated dual Euler-Simpson formula (4.1) for n = 2k,
k > 2, which can be rewritten as

b 1k 1 h2j .
| st =) - 32 G By [f*700) = f¥ (@) + puelf). (49)
We assume the sum on the rlght hand side in the above equality to be zero when
k=2.

Theorem 8. If f : [a,b] — R is such that f@* is a continuous function on [a,b],
for some k > 2, then there exists a point n € [a,b] such that

h2k+1 B (o)
p2i(f) = V3 [<2k>!]B2kf (n)- (4.10)
Proof. Using (4.6) we can rewrite poi(f) as
h2k+1
where )
Jo = /0 (—1)* Fop() P (s)ds. (4.12)
If

m féﬁ%f (), tem[%f (),

then from (4.7) we get
vm < Ogp(s) <vM, 0<s<1.
On the other side, from Corollary 1 it follows that
(=DFFu(s) >0, 0<s<1,

which implies
vm / Ve Fo(s)ds < Jp < vM / ) Fy(s)ds.

We have already calculated in the proof of Corollary 2 that fol For(s)ds = — By, 50
that we have ) )
vm (=11 By, < J, < vM(—1)*"" By,
By the continuity of f2*)(s) on [a, b], it follows that there must exist a point 1 € [a, b]
such that )
Ty = v(=1)* " Bop f ().
Combining this with (4.11) we get (4.10). ]
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Remark 8. The repeated dual Euler-Simpson formula (4.9) is a generalization of
the dual Simpson formula (1.2). Namely from (4.10) for k =2 and v =1 we get

pu(h) = 0= oy

and (4.9) reduces to (1.2).

Remark 9. In [6, p. 222 the following repeated Euler-Simpson formula has been
considered:

#3342 B [1270) = )] + ).
where
S() = £ 3 [f(a+ (= D) +4f 0+~ 1/2)h) + fla+ih)].

It has been proved that, under the assumptions of Theorem 8, there exists a point
€ € la,b] such that [6, p. 225

h2k+1
IOS,2k(f> = I/3 [(Qk)'] (1 —4- 2_2k>B2kf(2k) (f)

We can compare the remainders psor(f) and par(f). From (3.3) and (4.10) we get

h2k+1
p2k(f) = _I/m (8 L9 _ .92k + 1) B2kf(2k)(77>
h2k+1
= —I/m (1 — 4. 2—%) (1 —9. 2_%)B2kf(2k) (77>

This gives o)
p2i(f) — (1 _9.9-2 f* ()
Py A )

Therefore, if f@*) does not change the sign on [a,b], then por(f) and psor(f) have
opposite signs. Moreover, if f@0 (1) >0, a <t <b, then

(1P Tam(fiv) < (R [ £ < (1 T f50),

where
1k‘—1 h2j ) . .
Ison(f;v) = Su(f) + 3 D 51— 4+ 27%)By; [ &0 (b) — f#7)(a)]
3 7=2 (2]>
and
k—1 h2j

B [£5700) = £V (@)

W —
<.

U

[\

—

2))!
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On the contrary, if f®)(t) <0, a <t <b, then

(1 I o) < (<14 [ F(0)E < (1 sl )

Also note that for the numerical coefficients

= —yﬂ (8 N ) e 1) By,
3[(2k)]
and
W 1—4-272%B
Koo .
5= V3]am) )Bai
we have . %
— L =122 1 k>0
8~ Kg =

Thus, if f*) changes very slowly, then the approzimate equality [° f(t)dt = Ly (f;v)
will be more accurate than the approzimate equality [° f(t)dt = Ison(f; V).

Theorem 9. If f : [a,b] — R is such that f@* is a continuous function on [a,b],
for some k > 2, and does not change the sign on |a,b], then there exists a point
6 € [0,1] such that

h2k

p2i(f) = —QWQG —27")Byy, [f(%_l)(b) - f(%_l)(a)} : (4.13)

Proof. Suppose that f@¥ () >0, a <t < b. Then from (4.7) we get
Dor(s) >0, 0<s<1.

From Corollary 1 it follows that

1

0< (1) Fals) < (1) Fae 5

0<s<1.
2>’ =8>

Therefore, if Ji is given by (4.12), then

0< Jp < kF%( >/ Por(s

Using (3.6) and (4.8), we get
0< J, < ( )k 5 (1 N 2—%) ngh_l [f(2k—1)(b> N f(2k—1)(a>} ’
which means that there must exist a point 6 € [0, 1] such that
T = 0(=1)F712 (1= 272%) Byh ™t [ fE1(b) — £ (a)] .

Combining this with (4.11) we get (4.13). The argument is the same when f*)(¢) <
0, a <t < b, since in that case we get

(_1)k—12 (1 N 2—%) ngh_l [f(%—l)(b) i f(2k—1)(a>} < J.<0.
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Remark 10. If we approximate fabf(t)dt by Lo (f;v), then the next approzimation
will be Iopio(f;v). The difference Nog(f;v) = loki2(f;v) — Li(f;v) is equal to the
last term in Iogo(f;v), that is

h2k

Aoi(fiv) = _mg% [f(%—l)(b) _ f(2k—1)(a>]
= —%(1 —2.27%)(1 — 4-27%) By, [f(%‘l)(b) - f<2’“—1>(a)} :

We see that, under the assumptions of Theorem 9, par(f) and Aok (f;v) are of the
same sign. Moreover, we have

/02k(f) - 29(1 _ 2—2k> 20

Thus, we have the following estimate for the remainder pay(f):

|p2x(f)] < ? Aok (f; )], k> 2.
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