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applications
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Abstract

In this paper we prove the basic matrix theorem of Antosik-Swartz under
weaker hypotheses than the ones they used. We obtain the converse result
for complete normed spaces and generalize Antosik’s interchange theorem for
double series in a normed space. As a consequence, a number of charac-
terizations on convergence in several spaces of vector sequences are derived.
Finally, we obtain a version of the Orlicz-Pettis theorem for Banach spaces
with a Schauder basis.

1 Introduction

Let (z45);; be a matrix in a normed space X such that: (1) For each j € N, the
sequence (x;;); is convergent to some z; € X and (2) For each infinite set M C N
there exists an infinite set P C M such that (Zje P IL‘Z])Z is a Cauchy sequence. In
this setting, the Basic Matrix Theorem ([3]) asserts that the sequences (z;;); are
uniformly convergent on j € N and (z;); converges to zero.

Many applications of the Basic Matrix Theorem in measure theory and Banach
spaces have been found since its appearance ([3], [14]), such as generalizations of
the uniform boundedness principle, the Banach-Steinhaus theorem and the classical
Schur and Phillips lemmas. It should also be noticed that the usual conditions of
the Basic Matrix theorem imply that every row Z' = (z;;); is an element of co(X)
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(the space of null sequences in X endowed with the supremum norm) and that this
theorem gives a sufficient condition for the convergence of a sequence in ¢o(X).

Florencio, Pail and Virués [7] established an improvement of the Mikusinski-
Antosik diagonal theorem for topological groups, dealing with the behavior of the
diagonal of certain infinite matrices whose elements belong to a topological group.
This improvement yields both the Basic Matrix Theorem and the Antosik diago-
nal lemma ([3]). Fleischer [6] generalized these two results for K-convergence in
topological groups by using “hump” techniques. One of the basic ideas in that gen-
eralization is the following: if A is an infinite matrix in a K-space such that for
some infinite index set the rows converge to zero, then it is possible to obtain an
infinite subset for which these rows are absolutely summable. Traynor [13] gener-
alized the Mikusinski-Antosik theorem to noncommutative topological groups, and
also gave some applications to the Schur lemma, the Nikodym convergence theorem,
the Phillips lemma and the Banach-Steinhaus theorem.

In this paper we improve the Basic Matrix Theorem by using separation proper-
ties of natural families, those subfamilies of P(N) which contain the finite subsets,
with weaker hypotheses than those mentioned at the beginning of this introduction.
For complete spaces, the converse result will also be proved and, as a corollary, we
will obtain a characterization of convergence in co(X).

A result of Swartz’s [12] that generalizes the Antosik interchange theorem ([2])
will be improved in Theorem 3.6. The technique we will use in the characterization
of convergence in ¢o(X) can be partially translated to c¢s(X), the space of conver-
gent series in X endowed with the norm ||(z;);|| = sup, || X, #;||. This technique,
together with the improvement of the Swartz result, will allow us to obtain a char-
acterization of the convergence of sequences in c¢s(X). We can also consider other
characterization from the isomorphism between ¢o(X) and ¢s(X) (see Remark 3.9).
Analysis similar to that allows us to study two isomorphisms, the one from ¢(X), the
space of convergent sequences in X endowed with the supremum norm, to c¢s(X) and
the other one from ¢(X) to ¢o(X), in order to extend the previous characterizations
to the space ¢(X) (see Section 4).

Our results will be applied to Banach spaces with a Schauder basis, obtaining a
characterization of convergence and unconditional convergence of series by means of
the weak topology (X, M), where M is the basic sequence in X* associated with
the given Schauder basis. Therefore, we will also obtain a new version of the Orlicz-
Pettis theorem and observe that this result generalizes another result of Swartz’s
[11].

Although this paper has been developed within the framework of normed space
theory, most of the results could be extended, with some precautions, to normed
groups by using the techniques followed in [10] and [14]. As the topology of any
topological group is always generated by a family of quasi-norms ([4]), our results
could also be extended to topological groups.
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2 The Basic Matrix Theorem: convergence in ¢ (X)

DEFINITION 2.1. We say that F is a natural family if ¢o(N) C F C P(N), where
¢o(N) denotes the family of finite subsets of N.
Let F be a natural family and let le be a series in the normed space X. We
i>1
say that the series Zmz is F-convergent (resp. F-Cauchy, F-weakly convergent,

F-weakly Cauchy) if le is convergent (resp. Cauchy, weakly convergent, weakly
icA
Cauchy), for each A € F.
It is said that a natural family F has property SC'if for every infinite set M C N

there exists an infinite set P C M such that P € F.

In the literature, a family with property SC is also called a permeating family

([9D)-

The basic matrix theorem implies that, if F is a natural family with property SC

and (x;;);; is a matrix in a Banach space X such that (Z x;; | is a convergent
jeB ;

sequence for each B € F, then the sequences (z;;); are uniformly convergent on

jeN.

DEFINITION 2.2. We say that a natural family F has property P., if there exists
a map f: N — N such that for every pair of sequences (j,.), and (m,), in N with
J1 <my < jo <mg < --- there exists an infinite set M C N and B € F that verify:

(a) (mp—1,m,) N B ={j,}, for eachr € M.
(b) card([m,—1,m,| N B) < f(r), for each r € N\ M.

It is easily seen that each natural family with property SC also has property F,,;
however, it will be shown that there exist natural families which have property P,
and lack property SC (see remark at the end of this section).

We now prove that the previous result remains valid for natural families with prop-
erty F,.

THEOREM 2.3. Let (x;;);; be a matriz in the normed space X with the following
properties:

1. For each j € N, (z;); is a Cauchy sequence.

2. There exists a map f : N — N such that if (j,), and (m,), are sequences of
natural numbers with j1 < my < jo < mg < --- then there exist B C N and an
infinite set M C N with the properties: (i) (m,_1,m,) N B = {j,} forr e M;
(i) card([m,_1,m.] N B) < f(r) for each r € N\ M;

(i) | > x| is a Cauchy sequence.

jEB :

Then (z;); are Cauchy sequences uniformly on j € N.
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Proof. We first prove that (z;;); converges to zero for each ¢ € N. On the contrary,
suppose that there exist € > 0, 79 € N and a strictly increasing sequence of natural
numbers (j,), with j,. + 1 < j,41 such that ||z;,; || > ¢ for r € N.

Define m,. = j, + 1 for » € N. Applying our hypothesis, the sequences (j,), and
(m,.), allow us to obtain two sets, B and M, as in 2. From the former inequality it
is obvious that, for each r € M,

Do migg| = il > e,
jEB
je(mr—lvmr)

which contradicts that »  x;,; is a Cauchy series.
jeB
Having proved this preliminary step, we can now obtain our result. Suppose,
contrary to our claim, that there exists ¢ > 0 such that for every £ € N we can
choose i € N, 7 > k, and j € N which verify the inequality ||z;; — zx;|| > €. We now
proceed by induction. The following argument, which gives us the first step, can
then be applied to obtain the remaining inductive steps:

(i) Define k; = 1. By the previous assumption there exist i; > k; and j; such
that Hxiljl - ka'lH > €.

(ii) Since (z;;); converge to zero for each i € N, consider m; € N which verifies
€
the inequality ||z;;|| < 797 () for each i € {1,2,...,4;} and j > my. Let

us observe that m; > j;.

Z(.Tij — xkj) < % for

jec
i,k >koand C C{1,2,...,my}. It is clear that ky > 4.

(iii) Since (z;;); are Cauchy sequences, let ks be such that

In the second step, we apply this argument again, with the difference that ky has

€
been already defined and we consider ——————— to obtain ms.
' 725 (3) :
We continue in this fashion to complete this inductive argument and obtain four
sequences (k,.),, (ir)r, (J)r and (m,.), with k; < iy < ks <is < ..., J1 <my < jo <

mg < ... such that, for r > 1,

(a) Hxirjr - :UijrH > E.

(b) D (wi,5 — 2,5)

jec

< ¢ foreach C C{1,2,...,m,_1}.

€

T 1) for each i € {1,2,...,i,.} and j7 > m,.

(©) [lzyll <

Let B and M be the sets that result from (j,), and (m,), in hypothesis 2. We
are now in a position to obtain a contradiction. Combining (a) and (b), we have
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that for each r € M, r > 1,

Y (@i = )| 2 Nise — Trg ] = || Do (@i — rg)|| —
jeEB jeEB
J<mp_q
Yo —arg)| >e—= =3 > agl=> > kgl
jeB k>r  j€B k>r  i€B
j>me JElmEmp 1) JElmpmp 1)
) €
From (c) we obtain, for k € N, k > r, JGZB |z, < T D) It

JjE€lmy,my41)
is suffices to notice that i, € {1,2,...7;} and j > my. The same inequality holds if
1, is replaced by k., and thus

€ 1 4.¢
(T — Tpy)|| > e—5—2- >eg—£—2e. — > —

jeZB J J 7 %7.21&1 .f(k+1) 7 7 k;rl ok 7
which contradicts that Z x;; | is a Cauchy sequence. ]

jeB ;

If 7 is a natural family with property P, the result above remains valid if

hypotheses 1. and 2. are replaced by the condition: Z xij) is a Cauchy sequence
jEB ;

for each B € F.
From Theorem 2.3 we next characterize the convergence of a sequence in co(X),
and so we prove the converse of the Basic Matrix Theorem for Banach spaces.

COROLLARY 2.4. Let X be a Banach space and let (T%); be a sequence in co(X),
T' = (245); for i € N. The following statements are equivalent:

1. There exists a natural family F with property SC' such that (Z xij) is a
jeB ,

K3
convergent sequence for each B € F.

2. There exists a natural family F with property P., such that (Z x,-]) s a
jEB ;
convergent sequence for each B € F.

3. The sequence (T'); is convergent to some T € co(X).

Proof. 1t is clear that we need only prove that 3.=1. Let F be the family of all

subsets B C N such that [ Y ;| is convergent and denote z° = (z;);. It is

jeB ;

obvious that ¢o(N) C F.
First we claim that there exists a subsequence (ny) such that » ||z, | converges

k
for each 7« € N or, equivalently, that there exists an infinite set M C N such that
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> ||z]| converges for each i € N.

jeM

Since (x;;); converges to zero, it is well known that the above property holds for each
sequence (x;;); with ¢ € N fixed. Therefore, let us consider an infinite set M; C N
with Y |lz1j|| < oco. The sequence (z2;)jen, is also convergent to zero, so let

JEM
M, C M; be an infinite set, with inf M, > inf M;, such that Z T9; is absolutely
JEM2
convergent.

Completing this inductive argument, we obtain a sequence (Mjy); of infinite

subsets of N with My,1 C My, inf My, > inf M, and Z ||zk;|| < oo for k € N.
JEMj,

Define My = {mq1,ma1,m31 ...}, where my, is the first element of M. It is

easy to verify that Z z;; is absolutely convergent for ¢ € N. Since (z;); is also
JEMo
convergent to zero, there exists an infinite set M C M, with > [jz;]| < oo and
jEM

> |lzij|| < oo for every i € N, which establishes the validity of our claim.
jEM

Next we prove the desired implication. In order to show that our family F has
property SC, it is enough to construct an infinite set P C N such that lim Z Tij =

1
jep
> x;. We can inductively construct three strictly increasing sequences (i, )., (m,),
jEP
and (j,), of natural numbers such that, for r > 1,

(a) ||Iz¢ — 2% < for each i > i,.

(r 4 1)2r+!

1 1 , .
(b) Z |z < pYas] and Z |lz;]| < i for each ¢ € {1,2,...,4,} and
jEBNM jEBAM

BC {m,,...}.

(¢) mp < j. <myyq and j, € M for r € N.

Let P ={j,: r € N}. We next prove that lim; Z Tij = Z ;.
jeP jeP
Consider € > 0 and r € N with 527 < e. Combining (a) and (b) we obtain, for each
teN, i 21,

Yo=Y x| < | D (wy =)+ D eyl -

3
; H.ﬁlﬁ']H <ﬁ<€. |
jzmr

Remark 2.5 Fleischer [6] proved the following result: Let (z;;);; be a matrix from a
quasi-normed group whose columns are Cauchy and every infinite subset of indices
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has, for every € > 0, an infinite subset J for which

<E.

> Ty — T

JEF\F

limsup limsup  sup
i,0/€J  finite F'TJ finite F/CJ

Then the columns are uniformly Cauchy.

Let (x;;);; be a matrix in a Banach space X whose rows are convergent to zero.
Under the assumptions of Fleischer’s result above, there exists 7° = (z;); such that
lim; z;; = x; uniformly on j € N. Define ' = (z;5); € co(X) for each i € N, it
follows that (z'); converges to ¥ in ¢o(X). If we consider a matrix (z;;);; in X
which does not verify Fleischer’s assumptions, then it is easy to check that (7%); is
not a Cauchy sequence in ¢o(X). Thus it can be seen that properties 1., 2. and
3. in Corollary 2.4 are equivalent to the following: 4. The matrix (x;;);; verifies
Fleischer’s assumptions.

We are interested in matrix results which are based on separation and supremum
properties of natural families. Let us observe that the natural families we consider
in this paper have established their own properties previously. Hence, Fleischer’s
techniques are not strongly connected with ours. [

In the following remark we give some examples of natural families with property
P., which are not SC.

Remark 2.6 We now introduce a supremum property for natural families which
implies F,,.

We say that a natural family F has property Pg if for every pair (j,), (m,), of
sequences in N with j; < m; < jo < mg < ... there exist an infinite set M C N,
M CM,BeFand{l,: r€ M'} CNsuchthat B={j,.: r€ M}U{l,: re M'}
and, for each r € M" and h € M with r < h, m, <1, < my_;.

If 7 denotes a natural family with property Pg, let us prove that F has also
property P.,.. Let f : N — N be the map given by f(i) = 1 for i € N. For every
pair of sequences (j,.), and (m,), in N with j; < m; < jo <mg < ..., let M C N,
M C M, Be Fand {l, : » € M'} be the sets which verify the properties that
appear in the definition of Pg.

We prove that M and B satisfy properties (a) and (b) in Definition 2.2. It suffices
to show that:

(i) (my—1,m,;)N{ls: s € M'} is empty if r € M
(ii) [my—_1,m,]N{ls: s € M'} is empty or a singleton if r € N\ M.

First, in order to prove (i), let us consider » € M and k € M’ such that [, €
(m,_1,m,) and my < [ (according to the above definition). We distinguish three
cases:

(a.1) If k > r, then we have m, < my < [, which contradicts the previous assump-
tion.
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(b.1) If £ = r, then we have m, = my, < Iy < m, and so l;, = m,., which is impossible.

(c.1) If & < r it follows that my < I < m,_; and so I = m,_1, which is also
impossible.

We now prove (ii). Let £k € M’ and r € N\ M be such that I, € [m,_1,m,]
and k is the largest possible in M’ satisfying the previous property. Consider
ki = inf{k’ € M : k' > k}. Then we have my, < Iy < my,_1, and consequently,
M1 < Iy <mygy—1, mg < I, < m,.. From this, we obtain k < r < k. If there exists
ly € [my_1,m,| with ¥ < k, we will have my < l;; < my_1, which contradicts the
inequality k£ < r. This completes the proof.

The following example shows that there exist natural families with property P,
that lack property SC. Let B; be the family of sets B C N with the following
properties:

(a) B and B¢ contain infinitely many even numbers and odd numbers.
(b) {n € N:{4n —1,4n} C B} is finite.

Let Fi; = By U¢y(N). In order to prove that F; has the property P.,, let us consider
the map f : N — N given by f(i) = 1 for ¢ € N and let (j,), and (m,), be two
sequences in N with j; < my < jo <mgy <.... Define A=U,{j}, Bi={2n: n¢€
N}—{4n:neN}, Bo={4n: neN},; ¢y ={2n—-1: neN}—{dn—-1: ne N}
and Cy = {4n — 1 : n € N}. In order to construct the infinite set M C N and
B € F, which verify (a) and (b) in Definition 2.2, we distinguish between two cases
and proceed by induction in each of them:

(A) AN{2n: n € N} is infinite.
In the first step of our inductive argument, we consider:

(i.1) 71 € N such that j,,, is an even number.

(ii.1) vy € N, v}y > iy satisfying [m,, 1, m, )N (B1U By) # 0. Let I,; be
an even number which belongs to the previous intersection set.

(iii.1) ri2 € N, r15 > 7}, which verifies [m;,_1,m;,) N Cy # 0. Let k., be an
element which belongs to this intersection set.

Define A' = {j,,,,k,,} and M* = {ry;}, let us observe that j,,, < m,, <
Myr —1 < lr’ll < My < Mypp—1 < k’l‘lg < My

In the second step we apply a similar argument. Let us consider:

(i.2) 791 € N, r9; > 713 such that j,.,,is an even number.
(ii.2) ry € N, ry; > roy verifying [myy _1,myy ) N (B1U By) # 0, so we can
consider l,; which belongs to this intersection set.

(iii.2) rog € N, 199 > 1, such that there exists k;,, € Nwith k., € [y, 1, My )N
Ch.
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Define A? = {j,,,, kry,} and M? = {ry}, it is clear that m,, < m,, 1 <
j?“21 < Mgy S mrél—l S l'r”’21 < mrél S Mygy—1 S kTQz < Mgy -

We continue in this fashion to complete this inductive argument and so obtain
three strictly increasing sequences: (jr,, )i, (I/ )i, two sequences of even num-
bers, and (k,.,);, whose elements belong to C4, with j,, < m,, < My g <
l/ < myr < Myyo1 < kr, < myp, < My i—1 < Jrgpn for i+ € N. Let us
define A" = {rnis krnty M™ = {rm}, B = U, A" and M = U, M™. Tt is
obvious that B and M verify properties (a) and (b) in Definition 2.2 and also
B e F.

(B) An{2n —1: n € N} is infinite.
This can be proved by using an argument similar to that in the previous case,
with the following differences: for each ¢ € N j,,, and [,» must be odd numbers
and (k,,); must be a sequence in B;. This completes the proof

To see that F; does not have property SC, it is sufficient to observe that there
is no infinite subset of the set of all multiples of 4 that belongs to F;.

As in the analysis of the previous family, it can be shown that the following
families have property P, and lack property SC. It is enough to consider an induc-
tive argument easier than the previous one. The same notation used in the above
argument will be followed. Let ()1 be an infinite subset of N whose complementary
set is also infinite. Let Q2 and Q3 be two infinite subsets of N such that at least one

of them has an infinite complement. We consider and study the following families:

o F, ={B CN:BNQ is infinite} U ¢g(N). We can distinguish between two
cases: (i) if AN @ is infinite (according to the previous notation, we have
A =U,{jr}), an easier inductive argument allows us to construct the sequence
(Jry )i in Q1. We need only consider (i.1),(:.2),...; (i) if AN @, is a finite
set, we need only construct the sequences (j,,,); in A and (k;,,); in Q.

The complement of )1 allows us to show that F, does not have property SC.

o F3={B CN: BN and B°NQ; are infinite} U ¢po(N). If AN Q) is infinite,
it is enough to construct the sequences (jy,, ); and (I,7 ); whose elements belong
to Q1. If ANQ; is a finite set, we can construct (j,,); in A and the sequences
(lrél)zﬁ ( er) in Ql
Then we can observe that there is no infinite subset of ()¢ which belongs to
Fs and so this family does not have property SC.

o 7, = {B C N: BNy and BN Q3 are infinite} U ¢o(N). If either AN Qs
or AN Qs is infinite, the sequences (j,,); and (k,,); can be constructed so
that j,, € Q2 or ()3, respectively, and k,,, € ()3 or (2, respectively, for 7 € N.
If AnNQ@y and A N Q3 are both finite sets, a similar argument allows us to
obtain two sequences: (j,,); in A and (k,,); whose even terms belong to @3
and whose odd terms belong to Q3.

Q5 and ()5 are not both finite sets and therefore F, lacks property SC.
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e 7y ={B CN:BNQ2,BNQs3,B°N Qs and B°N Q3 are infinite} U ¢o(N).
If either AN Q2 or AN Q3 is infinite, the sequences (j,,); and (k,,); can
be constructed so that j,,, € Q2 or 3, respectively, and k,, € @3 or @2,
respectively, for ¢ € N. Also, we must obtain the sequence (lrgl)i whose even
terms belong to ()5 and whose odd terms belong to Q3. If ANQy and ANQ3
are both finite sets, we can proceed analogously to the above case with the
difference that j,,, € A for i € N and the sequence (k,,,); verifies k,,, € Q2 if i
is an even number and k,, € )3 if ¢ is an odd number.

It is clear that Fy does not have property SC.

3 Convergence in c¢s(X)

Let X be a Banach space and let ¢s(X) be the space

{x = (z;); Zx] is convergent} :

el =sup {32

It is clear that cs(X) i 1s complete and that a sequence (z*);, with ' = (z;;); for each

i € N, converges to T° = (z;); in ¢s(X) if and only if llm > xij = Y z; uniformly
JEF JEF

endowed with the norm

on the family /y(N) of the finite intervals F' in N.

Analysis similar to that in the previous section allows us to characterize the
convergence of a sequence (Z'); in ¢s(X). The result of Swartz’s [12] we mentioned
in the introduction can be improved in order to obtain a sufficient condition for the
above convergence. This matrix result, which we will study later, is based on the
following supremum property ([9]): A natural family F is called an IQ o-family if,
for every sequence (F;); of intervals in N such that sup F; < inf F;,q, for each ¢ € N,

there exists an infinite set M C N such that B = U F, e F.

ieM
In order to establish not only the abovementioned improvement, but also better
matrix results and a necessary condition for the convergence of a sequence in cs(X),

we consider the following separation properties of natural families:

DEFINITION 3.1. Let F be a natural family. We say that F has property Py if for
every sequence (F;); in Iy(N) with sup F; < inf F;,q, for each i € N, there exists an
infinite set M C N and B € F satisfying F; C B for each i € M.

The following result can be easily verified:
LEMMA 3.2. Let F be a natural family with property Py and let Z x; be a F-Cauchy

series in the normed space X. Then sz 1s a Cauchy series.

i
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DEFINITION 3.3. We say that a natural family F has property Py if there exists a
map f: N — N such that for every pair (F.)., (m,), of sequences in Iy(N) and N,
respectively, with m, < inf F. < sup F,. < m,y1 for each r € N, there exist B € F
and an infinite set M C N such that:

(a) Forre M, BN[m,,my11) = F,.

(b) Forr e N\ M andr > 1, BN (m,,m,y1) is either empty or can be written as
the union of at most f(r — 1) intervals.

It is obvious that each natural family with property P, has property Fp,, and
also that each IQ) o-family has property P;. However, it will be shown in the last
remark of this section that these two properties are not equivalent.

LEMMA 3.4. Assume that F is a natural family with property Py and (),  is a

matriz in the Banach space X such that (Z xij) 18 a convergent sequence for each
jEB ;

B e F. Then (Z xij> 1S convergent.
J i

Proof. On the contrary, consider £ > 0 such that for every k € N there exists i > k

with

inj — Zxkj > ¢. Since F has property P;, we can choose a map f as in
- :

j
Definition 3.3. The proof is based on the following inductive argument:

We establish the first inductive step, to which the following steps are very similar:

(i) Consider k; = 1, the above assumption allows us to consider i; > ki with

Z(xilj - xklj)

J

> €.

(ii) From Lemma 3.2, let m; € N be such that

Z Lij

JEF

< 7'2+f(1)’ for F € Io(N),

inf /' >my and i € {1,2,...,41}, and so

> T

< ==—. Define F; = [1,mq), then by (i) and the previous in-

7-22-f(1)
jzmi
. 6e
equality we have || Y (2, — z,5)| > =
JjEF

(iii) Since (x;;); is a Cauchy sequence, there exists ky € N, ky > 4y, satisfying

Z (Tpj — Tg5)

jeC

<z, forp,g>kyand C C{1,2,...,m1}.

In the second step, we apply this argument again, except that ko has already

been defined, we consider to obtain my (from (iii) we have mg > my)

723 f(2)
and Fy denotes the interval [mq,ms).
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It is now easy to complete this inductive argument and to obtain three strictly
increasing sequences of natural numbers (k,),, (i), and (m,.), with k; < i; < ko <
19 < ... such that, for r > 1, the following properties hold:

(a) || > (i,j — Tp,y)

JEF,

> 575, where F,. denotes the interval in N [m,_1,m,.).

(b) Z(xm‘ — Tgj)

jeC

<, for CC{1,2,...,m, 1} and p,q > k.

(c) 1> =4

JEF

< ggarggy fori € {1,2,... i} and F € Io(N), inf F' > m,.

For the sequences (F}),~1 and (m,_1),>1, there exist B € F and an infinite set
M C N with the properties (a) and (b) in Definition 3.3. An analysis similar to that

at the end of the proof of Theorem 2.3 shows that | > xij) cannot be a Cauchy
jEB ;
sequence, which contradicts our hypothesis. [ |

LEMMA 3.5. Let F be a natural family with property Py and let (z;5);; be a matriz in

the Banach space X such that the sequence (Z :L“Z'j) s convergent for each B € F.

jEB

Then ( Z xij) are uniformly convergent on m € N, where A,, = (m,+oc) N N.
iAn ),

Proof. The proof is based on an inductive argument similar to that in the proof of
Lemma 3.4, so we only sketch our argument.

If the result is false, consider € > 0 such that for every k,m € N there exist

> (wij — axy)

j>h

that (Z xij) and (Z xij) , for m € N, are Cauchy sequences.
J Jj>m

Since F has property Pl,lwe can choose a map f as in Definition 3.3. The

following argument, which gives us the first step, is very similar to that in the
remaining inductive steps:

1 €N, 7>k and h € N, h+1 > m, with > ¢. Lemma 3.4 gives

(i) Choose k; € N such that

D (i — wr)

J

<5 for i,k > k.

(ii) Consider m; = 1. By the previous assumption there exist 7; > k; and hy > my,

Z (xhj - xk’lj)
JjZzhi
equality it follows that

with > ¢. Define Fy = [my, hy), by (i) and the previous in-
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Z (Tirj — Thyj)|| = ‘ Z(-Tm‘ — Thyj) — Z (Tirj — Thaj)

jER J Jjzh1
Yo (@i — rg)|| = |12 (i — )| > 5
j=>ha J

(iii) Consider ms € N, mg > hy, such that <

> T

jJEF

8'2+f(1)’ for F € ]O(N),

inf /' > mg and i € {1,2,...,i1}.

In the second step we apply this argument again, except that ms has already

been defined, (i) uses that Z x;; | is a Cauchy sequence, ks is chosen satisfying

Jj=ma i

ko > 7; and we consider 8'24€‘f(Q) to obtain ms.

We continue in this fashion to complete this inductive argument. As in the proof
of Lemma 3.4, we can now consider the sequences (F}.),>1, (m,),>1 and analyse our
hypothesis in order to obtain a contradiction which proves the lemma. ]

THEOREM 3.6. Assume that F is a natural family with property Py and (z;5);; is

a matriz in the Banach space X such that (Z xi; | is a convergent sequence for
jEB ;
each B € F. If xz; denotes the limit of the sequence (x;;);, for j € N, then we have

J J

2. lim Yz = > x; uniformly on F € Iy(N).

jeF jEF

3. If for every B € F the series Z (Z :L‘ij) 18 convergent, then the series
jEB
SN my and > > iy converge and their sums are equal.

K3 J J (3

7

Proof. From Lemmas 3.4 and 3.5 and the inequality

m
(@ — )| < | Doy — @) — D (i — )| <
Jj=1 J Jj>m
> (@i = mg) || + || D2 (@i — 2ay)
J Jj>m
m
it follows that Za:ij are uniformly convergent on m € N. Let a denote the
j:l 3

limit of the sequence Zx”) . For every € > 0 there exist 75, mg € N verifying:
J i
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(i) |[D_wiy —a

J

< §, for i > 4.

m

(ii) (235 —
7j=1

< g, for i >ip and m € N.

< %, for m > my.

m
(iii) Z Ligj — Z Ligj
Jj=1 J

m
From this it is obvious that > z; — | < e for each m > mg, and so a = ) _ ;.

j=1 J
It is easily seen that lim Z Tij Z xj, hm Z x| = Z x; uniformly on
to\jer jEF J¢F J¢F

F € I)(N) and hm (Z 2;; | = Y x; uniformly on m € N.
jzm jzm
Let us prove 3. If we let z;; = Z z;j, then the matrix (z;;);; verifies the hypoth-
i<l
esis of this theorem and therefore

2.2 ey =lm) oz =3 3 vy
i j i
This completes the proof. [ |

Remark 3.7
a) Let (z;5);; be a matrix in the Banach space X such that Z Z T = Z Z Tij.

As a consequence of Moore’s lemma ([5]), it can be deduced that the net

(Z Z xij) converges if we consider, on N x N, the order relation:
i=1j=1 (n,m)eNxN
(n,m) < (n/,m’) if and only if n < n’ and m < m'. We also have that

b) Let (z;;);; be a matrix in the Banach space X such that:

) > a;; converges for each j € N.

2) Z x;; converges for each 7 € N.
J

(3) For every sequence (F,), of intervals in N, F, = [p,,¢] with p, <
¢ < pr41 for each r € N, there exists a subsequence (F, ) such that

ZZ Z Z;; converges.

ik jEF,
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Then, Li Ronglu and Shin Min Kang [10] proved that the series > @, > > @y
i,J (]
and Z Z x;; converge and their sums are equal. Proceeding as in the proofs

7 1
of Lemma 3.4, Lemma 3.5 and Theorem 3.6, it is easily shown that the result

above remains valid if (3) is replaced by the condition: there exists a map

f N — N such that for every pair (F,),, (m,), of sequences in Ij(N) and N,

respectively, with m, < inf F, < sup F, < m,,; for each r € N, there exist

B € F and an infinite set M C N as in Definition 3.3 such that the series

Z Z x;; converges. Hence, for Banach spaces, we obtain a generalization of
i jeB

thejaforementioned result.

c) We have already referred to the matrix result obtained by Swartz [12], which
considers an /(@) o-family and generalizes Antosik interchange theorem ([2]).
For Banach spaces, this result is similar to our Theorem 3.6 (without 2.), but
we consider a family with property P, instead of an () o-family.

Theorem 3.6 enables us to give a characterization of the convergence in the space
cs(X).

COROLLARY 3.8. Let X be a Banach space and let (T%); be a sequence in cs(X).
The following statements are equivalent:

1. There exists an 1Q o-family F such that (Z xij) 1s convergent, for each

jeB

(2

BeF.

2. There exists a natural family F with property P, such that (Z xij> 8 con-
jeB ;
vergent, for each B € F.

3. The sequence (T'); is convergent to some T° = (x;); € cs(X).

Proof. Tt is sufficient to prove that 1. is a consequence of 3. Write T = (z;;); for
1 € N. In order to construct the IQ) o-family F define

F = {B CN: (Z :zrij) is convergent} and let us consider a sequence (F}); in
Iy(N) with sup F; f?nf Fijl for each 7 € N. It is enough to show that there exists a
subsequence (F}, ) such that Z xi]) is convergent for B = |, I}, .

jeB
Let y; = Z x;; and y = Z xj for [ EzN. The sequences 7' = (y4); and 7° = (y;);

JEF] JEF]
belong to cy(X) and, in this space, lim7* = 7°. As in the proof of Corollary 2.4, we

can construct an infinite set M C N such that lim Y yy = > y. Let B= |J F.

leM leM leM
It is obvious that Y yy = Yz and >y, = > x;. Therefore lilm Sy =) @
leM jeB leM jeB jeB jeB
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Remark 3.9 Let X be a Banach space. Corollary 2.4 and the isomorphism between
cs(X) and co(X) allows us to obtain another characterization of the convergence of
a sequence in c¢s(X). We will first describe the isomorphism which will be considered
in this argument.

Let ¢ : cs(X) — ¢(X) be given by ¢((x1, 22, ..., 2pn,...)) = (z1,21 + 22, .. .,

S Tk, ... ) for T = (2;); € cs(X). For an element 5 = (y;); € ¢(X) we can con-
sider the sequence (Y1, Y2 — Y1, .-+, Yn — Yn_1,-- - ) = ¢ () which belongs to cs(X),
and so it is enough to observe that ||¢(Z)|| = ||Z|| to conclude that ¢(X) and cs(X)
are linearly isometric.

Let ¢ be the isomorphism from ¢(X) to co(X) given by ¢ ((v:)i) = (Yo, Y1—Y0s - - - s Yn—1—
Yo,.-.) for 7 = (y;); € c(X) and yo = lim;y;. Also, ' ((2:);) = (22 + 21,23 +
ZlyeeeyZna1 + 21, .. ) for each Z = (2); € ¢o(X).

If (z'); denotes a sequence in cs(X) (or ¢(X) or ¢o(X)) we will write T8 = (),
for ¢+ € N. Using the above notation, we obtain the following characterization:

Let X be a Banach space and let (T*); be a sequence in cs(X). The following
conditions are equivalent:

1. There exists a natural family F with property SC such that Z Z i | 15 a
keB j>k
convergent sequence for each B € F.

2. There exists a natural family F with property P., such that (Z Z xij) s a
JEBj>k
convergent sequence for each B € F.

3. The sequence (T'); is convergent to some T° = (z;); € c¢s(X).

Proof.

It is sufficient to prove that properties 2. and 3. are equivalent. In the same
manner we can establish the equivalence between 1. and 3.

We first prove 2. = 3. Define z' = ¢ 0 ¢(7%) = (inj, = T = Y Ty
J

j=2 j=3

jzn J

— inj, .. ) € co(X) and write z' = (z%)r with 2z = inj and

Zik = — Z x;; for k > 1. From 2. it follows that (Z zzk> is convergent for each
Jjzk keB i

B € F, where F has property P., , and so the sequence (z'); and the family F
verify condition 2. in Corollary 2.4. We can observe that if 1 € B we obtain the

same conclusion as (Z mij) is convergent. Then we can denote by z° € ¢y(X) the
i

J
limit of (z%);. Define 72° = ¢! 0 o71(z%) € cs(X), it is obvious that lim; z° = z°.
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Conversely, define z° = ¢ o ¢(z°) and z' = ¢ o ¢(7) for each i € N. Corollary

2.4 allows us to consider a natural family F with property P., such that (Z zij>
jeB

is convergent for B € F. From the definition of ¢ and ¢ it is easy to complete this

argument. ]

For Banach spaces with a Schauder basis, the following corollary asserts that
every series which is F-convergent in the topology o(X, M), where M denotes the
set of associated coordinate functionals, is actually convergent in X.

COROLLARY 3.10. Let X be a Banach space with a Schauder basis {a; : i € N} and
coordinate functionals M = {g; : 1 € N} and let F be a natural family with property
P If ij s a series in X such that Z xj is o(X, M) convergent for B € F,
J JjEB
then ij 18 convergent in X .
J

Proof. 1t is sufficient to observe that the matrix (g;(x;)a;);; verifies the condition
3. in Theorem 3.6. n

Swartz [11] established the following result, which is based on the Antosik inter-
change theorem ([2]): Let X be a Hausdorff topological vector space with a Schauder
basis {a; : i € N} and coordinate functionals M = {g; : i € N}. If ¥z, is o(X, M)

J

subseries convergent, then ij is subseries convergent in the original topology of
J

X

For Banach spaces, the following property ([1]) allows us to improve the above
result:

DEFINITION 3.11. We say that a natural family F has property Sy if for every pair
[(Ay)s, (By):] of disjoint sequences of mutually disjoint sets in ¢o(N) there exists an
infinite set M C N and B € F satisfying A; C B and B; C B€ for each i € M.

THEOREM 3.12. Let X be a Banach space with a Schauder basis {a; : i € N} and
coordinate functionals M = {g; : i € N} and let F be a natural family with property
Si. [foj 15 a series in X such that Z xj is 0(X, M) convergent for each B € F,
J JjeB
then Y x; is unconditionally convergent (uco).
J

k
Proof. Fork,j € N, let zx; = Y gi(z;)a;. It is easy to check that the matrix (zj;).;
i=1

is such that:

(i) (Z zkj) is convergent for each B € F.
k

jEB

(ii) > zk; is uco ([1]) for each k € N.

J
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Then Y z; are uco uniformly on k € N ([1]). The rest of the proof is obvious.

J
|

Remark 3.13 We now give some examples of natural families with property P, that
are not 1Q) o-families. Define Fy = By U ¢(N), where By is the family of the sets
A C N such that both A and A°¢ contain infinitely many even numbers and odd
numbers. Analysis similar to that in Remark 2.6 shows that F, has property P;.
Let f : N — N be the map given by f(i) = 1 for i« € N. If (F,), and (m,), are
two sequences in I4(N) and N, respectively, with m, < inf F,. < sup F, < m,,; for
r € N, we now prove that there exist B € F, and an infinite set M C N which verify
properties (a) and (b) in Definition 3.3.

Define A =U, F,, B={2n: n € N} and C ={2n —1: n € N}. We consider two

cases and proceed by induction in each of them:
(A) AN B is an infinite set. In the first step we consider:

(i.1) 711,712 € N, with r13 < 712, such that F,., and F,,, have at least one even
number.

(ii.1) 713 € N, 713 > 119, satisfying [m,,, my,41) NC # 0. Let l; be an element
which belongs to the previous intersection set.

(iii.1) ri4 € N, 114 > 113, which verifies that there exists an odd number ny > [y
which belongs to [m,.,, My, ,11)-

Define A' = F,,, U{l1} and M' = {ry;}. Let us observe that m,, <inf F, , <

sup F?"n < Mgy 41 < My < Mg < ll? and so ll ¢ [mT117mT11+1>‘

We now apply this argument again with the difference that ro; must ver-
ify the inequality ro; > r14. Hence, the second step allows us to obtain
T21, T92, 123, T4 € N, with T91 < Too < To3 < Toy, such that:

(i.2) F,,, and F,,, have at least an even number.

(112) lg < [mr23,mr23+1) NncC.

(iii.2) ng > Iy and ny € [Mmyy,, My, +1) N C.

Define A% = F,,, U {lo} and M? = {ry;}. Tt is clear that I} < n; <
Mgl < Mgy, and so Iy, ny & [Myy,, My, +1). Also, it can be checked that

l2 ¢ [mr217mr21+1>'

The inductive argument we have sketched above gives us four strictly increas-
ing sequences (71);, (Ti2)i, (1i3); and (ry4); in N, with 7 < rig < rg < ry <
r@i+1)1 for ¢ € N, which verify the properties:

(a) F., and F,, have at least one even number.

(b) For each i € N, there exist two odd numbers [; and n; with n; > [,
li € [mTi37m7‘i3+1) and n; € [mm47mn4+1)'
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It can be checked that [, < np < m,,, for each 7 € N, ¢+ > 1, and k €
{1,2,...,i—1}, and l; > m,, 41 for i € N.
Define A" = F, , U{l,} and M™ = {r,;} for n € N and let us consider

B =, A" and M =, M™. It is easily seen that B and M verify properties
(a) and (b) in Definition 3.3 and also B € F».

(B) AN B is a finite set and AN C is infinite. The proof is very similar to that
in the previous case with the following differences, for each i € N: (i) r;
and 7;5 must verify that F,,, and F,,, have at least one odd number instead of
one even number; (iz) ; and n; must be even numbers instead of odd numbers.

Let us observe that the union of the members of each subsequence of ([2n,2n]),
does not belong to F5, and so this family is not an /@) o-family.

Moreover, if ) is an infinite subset of N whose complement is also infinite,
an analysis similar to that in Remark 2.6 allows us to adapt the above inductive
argument in order to show that the following families have property P;:

o F,={BCN: BNQ is infinite} U ¢o(N)

o F3={B CN: BN and B°N @, are infinite} U ¢o(N).

Let {j.} be a strictly increasing sequence such that Q$ = {j, : r € N} and define
F, = {j,}, for each r € N. Considering the sequence (F}.),, we conclude that F,
and Fjp are not /() o-families.

Let ()2 and ()3 be two infinite subsets of N with the property that at least one
of them has an infinite complement. Similarly, the following families have property
P, but are not I() o-families.

o 7, ={BCN: BNQy and BN Q3 are infinite} U ¢o(N).

L] fg = {B - N: B QQQ,B N Q3,BCHQ2 and BcﬂQg are infinite }Ugbo(N)

4 Convergence in ¢(X)

Let X be a Banach space and let ¢(X) be the space of convergent sequences in X,
endowed with the norm

1)l = sup [l

This space is linearly isometric to c¢s(X). Let ¢ be the isometry from cs(X)
to ¢(X) (see Remark 3.9). If (Z'); denotes a sequence in ¢(X) (or ¢s(X)) we will
write ' = (2;);. From Corollary 3.8 we can now characterize the convergence of a
sequence in ¢(X), using the above notation.
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THEOREM 4.1. Let X be a Banach space and let (T'); be a sequence in c(X). The
following statements are equivalent:

1. Assume that (m;); and (n;); are two sequences in N with n; < m; < njiq, for
each 57 € N. Then there exists an infinite set M C N such that

1S a convergent sequence.

2. There exists a natural family with property Py such that (Z(x” — x,;(jl)))
jEB ;

is convergent for each B € F (let us consider x;0 = 0).
3. The sequence (T'); converges to some T° = (z;); € ¢(X).

Proof. Tt is sufficient to establish the equivalence between properties 1. and 3.
Similarly, it can be shown that 2. and 3. are equivalent.

We first prove that 1. = 3. For every i € N, write 7" = (2;); and ¥' = (v;;); =
¢~ 1(z"). Tt is sufficient to show that the family

F = {B CN: (Z yij) is convergent} is an Q) o-family (see Corollary 3.8).
jEB ;

Suppose that (F}); is a sequence of intervals with sup F; < inf Fj;; and let p; =

inf F; and ¢; = sup F}, for j € N. Applying our hypothesis, the sequences (p; — 1),

and (g;); allow us to obtain an infinite set M C N such that | Y (i, — Zig—1)) | =

leM i

(Z yij) , where B = Ujear F1, is convergent. We can certainly assume that
jEB ;

inf Fy > 1, for,‘ if not, we replace (F}); by (F});>1. Let us obserye that >;cp, yij =
Tiq, — Tip—1)) if o # 1 and Yjcp yij = 4q, for Fy = [1,¢q]. This proves that (7');

converges to some 7° € c¢s(X) (Corollary 3.8), and so that lim; 7° = x°, where

7 = o(7").

Conversely, for every i € N take ¥ = (y;;); = ¢ 1(T') = ¢ ' ((2z;;);) and 3° =
(y;); = ¢71(Z°). If (m;); and (n;); are two sequences satisfying n; < m; < nj;q
and F; denotes the interval in N [n; + 1,m;], for each j € N, from Corollary 3.8 it

follows that there exists an infinite set M C N such that Z yij) is convergent,
i€ /),

leM leM

where B = U F;. Obviously, (Z(Izml — xinl)) also converges. n

Remark 4.2 From Corollary 2.4 and the isomorphism ¢ between ¢(z) and co(X)
(see Remark 3.9) we can obtain another characterization of the convergence of a
sequence in ¢(X). Let (Z'); be a sequence in ¢(X), we will denote T* = (z;;); and
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Tioo = lim; ;; for i« € N . Analysis similar to that in the previous argument allows
us to consider and prove the following result:

Let X be a Banach space and let (T'); be a sequence in c¢(X). The following
statements are equivalent:

1. There exist xg = lim; z;o, and a natural family F with property SC such that

JjEB

Tio = 0)

(Z(mi(j_l) — Tiso) | is a convergent sequence for each B € F (let us consider

2. There exist xqg = lim; x;0 and a natural family F with property P., such that

(Z(in(jl) — Tiso) | is a convergent sequence for each B € F (let us consider
jEB

Tio = 0)
3. The sequence (T'); is convergent to some T = (z;); € ¢(X).

Proof.
It is sufficient to prove that properties 2. and 3. are equivalent. In the same
manner we can establish the equivalence between 1. and 3.

We first prove that 2. = 3. Let us consider 7' = ¢(T") = (Zioo, Ti1 —Ticos - - - s Ti(n—1)—
Tiso - -. ). From 2. it is easy to check that (7'); and the family F verify condition 2.
in Corollary 2.4, and so there exists 7° € c¢o(X) such that the sequence (y'); con-
verges to this element. We can observe that if 1 € B we obtain the same conclusion
as (Tis)i is a convergent sequence. It is enough to consider z° = p~1(7°), which
satisfies 7° = lim; 7' in ¢(X), in order to complete this argument.

Conversely, if property 3. is verified we will denote by x( the limit of the sequence
(z;); = @°. It need only be shown that lim; ;s = 2, as from Corollary 2.4 it is easy
to complete the proof. For each e > 0 let us consider iy € N satisfying ||7° —7°|| < £
for i > 4p. Fix i € N, > ig, and let m; € N be such that ||z, — il < § and
| Zm; — wol| < 5. We are now in a position to check the following inequalities:

|1 Zico — Tol| < |Tico — Timy || + 1 Tim; — T, || + [T, — @ol| < € for i > 4. n
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