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Abstract

First some properties are recalled of the Hilbert transform introduced in
the 1990’s within the framework of Clifford analysis. Furthermore algebraic
and geometric characterizations are given for this operator to be unitary.
Special attention is paid to the Hilbert transform on the unit sphere S™ and
the hyperplane R™ in R™*! and classical results in the plane are revisited.

1 Introduction

Although named after David Hilbert, The Hilbert transform on the real line and its
properties were developed mainly by Titchmarsch and Hardy. The Hilbert transform
appears naturally when studying the boundary behaviour of the Cauchy transform
Cf of a function f € Ly(X), 3 being either the boundary of a bounded Lipschitz do-
main in C or the graph of a Lipschitz continuous function in R. The most elaborated
examples are the cases of the unit circle and the real line, leading to deep results
in harmonic analysis (see e.g. [12]). The central formula establishing the relation
between the boundary value of the Cauchy transform and the Hilbert transform is
the so-called Plemelj-Sokhotzki formula.
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A higher dimensional analogue of the Hilbert transform appeared in the study
of HP-spaces of harmonic functions of several variables, more precisely when the
relationship was established between the boundary values of solutions of the Riesz
system in the upper half space R7*! of R™*! and the Riesz transforms R; on
R™  j=1,..,m (see [15]).

In the mid-1980’s, it became clear that Clifford analysis provided a natural frame-
work for generalizing a lot of results from harmonic analysis in the plane to the higher
dimensional case. The main tool used was the Cauchy transform which, by taking
boundary values, led to a Plemelj-Sokhotzki type formula. In such a way, proper-
ties of the singular integral operator appearing in this formula could be studied by
means of function theoretic methods (see e.g. [10] and [13]).

In 1978, Kerzman and Stein (see [11]) proved a fundamental property of the
Cauchy transform Cf of f € Ly(Y), 3 being the boundary of a bounded open do-
main €2 in C with Cy-boundary. They discovered that the operator A = C — C* is
a compact infinitely smoothing operator on Ly(3}") and that the Hardy projection
C and the Szego-projection P of Ly(3") onto the Hardy space H%(3Y) are related by
the formula P(1 + A) = C. Moreover, they showed that the disc is the only plane
region for which the Szego and Cauchy kernels coincide. Implicitly, this result also
tells us that the Hilbert transform H on Lo(3") is unitary if and only if  is a disc.

In the mid-1990’s, the Kerzman-Stein formula P(1+A) = C has been generalized
to domains Q in R™*! by Calderbank (see [6]) and Cnops (see [7]). Their results are
even valid in a much more general context, namely within the study of boundary
value problems for Dirac operators on manifolds (see also [3]).

In the underlying paper we give some characterizations for the unitariness of the

Hilbert transform (§2). In the following sections (§§3-4) we pay special attention to
the cases of the unit sphere S™ and the hyperplane R™ in R™*!. Finally, in section
5 we show how classical results in the plane are included in our approach.
We dedicate this paper to Fred Brackx and Frank Sommen and this on the occasion
of our retirement: they were our first two Ph.D-students in Clifford analysis. During
the thirty five years, respectively the twenty five years, of intensive collaboration,
strong ties of friendship were forged.

2 The Hilbert transform in Euclidean space

Throughout this paper we suppose that €2 is either an open bounded subset of R™+!
with Cy-boundary 3, or @ = R7 = {z = (20,21, ..., ¥) : T > 0}, the upper
half space in R™*! with boundary 3" = R™. The outward pointing unit normal at
y € 3 will be denoted by v(y).

The space R™"! will be identified with the space of vectors R%™*! in the uni-
versal Clifford algebra constructed over the real vector space R™*! equipped with a
quadratic form of signature (0, m + 1), and this in the following way.
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Let e = (eq,€1,...,6,) be an orthonormal basis of R*™*1 Then the non-
commutative multiplication in Ry ,,+1 is governed by the rules

2 .
e;=—1,1=0,1,....m

and

€i€; + €€ = 0, 1 7é ]
A basis of Rg 41 is given by the set (e4 : A C {0,1,...,m}), where for A = {iy, io, ...,
ink, 0 <y <y < ..<ip<m, eg=e;e,..c,. Putting ey = 1, the identity el-
ement of Ry ,,11, we may embed R and R™"! in Ry 1 by identifying R with R1
and R™™! with spang(e; : ¢ = 0,1,...,m), i.e. a € R and = = (xg, 21, ..., T,,) € R™H
correspond to al and = = >_7" x;€;.

The conjugation a — @ in Ry ;41 is the anti-involution defined by & = —e;,
1=0,1,...,m, and ab=b a for a,b € Rg 5, +1.

In the complex Clifford algebra C,,+; = Rq 41 ®r C, the conjugation a — @
may be introduced by taking the tensor product of the conjugation in Ry ,,+1 and
the complex conjugation in C.

A basis in C,,, is given by the elements e4 ® 1, denoted by e, for the sake of
simplicity.

Denoting by A the algebra Rg,,11 or C,,41, an element a € A may thus be

written as
m+1

a=Y_lal

k=0
where for k € {0,1,...,m + 1}, [ ]x stands for the projection of A onto the subspace
AF) of k-vectors, with AF) — span (eq : |[A| = k).

Notice that for z,y € R™+L,

Y= -y+r ANy

with N
r-y=- inyi
i=0
and
TNY = Z eie; (T3 — vi),
1<y
ie zyec A9 @ A?.
In particular
7 = —|z|

Define the Dirac operator 9, in R™*! by

=0
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Then 0? = —/A\,, /\, being the Laplacian in R™*"1.
The operator 0, is strongly elliptic and its fundamental solution is given by

1 T
Am+1 ‘x|m+1’

E(x) =
where A,,,1 is the area of the unit sphere S™ in R™*!,

In what follows, functions f will be considered which are defined in some sub-
set G C R™"! and which are A-valued. We say that f = 3.4 faea belongs to
C1(G), Ly(GQ), ete..., if all of its components f4 belong the classical function spaces
Ci(G), Ly(G), ete... of R-or C-valued functions in G.

A function f € C1(€) is said to be (left) monogenic in 2 if 9, f = 0 in €2, where

2

axf - ZeieA P
i, A T

On Ly(Y]), the inner product is defined by

(f.9)y = /Z FW)g(y)dS(y).

Notice that (f,g)y~ is A-valued and that if we put

fds =L a)s],

the scalar part of (f, g)z, then [, ]Z is a classical inner product on Lo(3>") with

171 = JIFfloas

= | fal? dS.
2k
The Cauchy kernel C,(y) in €2 is defined by

Coly) = v(y)E(y —2), 1€Q, ye X, (2.1)

and the associated Cauchy transform Cf in Ly(3") is given by
Cf(x) = (Cof)s

1 T—y
= v dS(y). 2.2
T /Z g () f(y)dS(y) (2.2)
Clearly, Cf is monogenic in R™1\ 3.

Let H%() be the Hardy space of A-valued monogenic functions in € having non-
tangential Ly(3)-boundary values and let H?(}") be the Hardy space on 3 consist-
ing of the boundary values of elements in H?(2). Then H?(Y) is a closed subspace

of Ly(X).
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We have:
(i) C maps Ly(3) onto H?(Q2) and for f € Ly(3), the boundary value Cf satisfies

the Plemelj-Sokhotzki formula

Cf =/ +HF) (2.3
where for a.e. z € Y,
2 T—y
Hf(z) = A P.V. > Jo—glmit v(y) f(y)dS(y). (2.4)

Hereby H, called the Hilbert transform on Ly(}"), is a bounded linear operator
satisfying H? = 1.
Straightforward computations show that the adjoint H* of H is given by

H*=vHv. (2.5)
Moreover, for f € Ly(Y), we have that Hf = f if and only if f € H*(Y).

(ii) C is a bounded skew projection operator on Lo(>"), called the Hardy

projection. It maps Ly(3) onto H?(Y).

(ili) L2(>") admits the orthogonal decomposition

Ly(X) = H*(X)® vH*(X). (2.6)

The orthogonal projection operator P of Ly(3") onto H*(Y) - also called the Szego
projection - may be monogenically extended to H?(2) by

where S,(y), (z,y) € Q x ¥, is the Szegd kernel for H%(Y).
S:(y) is symmetric, i.e. S,(y) = S,(x) and it is the reproducing kernel for H*(}").

(iv) The projection operators P and C are related by the Kerzman-Stein formula

P14+ A)=C, (2.7)
or equivalently by
P=C—-A+AP.
Hereby A = C — C* is the Kerzman-Stein operator in Ly(}").
Notice that, as A = ;(H — vHv), its kernel A(z,y) is given by

M) = 5 (v s + o)) 23)

Apia |z —y|m™ | — gyt

For the properties (i) - (iv) we refer to [6], [7] and [2].



168 R. Delanghe

(v) If Q is the ball B (a, R) with center a and radius R, then its Szegd kernel is

given by
1 y—a x—y
Sa: = , 2.9
(v) Apsn R |z — gyt (2.9)
while for the upper half space R,
1 —emT — Yem
S.(y) = . 2.10
() A1 |ven + epny|™t! (2.10)
For these results we refer e.g. to [6].
It is easily seen that in both cases
(v.1) Sp(y) = Ci(y), i.e. the Szegd and Cauchy kernels coincide;
(v.2) P =C, i.e. the Szegd and Hardy projections coincide; (2.11)

(v.3) H = H*, i.e. the Hilbert transform H is unitary.

(vi) An algebraic decomposition of Ly(}") may be obtained as follows.

Call a and (3 the functions defined on >~ by
1
alr) = 3 (1+iv(z))

and

Bla) =5 (1 ivle)).

Then clearly for each x € 3, a(z) and [(z) are hermitian orthogonal primitive
idempotents in C,, .1, i.e.

o =a, =0
af = 0;
a=a; =0
Moreover
a+p=1

Consequently, for any f,g € Ly(>),
(af, Bg)s~ =0,
whence the following orthogonal decomposition is obtained:
Ly(X) = aLly(X) & SL2(X). (2.12)

The following theorem gives characterizations for the Hilbert transform H to be
unitary.
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Theorem 2.1. Let  be a bounded open domain in R™*! with C..-boundary
3. Then the following are equivalent:

H(af) = Bf for all f € H2(Y).
H(Bf) = af for all f € HX(Y).

H(vf) = —vf for all f € HX(Y).
H
A

Proof. Straightforward arguments lead to the equivalences (i) < (ii) < ... < (vi).

(vi) = (vii).
;From A = 0 and the expression (2.8) of A(x,y), it follows that for any elements
z,y € X with x #y, v(y)(y — v) = (v — y)v(2).
In view of [16] Lemma 12, € is a ball.

(vil) = (vi).
In the case of a ball, H is unitary (see (2.11),(v.3)), whence H = vHv and so A = 0.

(vil) = (viii).
For a ball, S,(y) = C.(y) (see (2.11),(v.1)).

(viii) = (vii).
If S.(y) = Cy(y), then P = C whence C = C* and so A = 0. Consequently in view
of (vi) & (vii), Q is a ball. O

Notice in particular that Theorem 2.1 tells us that a ball is the only bounded
open domain € in R™*! with smooth boundary 3 such that the Hilbert transform
H is unitary in Ly(>"). Clearly, by virtue of the Plemelj-Sokhotzki formula (2.3), H
is unitary if and only if the Cauchy transform C is self-adjoint. For a simular result
in an even more general context, we refer to [16]. See also [11] for the case of the
plane.
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3 The Hilbert transformon S™

In this section, we take Q = B(1) the unit ball in R™*!. In this case > = S™ and

at each point w € S™, v(w) = w.

The Hilbert transform on S™ thus reads:
2 E—w

Hf() = 1 P.V. S T

wf(w)dS(w), f € La(S™). (3.1)

It is a unitary operator with eigenspaces H*(S™) and wH?(S™) corresponding to
the eigenvalues +1 and —1.
In [9] it was shown that H?*(S™) admits the orthogonal decomposition

HAS™) = 3@ M ()
k=0
whence, in view of (2.6), Ly(S™) is orthogonally decomposed into
Ly(S™) = Y e Mt (k)o wd_ e MT(k).
k=0 k=0

Hereby the elements of M* (k) and M~ (k) = wM™(k), k € N, are called spherical
monogenics of degree k.
As a right module over A, M™ (k) has dimension K (m;k) with

(k+m—1)!
K(m;k) = — =20
(k) = S =1
. . K(m;k) .
Choosing an orthonormal basis (Pm(k)) ()1 of MT(k) (see e.g. [9]) we obtain that
if u € Ly(S™) has the decomposition
uw) = filw)+whw), fi,fa € H(S™), (3.2)
then for j =1, 2,
f] Z Z Py z(k akjl( k) (33)
k=0 i(k)=1
where for k € N,
1
al(f,z?(k) = (Pk,z‘(k)’@sm
and
2
al(c,z?(k:) = (ka,i(k)’u)sm'

Furthermore, as H is unitary,

Hu = fl—wa. (34)
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Remarks.

(1) In [9], the orthogonal projections of Ly(S™) onto H?(S™) and H?(S™)+ were
denoted by IT™ and II™ and the operator He = II- — II*, called the Hilbert-Riesz
transform on L,(S™), was introduced. It is clear that He = —H, thus showing that
H¢ is in fact a singular integral operator.

Let us also recall that if A; and I'¢ denote, respectively, the Laplace-Beltrami op-
erator and the spherical Dirac operator on Ly(S™), then

m — 1\2 m—1
¢( A )

(2) From (3.2) and (3.3) we get straightforwardly - and this by replacing w € S™ by
x=rwe€ B(1l) (0 <r < 1) - that the unique solution to the Dirichlet problem

AU =0 in B(1)
Ulsgm =u, u€ Ly(S™)

is given by

U(x) = Fi(x) + zFy(x). (3.5)

o

Hereby Fy and F, both belonging to H?(B(1)), extend monogenically f; and fs to
B(1).

For the sake of completeness, let us recall that H 2(1?3 (1)) may be characterized as
being the space of those elements F' monogenic in E (1) for which

sup ‘F(rw)|2d5’(w) < 400

r<l JS™

Notice too that (3.5) was already obtained in [8] and this by using the decomposition
of the Poisson kernel P, (w) for B(1) in terms of the Szegd kernel, namely

o

Polw) = Si(w) +wS(w)z , (z,w) € B(1)) x ™.

For a similar result, see also [2].

4 The Hilbert transformon R™

Take Q = RTH = {x = (29, -+ ,&m) = (z,2,) : © € R™, z,, > 0}, its boundary
being R™ = {x € R™*" : x,, =0}
At each point y € R™, v(y) = €, and so the Hilbert transform on R™ is given for
a.e. ¢ € R™ by

2 T =y

Hf(x) = —— P.V.

A g |7 — gL emf(y)dy. (4.1)
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It is a unitary operator with eigenspaces H*(R™) and ¢, H*(R™), corresponding
to the eigenvalues +1 and —1.
In [10] the operator H was introduced with

m—1
H = Z €; Rj, (42)
§=0
R;,7=0,---, m—1, being the j-th Riesz transform:
2 Tj—Yj
R; = —— PV. P dy.
]f(x) Am+1 Rm |J) . y|m+1f(y) Yy

From (4.1) and (4.2) it follows that

H=e, H. (4.3)

Introducing spherical coordinates x = rw in R™ where r = |z| and w € S™71,
we have that on S(R™)

Ho(z) = (— P.V.;dn * gp) (x)

— / r—y ¢y
= lim. o4 Y.
R™\B(e) v —y| v —y[™

w
Hereby P.V. — is the principal value kernel in R™ which generalizes in a natural
Tm

way to Euclidean space the principal value kernel P.V. — defined on R.

x
For more generalized principal value distributions and associated convolution oper-
ators in Clifford analysis, we refer to [4] and [5].

Remarks.

(1) (See also [10]). The Clifford algebra Rg 11 admits the splitting

Romi1 = Rom © emRom (4.4)

where Ry, is the universal Clifford algebra constructed over the quadratic vector
space R%™ with orthogonal basis (eg, €1, ..., €m_1). -

If f e Ly(R™ Ry,), then it follows from (4.2) that H f is also Ry ,,-valued. Conse-
quently, if for f € Lo(R™; Rgm41), its splitting in terms of (4.4) reads

f=U+e,V
with U,V € Ly(R™; Ry ,,), we have in view of (4.3) that

HU = V

v o_ U (4.5)

feH)R™) < Hf = f<:>{
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But, as H2 = 1, the condition (4.5) reduces to

fe H}R™) < HU = V.
(2) The Poisson kernel Px(y) on R+t splits into

Px(y) = Sx(y) + enSx(y)em (4.6)

where Sx(y) is the Szego kernel for R (see also (2.10)).
Using the orthogonal decomposition

Ly(R™) = H*R™) @ e, H*(R™),
it readily follows from (4.6) that a function f € Lo(R™) may be written as
f=Pf+ePlenf),
where P is the Szego projection from Lo(R™) onto H?(R™).
Call H*(R*) (vesp. H*(R"*1)) the space of harmonic (resp. monogenic) functions

in R7*! having non-tangential boundary values in Ly(R™). Then (see [15] and [10]),
F belongs to either of these spaces iff

SUDPy,, >0 /Rm |E(y, ym)*dy < +00.
As the Szegd integral operator S associated with the Szegd kernel Sx(y) maps
H?*(R™) onto H*(R7*!) and the Poisson integral operator P maps Lo(R™) onto
H*(R7), we obtain the decomposition

H2(RT+1) — HQ(RT+1) D émHz(RT+1).

Hence, for any U € H?*(R7™), there exists a pair of functions (Fy, F) in H?(R7)
such that

U - F1 + émFQ

For a similar result, see also [2].

5 Classical results in the plane revisited

In this section it is shown how the Clifford analysis approach, as set up in the
foregoing sections, includes classical results when considering the case R?, i.e. when
taking m = 1. For a standard approach to the Cauchy and Hilbert transforms in
the plane, we refer to [1].



174 R. Delanghe

5.1 Decompositions of H?(Q2) and Ly(Y")

Let © C R? be open and bounded with Cy-boundary 3 or let Q be R2 = {z =
(zo,71) : ¥1 > 0} with boundary R = {z € R?: z; = 0}.
Put ¢ = épe;. Then the even subalgebra R(}L’Q of Ry is given by

It gives rise to the decomposition

Notice that by identifying £; = ege; with the imaginary unit ¢ in C, ]Rat 5 is isomorphic
to C.

In what follows, only Ry 2-valued functions will be considered.

In view of (5.1), if F is defined on some subset G of R?, then F may be written as

F(z) = U(z) +V(x)ey, z € G, (5.2)

where U and V are R ,-valued on G.
If F is a monogenic function in €2, i.e. 0,F = 0 in §2, then as

0, F =0 < ¢ey0,F = 0
~— D, =0

where D, = 0,, + £10,, is the Weyl or Cauchy-Riemann operator in R?, we obtain
by virtue of (5.1) that

D,U = 0

DV = 0 in €2.

8EF:0<:>{

Notice hereby that for g = u + e1v, Rar’ o-valued in Q, D,g = 0 in (Q is equivalent to
saying that the C-valued function ¢g* = u + v is holomorphic in €.

We may thus conclude that a monogenic Ry o-valued function F in 2 may be iden-
tified with a pair (g1, ¢2) of holomorphic functions in €2 and vice-versa.

Notice too that

H*(Q) = H* (4 Ry,) @ H* (G RY,)é

and that the space of boundary values of elements in H?(;Rg,) is H*(3;R{,).
Now let f =u+wvey € Ly(X), ie. u,v € Ly(3;RY,).

Taking the Cauchy and Hilbert transforms of f we find that, as (z —y)v(y) is Ry o-
valued, Cu, Cv, Hu and Hv are Ry ,-valued too.

Consequently, in terms of the decomposition (5.1),

Cf(z) = Cu(z)+Cu(z)ey, x € 1,
and (5.3)

Hf(x) = Hu(x)+ Hou(x)ey, = € X.
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Notice hereby that on Ly(3";Rg,), the inner product

(f.9)5 = [ Tods

is also R{,-valued.
Let us now have a closer look at the Kerzman-Stein decomposition

Ly(X) = H*(Z)ovH*(X). (5.4)
Then it is easily verified that, by mixing up (5.1) and (5.4), we obtain:
Ly(X) = H*(S;Ry,) @ vH? (3R, e

© (H* (S Ry,) © vH? (55 R{,)é ) . (5.5)
In particular, Lo(3; Raf ») is orthogonally decomposed into
Ly(SiRy,) = H*(S;RY,) @ vH?(3;RE,)éo. (5.6)

So, in order to describe Ly(3), it suffices to determine H?(3 ;R ,).

Remark. Let Q C R? be open and bounded with Cy.-boundary 3.
By virtue of (2.2), the Cauchy transform on Ly(3>; Ry ,) is given by

Cfa) = (Co )y

1 T —y
= — ds(y). 5.7
37 I 7oy O 0)s() (5.7)

As we have already observed, Cf is R& o-valued and monogenic in {2 and, more-
over, monogenic Ry ,-valued functions in  may be identified with holomorphic

functions in 2. /
t
Usually, if in the complex plane 3" is parametrized by z(¢), ¢ € [0,1], and T'(z) = | 'Et;
z

denotes the unit tangent vector at z(¢) € >, the Cauchy transform Cf of f €
Ly(>; C) is defined by (see [1])

I\

1 1
Cflu) = %/ ——T(2)f()ds. (5.8)
But, as at z € ¥, the outward pointing unit normal n(z) is given by
n(z) = —iT(2),
the expression (5.8) also reads:
1 Z—u
S . ds. .
Chw) = 5o s (5.9)

Obviously, the expressions (5.7) and (5.9) are similar.
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5.2 The case of the unit disc

Let Q = é(l) be the open unit disc in R? with boundary 3~ = S*.
From (3.1) we obtain for a.e. £ € S*:

Hf) = tpv. [ =¥

m o s e — WP

fw)ds(w).

As has been observed in § 5.1, it suffices to characterize H?(S';Rg,) in order to
describe Ly(S';Rg,) and Ly(S'). Moreover, through the identifications Ry, =
and H*(Q;Rg,) = H?*(Q,C), H*(S';Ry,) is nothing else but the classical Hardy
space H?(S';C).

An orthonormal basis of H?(S*;Rg,) is thus given by

1 kO
—et" ke N, g e|0,2 , 5.10
<\/§7Te [ 7T[> ( )

whence by means of (5.6)

1
(\/%Veslkeéo ke N,e € [O,27T[>

is an orthonormal basis of vH?(3; R ,)éo.

As for w € S,
v(w) = w = epe?,
we obtain that for each k € N,
1/651]6960 _ 6781(]{4»1)9'
Consequently, the orthonormal basis
<\/§7Te—61<’f+1>9 keN,0eclo, 27r[> (5.11)

of H*(SY;R{,)" = wH?*(SY;Rj,)é is obtained.

Furthermore, as for f € H*(SY;Rg,), Hf = f and for f € H*(S;Ri,) " Hf = —,
we have in particular that for each k € N,

H(ealk’e) — ealke
and (5.12)

H(6781(k+1)9> _ _6751(k+1)0.
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Remarks.

(1) In [14] the periodic Hilbert transform H on L,(S';C) was introduced as
follows:

ﬁ (eme) _ sgn neim’ ne Z\{O},
1
and N
H) = 0.

It was extended by linearity to a bounded operator on Ly (S*;C).
Identifying ¢ with ¢ = €pe; and denoting by Py the orthogonal projection of L,
(S';R§,) onto its one dimensional subspace of constants, then clearly

H = €1FI + Po.

(2) Putting z = x¢ + 121, then for each k € N,

e1k0 k-‘rl’sl _ 6—81(k+1)9 _

Flgr = M and z vese,.

Consequently, the harmonic extensions of €% and ve1*e, to B(1) are given by 2*
and zF = 22%¢y. In its turn, this implies that the (unique) harmonic extension U

of u € Ly(SH;Ry,) to 103(1) may be written as U(z) = Fi(x) + Fo(x) where F; and
F5 have series expansions into z and Z respectively. In terms of holomorphy, this

means that F} is holomorphic and F, is anti-holomorphic in B(1). Although this
result is standard, we wish to give some supplementary comments on it, in particular
concerning its interpretation in Clifford analysis terms.

Let u € Ly(S';Rg,) admit the decomposition (see (5.6)):

U = Wy + rvwiey

where wo, wy € H*(SY; Ry ,).
The (unique) harmonic extension U € H? <E3(1), RSTQ) of u to é(l) then reads:

U(x) = Wy(z) + aWi(z)eég (5.13)

where Wy, W, € H? (é(l);R(}fQ).
As Wy is Rar, o-valued and monogenic,
D.W, = WiD, = 0 in B(1)

whence

Wied, = WiD, = 0 in B(1).
Moreover, as WD, = 0, we finally obtain that

<$W1<£L‘)éo> 0, = (le(a:)) D, = 0 in 103(1),
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i.e. xWi(x)ey is right monogenic in %(1)
Now observe that for any f € C1(Q;R{,),

f0, = 0= 0,f = 0= D, f =

In terms of holomorphy, this means that f is anti-holomorphic in €.

Therefore, the expression (5.13) is similar to the one obtained in the complex plane
(see [1], Theorem 7.4). It represents the solution to the Dirichlet problem in the
unit disc as a sum of a holomorphic and an anti-holomorphic function, the latter
vanishing at = = 0.

5.3 The case of the upper half plane
Let @ = RY = {(x¢,21) : @1 > 0} be the upper half plane in R? with boundary

> =R
JFrom (4.1) we get that for f € Ly(R),

+oo —
Hf(xo) = *Pv/oo I;O— 0|260€1f(yo)dyo
= élfPV / p— f(yo)dyo

S <P.V.y10 ) f) (o)

where H is the standard Hilbert transform on Ly(R).
It follows that if f is R-valued, then H f is ¢;R-valued.
Hence, for f € Ly(R;Rj,) with f = u + &1v, u and v being R-valued, we have

- Hu = £V
Hf = f<+= { Hiew) = u (5.15)
But, as H% =1, (5.15) reduces to
Hf = f<= Hu = cv. (5.16)

In view of (5.14), (5.16) is equivalent with Hu = v, thus reobtaining a classical
result for the Hilbert transform on the real line.

Remarks.

(1) Let uw € Ly(R) be real valued and put
f = u+ Hu. (5.17)

Then f € Ly(R;Rj,) and Hf = f,ie. f e H*(R;Rj,), whence by means of (5.17)
all R @ e1R-valued ”analytic signals” are obtained.
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(2) Consider on R the C3-valued functions
1 :
oi(zg) = 5(1 + ey sgn o)

where
C;_ == R(—)’:Q DPr C

is the even subalgebra of C,.

Then on R
2 _ )
oL = 04,
[ = 04;
010+ = 0;
or+o_ = 1,

i.e. 0, and o_ are hermitian, mutually orthogonal primitive idempotents in C,.
Taking the Fourier transform F=* in (5.14), we find that for f € Ly(R; Rg,),

}“in(g:O) = ey sgnzyg fif-
Hence for f € LQ(R;R(J)F,Q);
Hf = f< o, F*f = 0.

This result should be compared with the classical one obtained for C-valued func-
tions, stating that for f € Lo(R) are equivalent (see e.g. [10])

(i) f e H*(R)
(i) (1—iH)f =0
(iii) [£~f] C [0,+o0].
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