Classical solutions for PDEs with
nonautonomous past in L”— Spaces

Genni Fragnelli*

Abstract

We study some partial differential equations with infinite delay which ap-
pear, for example, in models of population dynamics. Using the semigroup
theory, we prove the existence of classical solutions of such equations.

1 Introduction

In [6] S. Brendle and R. Nagel introduced the equations

0
—_ = — < > .
Gtu(t’ s) asu(t, s)+ A(s)u(t,s), s<0,t>0, (1.1)
gtu(t, 0) = Bu(t,0) + du(t,-), t >0, (1.2)

where A(s) are (unbounded) operators on a Banach space X for which the associated
nonautonomous Cauchy problem

w(t) =—-A(t)u(t), t <s <0,
u(s) =zrzeX

(NCP) {
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is well-posed, B is the generator of a strongly continuous semigroup (S())i>0 on X,
and @, the delay operator, is a linear operator from a space of X —valued functions
on R_ into X (see also [12], [13], [14] or [15]). They found mild solutions of the above
equations by constructing a suitable semigroup (T ¢(t)):>0 on Co(R_, X'), while we
proved in [11] that, under suitable assumptions, their semigroup also yields classical
solutions of (1.1) and (1.2), i.e., u(t, s) is continuously differentiable and satisfies the
two equations.

In this paper we study the above equations in LP(R_, X), since there are many
applications in which such spaces are considered. For example, in some biological
models u is the population density and so the natural space is L' (see [15], [21], [23],
[24]). Moreover, in control theory one generally considers the space L? (see, e.g.,
[2]).

The steps to prove the main theorem are the same as [11, Theorem 4.4], but we
need some different techniques to prove some lemmas and preliminary results useful
for the proof of Theorem 4.6 (because, for example, bounded functions in Cy(R_, X)
may not be bounded in LP(R_, X)).

In order to treat the LP—case, we associate to (1.1) and (1.2) a delay equation
with nonautonomous past

u(t) = Bu(t) + Pu,
(NDE) [(u(0) =z€eX
U :fELp(R_,X),
(see [12] and [13]), where @; is the modified history function defined as

() U(r,0)u(t + 1) fort+7>0> T,
u(7) =
' Ulr,t+71)f(t+7) for0>t+7>7.

Here U :=(U(t, s))t<s<o is the evolution family solving (NCP) on regularity sub-
spaces Yj, i.e. there are dense subspaces Y; of X such that the function ¢ — u(t) =
Ul(t, s)z is a classical solution of (NCP) for s € R_ and z € Y; (see [20, Proposition
2.5]). A particular form of (NDE) has been studied by A. Batkai and S. Piazzera
(see, e.g., [3], [4] and [5]).

The basic idea in this paper is to consider a product space £ := X x LP(R_, X)
and to define an operator matrix which is related to (1.1) and (1.2). Using the
Miyadera-Voigt perturbation theorem (see [10, Theorem II11.3.14], [19] or [26]) we
find a semigroup whose second coordinate gives, under suitable assumptions, clas-
sical solutions of (1.1) and (1.2). It must be noted that the LP—case leads to an
additional technical assumption on the delay operator ® (see Assumption 3.9), which
guarantees the existence of such a semigroup.

2 Motivations

Partial functional differential equations with autonomous past can be written in

abstract form as
u(t) = Bu(t) + duy, t >0,

(DE) {u(0) =ze€X,
u —=feLr(R_,X),
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where the function u takes values in a Banach space X and the history function
u; - R_ — X is defined by

u(s) == u(t + s).
In [10, Section VI.6], it is shown that if & € L(Cyh(R_, X), X), then a solution of

(DE) is given by
_Jf), t <0,
ut = {(TB@(W)(O), 120 2

where (T ¢(t)):>0 is a suitable strongly continuous semigroup on Cy(R_, X'), which
satisfies the following translation property

Jfs+), s+t<0,
(Tsa(t))(s) = { T PO etto (22)
If, however, we define
u(t, s) == (Tpa(t)f)(s) (2.3)

for t > 0 and s < 0, we obtain that u satisfies a two-variable version of (DE) of the
form

0 0

_ = — < > .
8tu(t’ s) &su(t’ s), s<0,t>0, (2.4)
au(zﬁ, 0) = Bu(t,0)+ du(t,), t>0. (2.5)

The first equation says that the history function is shifted to left by —¢, without being
modified, while the second shows that, for values greater than —t, the function is
due to the delay operator. In some cases the history function is not only shifted into
the past, but it is also modified. For example, this occurs for population equations
with diffusion (see, e.g., [15], [23] or [24]) and for genetic repression (see, e.g., [14]
or [18]). Assume that this modification is governed by a backward evolution family
(U(t, s))t<s<o(cf. [8]), i.e., a family of bounded linear operators on X satisfying

U(r,s)U(s,t) = U(r,s), r<s<t<0, (2.6)
Ut,t)y = Id, t <0, (2.7)

and such that the mapping (r,s) — U(r, s) is strongly continuous, and (T ¢(t))i>0
satisfies a modified translation property

_JU(s+t,s)f(s+1), s+t <0,
Tbal)6)= {U(O, ) Tals +0F)(0), 5+>0, 28
for each f € Cy(R_, X). If we differentiate formally
ult, s) = (Tpa(t)f)(s), (2.9)
then u satisfies
&u(t, s) = (iu(t, s)+ A(s)u(t,s), s<0,t>0, (2.10)

for linear operators
0
A(s) = _EU(T’ ) |res
on X. For this reasons, in [6], S. Brendle and R. Nagel replaced (2.4) with (2.10),
and studied the combination of (1.1) and (1.2).
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3 The Coordinates of the Semigroup

As a first step we fix the assumptions and review, following [12], the definitions and
the results that will be used in the rest of the paper.

General assumptions 3.1. 1. The generator (B, D(B)) satisfies D(B) — Y{, where
Yp is a regularity subspace as in the Introduction.

2. The (linear) delay operator ® : Co(R_,X) N LP(R_,X) C D(®) — X is
bounded with respect to || - ||, or || - ||co-

3. The operators (A(t), D(A(t))):wer_ are such that the function s — A(s)(exz)(s)
belongs to £ := LP(R_, X) for x € D(B), and the bounded linear operators
€x: X — E are defined, for all A € C with A > wy(U), by

(exx)(s) :=eMU(s,0)x, s <0, z € X. (3.1)
Here wy(U) denotes the growth bound of U, i.e.

wo() :=inf{w € R: I M, > 1 with ||U(t, s)|| < M,e**" for t < s < 0}.

To use semigroup techniques we extend the evolution family (U(t, s));<s<o solv-
ing (NCP) to an evolution family (U(t,s));<s on R in a trivial way (see [12,
Definition 2.2.1]). On the space E := LP(R, X), we then define the corresponding

evolution semigroup (7(t)):>0 by

(T@)f)(s):==U(s,s+t)f(s+1)

for all f € E,s € R,t >0 (see also [7]).

We denote its generator by (G, D(G)). Remark that we did not assume any
differentiability for (U(t, s));<s and hence the precise description of the domain D(G)
is difficult. However, in [22, Proposition 2.1], the following important property of

D(@) is proved.

Lemma 3.2. The domain D(é) of the generator G of the evolution semigroup
(T'(t))i>0 on E is a dense subspace of Cy(R, X).

Since (G, D(G)) is a local operator (see [10, Proposition 2.3 ] and [22, Theorem
2.4]), we can restrict it to the space F := LP(R_, X) by the following definition.

Definition 3.3. Take
D(G) :={fr_ : f € D(G)}
and define
Gf:=(GHr.  for f=fr € D(G).

This operator G is not a generator on E. However, if we identify F with the
subspace {f € E : f(s) = 0Vs > 0}, then F remains invariant under (7'(t)):>o. As
a consequence, we obtain the following lemma.
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Lemma 3.4 ([12], Lemma 2.4). The semigroup (To(t))e>o induced by (T'(t))i>o
on E 1s

U(s,s+t)f(t+s), s+t<0,

0, s+t>0,

(To() f)(s) = {

for f € E.
The following lemma characterizes the generator of this semigroup.

Lemma 3.5 ([12], Lemma 2.5). The generator (Go, D(Gy)) of (To(t))i>0 is given

by
D(Go) ={f € D(G)NE : f(0)=0},  Gof =Gf.

We thus end up with operators (Go, D(Gy)) C (G, D(G)) € (G, D(G)), where
only the first and the third are generators on E and E, respectively.
Using the operators (G, D(G)) and (B, D(B)), we can define a new operator on the
product space £.

Definition 3.6. On the product space &€ = X x LP(R_, X), define the operator C
as
B 0 0 @
C=C+F = (0 G) + (0 O)

D(C) = D(Cy) :={(F) € D(B) x D(G) : f(0) = x}

with domain

and F € L(D(Cy),E).

Since D(G) C Ch(R_, X) N LP(R X) C D(®), then @f is well-defined. Recall
that the last inclusion holds by General assumptions 3.1.
Now we want to recall two important results from [12] that will be used in this

paper.

Proposition 3.7 ([12], Proposition 4.2). The operator (Cy, D(Cy)) generates a
strongly continuous semigroup (To(t))i=0 on € given by

To(t) = (Sg? TO%)) ,

where (To(t))i>ots as in Lemma 3.4, (S(t))i>o is the semigroup generated by (B, D(B))
and Sy : X — FE is defined as

U(r,0)S(t+7)x, t+7>0,

(3.2)
0, t+ 7 <0.

(Six)(7) = {

Theorem 3.8 ([12], Theorem 4.5). Assume that the delay operator ® satisfies
the Miyadera-Voigt condition, i.e.

x

f

[ 196+ T lar <o

| ()



138 G. Fragnelli

T

f
Then the operator (C, D(C)) generates a strongly continuous semigroup (7 (t))i>o

on & satisfying

() <3ﬁ) — To(t) @ + [ Tt — ) FTo(s) (jﬁ) ds

for all (f) € D(Cy),t > 0, with (7y(t))i>0 as in Proposition 5.7.

for all ( € D(Cy) and some ty >0 and 0 < ¢ < 1.

From now on we always make the following additional assumption.
Assumption 3.9. The delay operator ® satisfies condition (M).

The proof of the following proposition is an immediate consequence of Theorem
3.8 and of the definitions of (Ty(t)):>o and of the function t — S; (see Lemma 3.4
and (3.2)).

Proposition 3.10. The projections of (7 (t))i>0 onto the first and the second com-
ponent on & satisfy the following identities

n(T0(3) =P+ | By (T (7)(3)) dr, (3.3)

m(T()(7))(s) = Uls,s + 1) f(s +1) (3.4)
if s+t<0, and

m(T()(3))(s) = Us, 05z 4 [ U, 00y (T(7) () dr (3.5)
if s+t >0 forall () € D(C).

Remark 3.11. 1. Observe that WQ(T(t)(?)) € D(®) since 772(’]'(75)(?)) = U a.e.
(see Corollary 3.14) and @; € D(®) (see Remark 3.13).

2. It is interesting to compare these relations and the equality satisfied by the
semigroup (75.¢(t))i>0 introduced by S. Brendle and R. Nagel. In particular
they prove the following proposition.

Proposition 3.12 ([6], Proposition 2.14). The semigroup (T (t))i>0 satisfies

(Tpa(t)f)(5) = Uls,s +)f(s + 1)

if s+t <0, and
(Tpa())(5) = Uls, 002 1(0) + [ Uls, 0)el 50T (r) f

if s+t>0.
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Remark 3.13. In [12, Theorem 3.5] it is proved that if u(t) is given by

u(t) = {7“ (T®6)(3)). t=0 (3.6)
f(t), a.e. t <0,

then u is a classical solution of (NDE) for every ( ) € D(C), i.e. the function
u : R — X satisfies the following properties:

(1) RS C(R7 X) N Cl(R+7X)a
(ii) u(t) € D(B), u; € D(®), t > 0,
(iii) u satisfies (NDFE) for all ¢t > 0.

If (?) € &, then u can be considered as a mild solution of (NDE).

The reason for this last terminology is the following corollary.

Corollary 3.14. The function u : R — X defined in (3.6) for every (?) S
satisfies the integral equation

(t) x+ B [ju(s)ds + ® [3uds, t >0,
- f(t)7 a.e.tER_,

where Uy 1s as in Introduction.

Proof. Let w5 be the projection onto the second component of &, i.e., 7r2(jf> =f

for all (?) ef.
First Step. We prove that

i =m(Tt)(F)) ae. (3.7)

Indeed, (3.7) holds by [12, Proposition 3.6] for (m”) € D(C). Take now ( )
and a sequence (fcn) € D(C) converging to (x) Since the semigroup (7 (t)):>o is
strongly continuous, the sequence T(t)(‘f:ﬁ) converges to 7 (t )(fv) in &£.

Let
w(t) = {TEO(E), 20,
RN FAGE a.e. 1 <0.

Since (f{j) € D(C), we have (u,); = WQ(T(t)@Z ))
Moreover, if —t < s <0,

(itn)i(s) = U(s, s + hun(s + 1) = U(s, s + )ym(T(t+5)( 7).

By our assumptions, it follows that ||(@,): — ||, — 0 as n — 4o00. Thus, there
exists a subsequence (i, ); of (U,); such that (u,, ):(s) — (u:)(s) a.e..
Since

(itn,)e(8) = mo(T (1) (55 ))(s) = ma(T () (F))(s),
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we can conclude that

If s < —t, one has
(Un)(s) = U(s,5 4 t)un(s +1t) = U(s,s +t) fu(s +1).

Since || fn, — fll, — 0, there exists a subsequence f,, of f, such that f,, (s) — f(s)
a.e.. Thus

(Un, )i(s) = (7(5, S+ )y, (s+1) = [7(5, S+1t)fu (s +1)
— U(s,s+1)f(s+1t) = (@)(s) ae. fors < —t.

Proceeding as above, we have

i =m(T(t)(F)) ae.

Second step. Taking the first component of the identity

03} )< )

w0-s=nle (G0t )
- Klg g) (fgfuu ds )1 B/ d8+¢/ e

for all £ > 0. ]

one has

In the next section we discuss properties of the projection of (7 (¢));>¢ onto the
second component of &£.

4 Classical Solutions for PDEson  LP(R_, X)

In this section we want to exhibit classical solutions of (1.1) and (1.2) on LP(R_, X).
As in [11], the basic idea is to find a core of C, i.e., a dense set D in the domain D(C),
endowed with the graph norm, which is invariant under the semigroup (7 (¢)):>o -
Since

D) ={(}) € D(B) x D(G) : f(0) ==}
(see Definition 3.6), the basic idea is to find a core of the operator G given in
Definition 3.3. To this purpose we put

Dy:={f e W"R_,X): f(0) =0, f(s) € Y,,s — A(s)f(s) € E}. (4.1)

As in [25, Proposition 1.13] one can prove that the set Dy is a core of Gy in
LP(R_, X), where Gy is as in Lemma 3.5. The next result allows us to obtain a
core of G.

Let (U(t,s))i<s<o be as in Introduction and wy(Uf) its growth bound.
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Proposition 4.1. For A € C with R\ > wo(U), the set
D= Do @ {exy : y € D(B)} (4.2)
1s a core of G. Moreover,
Gf=f+A(0)f ae
for every f € D.

The proof of this proposition is based on the following two lemmas.

Lemma 4.2 (see [12], Lemma 4.1). Let A € C with R\ > wo(Ud). Then ez is
an eigenvector of G with eigenvalue \ for every x € X.

Lemma 4.3. Let uw € E and A € C with R\ > woy(Ud). Then u € D(G) and
A — Gu =0 if and only if u(t) = (exu(0))(¢), t < 0.

The previous lemma can be proved as in [17, Lemma 2.5].

Proof of Proposition 4.1. We first prove that D is dense in D(G) with respect to
the graph-norm, i.e.,

Vf € D(G)and Ve > 0 there exists g € D such that ||f —g|l¢ < e

Let A be such that A > wy(To(+)), hence X € p(Gy). Since Gy = G|, where
L: D(G) — X is given by Lf := f(0), we can apply a result proved by G. Greiner
(see [16, Lemma 1.2]), obtaining that

D(G) = D(Gy) @ Ker(A — G).

Thus, using Lemma 4.2 and Lemma 4.3, for every f € D(G) there exists fy €
D(Gp) and = € X such that f = fy + peyz, for some constant p.

Since €, is bounded, there exists M € R, such that |lex||zx,p < M. Let
ky =1+ M(1+[A]) and € := ;-

Since D(B) and Dy are dense in X and D(Gj), respectively, there exist zg €
D(B) and gy € Dy such that

|z — zo|lx < €
and
1fo — golla, < €.

Let g := go + pexxy. Then g € D and

If =gl = lfo = gwlla + llexr — exxolla = || fo — gollay + [lexz — exxolla
<€+ |lexr — exxollg + ||Gexr — Geaoll g
<€+ lellecxmllz — zollx + [Mlllexllecx,m |12 — @ollx
<€+ M1+ M) =ky =e.
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Moreover, Gf = f'+A(-) f forevery f € D. Infact, if f € D, write f = fo+puexxo
where fy € Dy and zy € D(B).
Then

Gf = G(fo+ pearo) = fo + AC) fo + pGexzo = fo + A(-) fo + pAexo

and

'+ AC) = fo + (neaxo)' + A() fo + pA()exzo.

Since

(nexzo)'(s) = pA(Ermo)(s) + WASSSU(S, 0)xo = pA(eazo)(s) — pA(s)(exzo)(s),

it follows that Gf = f' + A(-) f for every f € D. [

The following lemma gives another expression for D.

Lemma 4.4. The core D of D(G), defined in (4.2), coincides with

Ci={f e WP(R_,X): f(0) € D(B), f(s) € Yy, s = A(s) f(5) € L"(R-, X)}.

Proof. “27 Let f € C' and put

g:=17f- GAf(O)‘

Using General Assumptions 3.1.3 on the operators A(s), it is easy to prove that
g € Dy. In fact, g(0) = 0, g € W'?(R_, X) and the function s — A(s)g(s) =
A(s)f(s) + A(s)(exf(0))(s) € LP(R_,X). Since U(s,0)Yy C Y, then g(s) € Yi.
Thus f =g+ exf(0) € D.
“C7” Let fe€D. Then 3 fy € Dy and z € D(B) such that f = fo + peyz.

One has f(0) = pz € D(B), and since U(s,0)Yy C Vs, it follows that f(s) € Y.
Moreover, by the General Assumptions 3.1.3 on the operators A(s), we have that
the function s +— A(s)f(s) belongs to LP(R_, X). [

We are now ready to answer the problem posed at the end of the previous section.
We have seen that the projection of (7 (t));>o onto the first component of £ can be
considered as a classical or a mild solutions of (NDE) (see Remark 3.13). The
projection of (7(t));>o onto the second component of £ gives, instead, classical
solutions of (1.1) and (1.2), i.e. wv(t,s) := WQ(T(t)(fv))(s), for appropriate (?),
belongs to the domain D(G) of the operator G, is continuously differentiable, and
satisfies (1.1) and (1.2).

To prove this result we consider

D:={(%) € D(B)x D: f(0) = x}

as a subspace of D(C). With a technique similar to the one used in [11] we can prove
the following lemma.
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Lemma 4.5. Take ® € L(Co(R_, X)NLP(R_, X), X), where Co(R_, X)NLP(R_, X)
is endowed with the norm || - || + || - ||p, and assume that ® is bounded with respect
to the LP—norm, 1 < p < 4+o00. If the functions

s A(s)U(s,s +t)f(s+1)

and

s — A(s)U(s,0)g(s)
belong to LP([—t,0], X) for all f(-) € LP(R_, X) and g(-) € C([—t,0], D(B)), then
the space D defined above is a T —invariant subspace of D(C).
Proof. Let (§) € D, then T(t)(F) € D(C). Thus m(T(t)(5)) € D(B),
7T2(T(t)<fv>) € D(G) and Wg(T(t)(?))(O) = 7T1(T(t)<§)). It remains to prove
that WQ(T(t)(?)) € D. To this aim, we consider two cases.
First case. For s > —t, by Proposition 3.10, we can write WQ(T(t)(fc))(s) as

m(T(1)(F))(s) = U(s,0)au(s),

where g,(s) := e(t)Bg 4 fgf“e(S”*T)B(I)wz(T(T)(fe)) dr. Since (fr) € D(C), then
7T2(T(t)<fv>)(0) € D(B) and the function

Ry 570 omy(T(r)(%)) € X (4.3)

1s continuous.

It follows that g;(-) € C([—t,0], D(B)).
Hence ¢:(s) € Yy for s € [—t,0], since D(B) C Y,. By assumption, we have that
U(s,0)Yo C Y., s0 ma(T (£)(§))(s) € Y, and

Os(ma(T(1)(F))(s) = = A(s)U(s,0)gu(s) + U(s,0) Bau(s) (4.4)
+ U (s, 0)®ma(T (t + 5)(F ))-

Hence the map s — (Wg(T(t)<fc>))(s) is differentiable. In order to prove the thesis,
it remains to show that the functions

L [=4,0] 3 s = (ma(T () (F))(s),

2. [<4,0] 3 s = (AC)m(T (1) (7 ))(s)

are in LP(R_, X).
First, we prove (2).
It is obvious that (A())r (T(t)( )))( ) € X, since

i
(AC) AT () (5)))(s) = A(s)(ma(T(1)(F))(s)
(A

and (7 (T(t)(?))( ) €Y, C D(A(s)) € X. Since (m(7 (?)) s) = U(s,0)g:(s),
it follows by the assumption in the theorem that s — A(s)(mo(7 (¢ )(?))(s) is in
P(R_, X).
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Now, since TQ(T(t)(?))(O) € D(B) and the function in 2. is in LP(R_, X)), by
(4.4) it is an immediate consequence that the function in 1. is also in LP(R_, X).
Second case. For s < —t, by Proposition 3.10, we can write 7@(7(75)(?))(5) as

m(T()(5))(s) = Uls,s + 1) f(s +1)
and obtain
Ou(ma(T(8)(5))(s) = = A()U(s, 5 + ) f(t+5) + Uls, s + ) A(s + 1) f(s +1) (4.5)
+U(s,s+1t)f (s+1).

As before, using the assumption on A(s), we can show that the functions in 1. and
2. are in LP(R_, X)) for s < —t.

Combining the two cases we conclude that D is 7 —invariant. [ |

Using the previous proposition, we can prove our main result as in [11, Theorem

4.4].

Theorem 4.6. If the Assumption 3.9 and the assumptions of the previous lemma
hold, then the function

(t,5) > o(t,s) = (T()(F)) (s)
is the unique classical solution of (1.1) and (1.2) whenever (?) €D.

Here (7 (t)):>0 is the semigroup generated by the operator (C, D(C)) (see Defi-
nition 3.6 and Theorem 3.8).

Proof. Let Ry 5t — U(1) := (ig;) € & a classical solution of the following Cauchy
problem

Ult) =CuUt), t=>0,
uo) = (%)

for (fc) € D C D(C) (observe that the existence of this solution is guaranteed by

Theorem 3.8).
In particular

(CP) {

Ut = T(5), (16)

for ¢ > 0. Now consider the function

(t,5) = v(t,s) == ma(T()(F))(s), (4.7)

i.e., using (4.7), v(t,s) = v(t)(s), where v(t) is the second component of U(t).

Since Ry 3 ¢ — U(t) = (igg) € & is a classical solution of (C'P) with initial
value ( ?), we obtain that v(¢, s) is continuously differentiable with respect to ¢ and

s and

Gu(t, ) = jtv(t, ).
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Moreover, since (?) € D, and using Lemma 4.5 and Proposition 4.1, one has

G(v(t,-))(0) = Bo(t,0) + do(t,-)

and
G(v(t,"))(s) = aasv(t, s)+ A(s)v(t, s).

So, v(t, s) satisfies the two equations (1.1) and (1.2).
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For the uniqueness, we assume that v(-,-) is a solution of (1.1) and (1.2) for the
initial value v(0,-) = f € D. From (1.2) and using the fact that (U(t, s))i<s<o

solves a nonautonomous Cauchy problem, we obtain

9, 9,
%U(r, s)u(t,s) =U(r,s) |A(s)v(t, s) + %v(t, s)
0 0
= U(r, s)av(t, s) = aU(T,s)U(t, s)
for r < s < 0. Consequently, the expression
Ul(r, s)u(t, s)

can be written as a function of r and s + ¢. From this, it follows that

U(r,s+t)v(0,s+1), s+t<0,

U(T, S)U(tv S) = {U(T, O)U(S + t,0)7 s+12>0,

for r < s < 0. Putting r = s, we obtain

(t.5) U(s,s+t)v(0,s+1t), s+t<0,
v(t, s) =
U(s,0)v(s +t,0), s+t>0.

By equation (1.2) we have
d
%U(t’ 0) = Bu(t,0) + duv(t, ).
Therefore, using the fact that v(0,-) = f, we obtain
t
v(t,0) = P £(0) +/ By (7, )dr.
0

Thus, by (4.9) and (4.10), we have

oft.s) = U(s,s+1t)f(s+1), s+t<0,
T U(s, 0)eUH)B £(0) 4 [T eltts B Oy (7, Ydr, s+t > 0.

Let now f = 0. Using Gronwall’s inequality (see [9, Lemma 2.A]), we

v(t,s) =0.

(4.10)

(4.11)

(4.12)

see that
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As an immediate consequence of [12, Theorem 3.5], one obtains the following
corollary.

Corollary 4.7. Let R, >t — u(t) a classical solution of (NDE). If the Assumption
3.9 and the assumptions of Lemma 4.5 hold, then the function

(t,s) — v(t,s) = us)

is the unique classical solution of (1.1) and (1.2) whenever u, € D. Here w; is the
modified history function defined in Introduction.

Example 4.8. Take £ := L*(R_, X) as the Hilbert space X. Take A(t) = a(t)B,
where a(-) € C(R_) with a(t) > 0 and (B, D(B)) a normal operator on X such
that so(B) < 0. In this case, the evolution family is given by U(t,s) = elJ; a(rdnB
and the regularity subspaces Y; coincide with D(B) for all t < 0 (see [11, Example
4]). Let 1 < p < oo and let n : R_ — L(X) be of bounded variation such that
In|(R-) < 400, where || is the positive Borel measure in R_ defined by the total
variation on 7. Let ® : Ch(R_, X) N LP(R_, X) — X be the linear operator given
by the Riemann-Stieltjes integral

Of m /_OOO fdy forall f € Co(R_, X) N LP(R_, X). (4.13)

By [1, Proposition 1.9.4], this integral is well-defined. As in [12, Example 4.6]
we can show that @ fulfills the Miyadera-Voigt condition, i.e.,

[ 19050+ 0l < (5)]

/)
f

By Theorem 3.8 the operator (C, D(C)) is the generator of a strongly contin-
uous semigroup (7 (t))i>o and by Theorem 4.6 the function (¢,s) — o(t,s) =
o (T(t)(f)) (s) is a classical solutions of (1.1) and (1.2) for (?) €D := {(?) €
D(B) x D : f(0) = a}, with D := {f € W (R_,X) : f(s) € D(B) Vs <0,s—
a(s)Bf(s) € LP(R_, X)}.

for all ( € D(Cy) and some 0 <ty and 0 < ¢ < 1.
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