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A FINITENESS THEOREM
FOR RICCI CURVATURE IN DIMENSION THREE

SHUN-HUI ZHU

A general problem in the study of the relations between cur-
vature and topology lies in understanding which results concern-
ing sectional curvature continue to hold for Ricci curvature. Re-
cently, J. Sha and D. Yang [SY] gave examples which show that
certain results such as Gromov’s estimate on the Betti numbers
and Cheeger-Gromoll’s soul theorem, cannot be generalized to the
case of Ricci curvature (compare also [AG, An]). In this note, we
announce a positive result in this direction concerning finiteness
theorems.

The first finiteness results were those of J. Cheeger [Ch] and A.
Weinstein [We]. Cheeger’s finiteness theorem is the following [Pe]:

Theorem (J. Cheeger, S. Peters). There are only finitely many dif-
feomorphism types in the class of n-dimensional Riemannian man-
ifolds satisfying

K, |<A*, Diam(M)<D, Vol(M)>V,

where K,, is the sectional curvature, Diam(M), the diameter, and
Vol(M), the volume of M .

This result is recently generalized in dimensions # 3, 4 by K.
Grove and P. Petersen [GP, GPW] to the following:

Theorem (Grove-Petersen-Wu). For n # 3,4, there are only
finitely many diffeomorphism types in the class of n-dimensional
Riemannian manifolds satisfying

K, >-A’, Diam(M)<D, VolM)>V.

Along this line, it is natural to ask what happens if one replaces
sectional curvature by Ricci curvature. The first attempt in an-
swering this question is the following theorem of M. Anderson
[An].
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Theorem (M. Anderson). There are only finitely many possibilities
of m, for the class of n-dimensional Riemannian manifolds satis-
fying

Ric,, > —(n—1)H,  Diam(M)<D,  VolM)>V,
where Ric,, is the Ricci curvature of M .

In the same paper [An], M. Anderson gave some examples to
show that the crucial point in the proofs of Cheeger’s and Grove-
Petersen-Wu’s finiteness theorems, in dimensions > 4, does not
carry over to the case of Ricci curvature. That is, in the class
considered in the above result of M. Anderson, there is no lower
bound on the length of shortest geodesics. It is still open whether
such estimate holds in dimension three.

We prove

Theorem 1. The set of three-dimensional Riemannian manifolds
satisfying

Ric(M) > -2H, Diam(M) < D, Vol(M) >V
contains finitely many homotopy types.

Although there is a close relation between sectional curvature
and Ricci curvature in dimension three, our proof does not explore
this relation. Instead, the proof is based on the understanding that
Ricci curvature is suitable when treating =, , as illustrated in [An],
and hypersurfaces. The proof is a combination of the methods
used in [An, SCY, GP] and a volume comparison argument due to
J. Cheeger. Some three-dimensional topology is also used.

The basic point is to prove

Proposition. There is a constant Cy = C,(H, D, V), such that, for
any r < C,, Bp(r) is contractible in Bp(R-r), where B,(r) is the
metric ball of radius r centered at P .

In contrast to [GP], where a similar statement is shown by ex-
hibiting a deformation, we show this by proving that the inclusion
map I: B,(r) — Bp(R-r) is trivial on n; and =, for r small.
This relies on two different volume comparison arguments.

Denote by #(n, H, D, V) the set of n-dimensional mani-
folds satisfying Ric > —(n — 1)H, Diam < D, Vol > V. To
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show I is trivial on 7, , we need the following:

Lemma 1. Let M" € #(n,H,D, V) and if K C Bp(s), then
there is at most one connected component of M\ K which contains
a point with distance more than R(n, H, D, V)-s away from K .

The argument of showing [/ is trivial on 7, follows closely the
proof of M. Anderson [An]. But we need in addition a technical
lemma from three-dimensional topology.

Lemma 2. Let M C int N be two compact orientable three mani-
Jfolds with nonempty boundary. Then if n,(M) — n,(N) is trivial,
n, (M) is torsion free.

Once the proposition is proved, Theorem 1 follows from the
center of mass technique employed in [GP, Pet, and Yal.
We also give a noncompact version of Theorem 1.

Theorem 2. Let M be a complete noncompact three-dimensional
Riemannian manifold. If for some point P and a constant ¢, M
satisfies

Ric,, >0,
Vol(B,(r)) > cr’,
then M s contractible.

This gives an affirmative answer to a question of M. Anderson
[An] in dimension three. It should also be compared with results
of U. Abresch and D. Gromoll [AG], also Z. Shen [Sh].

The author would like to thank professors J. Cheeger, M. An-
derson, and R. Skora for their help and encouragement.
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