BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 19, Number 2, October 1988

TOPOLOGICAL TYPES AND MULTIPLICITIES
OF ISOLATED QUASI-HOMOGENEOUS
SURFACE SINGULARITIES

STEPHEN S.-T. YAU

ABSTRACT. Two germs of 2-dimensional isolated quasi-homogeneous
hypersurface singularities have the same topological type if and only
if they have the same characteristic polynomial and the same funda-
mental group for their links. In particular, multiplicity is an invariant
of topological type, an affirmative answer to Zariski’s question in this
case.

Let (V,0) and (W,0) be germs of isolated hypersurface singularities in
Cnt+1l. We say that (V,0) and (W,0) have the same topological type if there
is a germ of a homeomorphism from (C"*!,V,0) to (C"*1,W,0). In his re-
tiring Presidential address to the American Mathematical Society in 1971,
Zariski asked whether (V,0) and (W,0) have the same multiplicity if they
have the same topological type. He expected that topologists would be able
to answer his question in relatively short order. However the question ap-
pears to be much harder than what Zariski thought. Even special cases of
Zariski’s problem have proved to be extremely difficult. Only recently Greuel
[4] and O’Shea [14] proved independently that topological type constant fam-
ilies of isolated quasi-homogeneous singularities are equimultiple. For quasi-
homogeneous surface singularities, Laufer [5] explained the constant multi-
plicity for a topological type constant family of singularities from a different
viewpoint. However it is not known whether two quasi-homogeneous singu-
larities having the same topological type can be put into a topological type
constant family. Let (V,0) be a dimension two isolated hypersurface singu-
larity. Lé and Teissier [8] observed that A’Campo’s work [1] can often be
used to give positive results towards Zariski’s question. Let C(V,0) be the re-
duced tangent cone. Let PC(V,0) denote the hypersurface in CP? over which
C(V,0) is a cone. Then, the work of A’Campo shows that the multiplicity
of (V,0) is determined by the topological type of (V,0) in case the topolog-
ical Euler number x(PC(V,0)) is nonzero. The same arguments also show
that, for isolated hypersurface two-dimensional singularities, the embedded
topology and the multiplicity determine x(PC(V,0))). However, so far, by
using A’Campo’s result, one can only prove that a surface in C3 having at 0
a singularity of multiplicity 2 cannot have the same topological type at 0 as
another surface of multiplicity different from 2.
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For plane curve singularities, the Zariski question was known to be true.
The reason that the Zariski question could be answered was that the topolog-
ical types of plane curve singularities were well understood (see [2, 3, 9, 16,
19, 22]).

Let (V,0) be an isolated hypersurface singularity in C"*! defined by the
holomorphic function f: (C"t!,0) — (C,0). Then the link of (V,0) is Ky =
S§2n+1 NV where S2"+1 is the (2n + 1)-sphere of radius ¢ centered at the
origin and € > 0 is sufficiently small. It is known that m; (Ky) depends only
on the topological type of (V,0) [6, 10].

Let 0 < 6 « € < 1. We define

T={teC:|t|]<é}, B={zeC" :|zn*+ - +|m|><e},
X=BnfYT), X@t)=Bnfi().

Milnor proved that f: X\X(0) — T\{0} is a locally trivial smooth fiber bun-
dle and the fiber has the homotopy type of a bouquet of n-spheres. The
generator of m;(T\{0}) (represented by a counter-clockwise oriented circle
around the origin) induces the monodromy automorphism h: H*(X(t),C) —
H*(X(t),C). Let Ay(2) denote the characteristic polynomial Ay (z) =
det(zI — h*) of the linear transformation h*: H"(X(t),C) — H"(X(t),C);
Ay (2) is an invariant of topological type of (V,0) [6]. Recall that a hyper-
surface singularity (V,0) = {(20,--.,2n): f(20,---,2n) =0} C C"*! is quasi-
homogeneous if f is in the Jacobian ideal of f, i.e., f € (3f/8z0,...,0f/0fn)-
The main purpose of this note is to announce the following results.

THEOREM A. Let (V,0) and (W,0) be two isolated quasi-homogeneous
surface singularities in C2. Then (C3,V,0) is homeomorphic to (C3,W,0) if
and only if m1(Ky) = m(Kw) and Ay (2) = Aw(2).

A polynomial h(zo,...,2,) is weighted homogeneous of type (wo, ..., wy),
where (wo, ..., wy) are fixed positive rational numbers, if it can be expressed
as a linear combination of monomials 2{0z{! - - zi» for which ig/wg + -+ +
tn/wn = 1. (wo,...,wy,) is called the weights of h. As a corollary to the proof
of Theorem A, we have the following corollary.

THEOREM B. Let (V,0) be an isolated quasi-homogeneous surface sin-
gularity defined by a weighted homogeneous polynomial in C3 with weights

(wo, w1, we2). Then the topological type of (V,0) determines and s determined
by its weights (wo, w1, wa).

The following theorem solves the Zariski question completely in the case of
quasi-homogeneous surface singularities in C3.

THEOREM C. Let (V,0) and (W,0) be two isolated quasi-homogeneous
surface singularities in C3. If (C3,V,0) is homeomorphic to (C3,W,0) as a
germ, then V and W have the same multiplicity at the origin.

SKETCH OF THE PROOF OF THEOREM A. Suppose that a real manifold
B of dimension m and a family {(M:, N:¢): t € B, N; is a closed submanifold
of a compact differentiable manifold M;} are given. We say that (M;, N;)
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depends C*® on t and that {(M;,N;): t € B} is a C* family of compact
manifolds with submanifolds if there is a C*® .#, closed submanifold .#", and
a C* map w from .# onto B such that ® = w//# is also a C* map from ./
onto B satisfying the following conditions:

() My = w™i(t) 2 Ny =@~ 1(¢t).

(ii) The rank of the Jacobian of w (respectively @) is equal to m at every
point of # (respectively /).

We first prove the following theorem which is essential in proving the above
theorems. The theorem is classically known when ./ is an empty set.

THEOREM 1. Let (A ,N), (w,@),B) be a C*® family of compact mani-
folds with submanifolds, and tg any point of B. Then

(Mt, Nt) = (w—l(t), (I)_l(t))

is diffeomorphic to (Mg, Ny,) = (w™(to),@ t0)) for any t € B if B 1s
connected.

It follows from the above theorem that we have:

THEOREM 2. Suppose f(zo,21,72) and g(zo, 21,22) are weighted homoge-
neous polynomials with the same weights (wo, w1, ws). If the variety V of f
and the variety W of g have isolated singularity at the origin, then (C3,V,0)
is homeomorphic equivalent to (C3,W,0).

In order to see Theorem 2, we let A be the intersection of the plane
z/wo~+y/w1+2z/w2 = 1 with the first quadrant of R3. Let N be the number of
integral points (o, o1, a2) which are in A. Let F =} a(aq,a1,02)% °25 2275
where the summation is over all the integral points in A. Then F is a complete
family of weighted homogeneous polynomials with weights (wp, w1, ws). Let
7" ={(20,21,22,- - -,8(ag,a1,a2)> - -- ) : F = 0} be a variety of C¥+3 defined by
F = 0. Consider the natural projection 7 from CV+3 to CV given by sending
(20,21, 22, - -+, B(ao,a1,a2)1 - - ) £0 (-++ ,@(a0,a1,az)s+++) and T be the restric-
tion of m to 7. Let B be the set of all (... ,a(ag,a1,a2)s---) in CN such that
T B(ag,an,an) -+ ) = {(20,21,22)1 20 G(ag,a1,02)20° 25 252 = 0} has
isolated singularity at the origin. Let .# = {(20,%21,22,--,%(c0,a1,a2)s-+)"
|20|2+|21]2 +|22|2 = 1} and A = 7 N . Denote w and @ be the restriction
of m and 7. Then one checks that the conditions in Theorem 1 are satisfied.

It follows from Theorem 2 and an argument due to Orlik and Wagreich
[13] (see also Arnold [0]) that any isolated singularity (V,0) in C? defined by
a weighted homogeneous polynomial has the same topological type as one of
the following seven classes of singularities with the same weights as (V,0).

Class I: V(ag,a1,a2;I) = {23° + 27* + 252 = 0}.

Class II: V(ag,a1,a9; I[T) = {2§° + 2§* + 21232 =0}, a1 > 1.

Class III: V (ao, a1, ag; III) = {23° + 2{* 22 + 21252 =0}, a1 > 1, a2 > 1.

Class IV: V(ag, a1,a2; IV) = {2§° + 202{* + z1232 =0}, a0 > 1.

Class V: V(ag,a1,a2; V) = {25%21 + 23129 + 20252 = 0}

Class VI: V(ag,a1,a2; VI) = {25° + 2027 + 2025 + z1 22 = 0}, where
(ao — 1)(a1b2 + (12b1) = Qga10as.
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Class VII: V(ag,a1,a2; VIIT) = {28°2; + 202371 + 29282 4 201252 = 0},
where (ag — 1)(a1b2 + a2b1) = az(apa; — 1).

It is well known that any isolated two-dimensional hypersurface quasi-
homogeneous singularities (V,0) is actually weighted homogeneous after a
biholomorphic change of coordinate. Hence in order to prove Theorem A, we
may assume that both (V,0) and (W,0) are one of the seven classes above.
Now we need two important results due to Neumann [12] and Orlik-Wagreich
[13] about the abstract topology of these singularities. Neumann’s results
say that the minimal resolutions of these singularities are determined by the
fundamental groups. Orlik-Wagreich computed the minimal resolutions of
these singularities explicitly in terms of their weights. On the other hand
Milnor-Orlik [11] and Varchenko [17] computed the monodromy of these sin-
gularities explicitly. Yoshinaga [18] observed that the Milnor-Orlik result has
strong consequences on u; once we know the characteristic polynomial of the
singularity, where u;/v; is a reduced fraction of the weight w;. Varchenko’s
result allows us to write down the characteristic polynomials of the above
seven class singularities in terms of ag, a1, and ag explicitly. By using the ex-
plicit data of the minimal resolutions and characteristic polynomials, we prove
that if (V,0) and (W, 0) are one of the seven classes and they have the same
characteristic polynomials and fundamental groups, then they have the same
weights (see Theorem 3 below for a more precise and stronger statement). It
follows from Theorem 2 that (V,0) and (W, 0) have the same topological type.
This completes the proof of Theorem A.

PROOF OF THEOREM B. By Theorem A, the topological type of (V,0)
determines the characteristic polynomial and the fundamental group of the
singularity. However in the course of proving Theorem A, we have shown that
the characteristic polynomial and the fundamental group of the singularity
determine its weights. Conversely, the weights determine the topological type
of the singularity by Theorem 2.

In fact, Theorem 3 is interesting in its own right.

THEOREM 3. Let f and g be weighted homogeneous polynomials with iso-
lated critical points at the origin. Suppose that Af(2) = Ag(2) and 71 (Ky) =
1 (Kg) .

(1) If both f and g are of class 1, then f and g have the same weights and
{ f= z8‘° + zf“l +z;",
g=20° + 23" + 252,
where {i9,%1,72} = {0,1,2}.

(II) If f and g are both of class 11, then f and g have the same weights and
either

(1) f=2°+20"+21252 =y
or

2 ’
g =25° + 231 + 21252,

agai(ag—1)
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with ap(a; — 1) divides ajaz(ag — 1), or
(3) f=a D 4 gk,
g =20t Gkl 4 g amk,

(IIT) If f and g are both of class 111, then f and g have the same weights
and esther

(1) f=2"+2'n2+22"=g¢
or
@ { f=23°+ 27220 + 2123,

g =23° + 27120 + 21292,
(IV) If f and g are both of class IV, then

[ =23° + 2027 + 21252 = g.

(V) If f and g are both of class V, then f and g have the same weights and
either
1) { f=2%z + 27" 22 + 20252,

g =20%21 + 27" 22 + 20237,
where {i0,11,72} 18 an even permutation of {0,1,2} or

aj(agag—ag+1) ag(ajag—ag+1) ag(agaj—ay+1)
— ajag—ag+1 anal—a1+l iaoag—a0+li
(2) { [ =722z + 222 + 2029 ,
g = 23°21 + 211 20 + 20252,

with all the exponents being integers, or

ag(ajag—ag+1) ag(agayj—aj+1) aj(agag—ag+1)
3) {

f — 21Z0 agay—ay+1 + 2221 agag—ag+1 + 202'2 ajagz—ag+1 ,
a, a a
g = 2921 + 2" 22 + 20257,
with all the exponents being integers, or
ag(agayj—a3+1) aj(agag—ag+1) ag(ajag—ag+1)
(4) { f — zlzo aoaz—ao¥1 +2221 ajag—ag+1 +2022 agay—ay+1 ,
g = 25°21 + 271 29 + 20252,
with all the exponents being integers.

(VL) If f and g are both of type VI, then f and g have the same weights
and either

(1) { [ =23°+ 2027 + 20252 + z’;"zgz,
9 = 28° + 20281 + 20282 + 251202,

or

@) { [ =23+ 2027% + 2023* + z€’1222,
g = 23° + 20271 + 20237 4 241252,

(VII) If f and g are both of type VII, then f and g have the same weights
and either

(1) { [ = 28921 + 223" + 20252 + 201 252,

b
g = 2821 + 2027" + 20257 + 281 252,
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or
agag(ay—1) - -
a a. a ia —1) b b
(2) { f=2" 21+ 2021° + 2027707 4217297,
g =23%21 + 2027" + 2029° + zll"zg",
with a1 (ag — 1) divides apaz(ar — 1), or
az(agaj—1)—aj(ag—1) agag(ag—1) -
— az(ag—1) a 200-15 a b1 b
(3) { f=z127 2 + 202, ! + 2025° + 27" 29°,
by b
g =25%21 + 2023 + 2025 + 271 257,

with all the exponents being integers and ag divides ai(ap—1)/(ap—1,a1 —1)
where (a,b) denotes the greatest common divisor of a and b, or

az(agaej—1)—aj(ag—1) az(agay~1)—ay(ag—1) - -
(4) {

=1 =1 by b
f — 28221 + 202, ag(ay;—1) +ZOZ2 ag(ag—1) + z11z22,

9= 2821 + 2028 + 20237 + 201252,
with all the exponents being integers and ag divides ai(ap—1)/(ap—1,a1 — 1),
or

az(agay—1)—aj(ag—1) 5 B
-1
(5) { f=zz T +2021% + 202" + 21" 29°,
b1 b
g =20%21 + 2027 + 20257 + 27" 232,

with all exponents being integers and ag divides ay(ag—1)/(ag—1,a1 —1), or

(6)

agag(a;—1) az(agaj~1)—aj(ag—1) ag(agay—-1)—aj(ag—1) - -
_L%_LT—x =1 -1 b1 b
{ f — zlzzal ) + 202, az(ap—1) + 202, az(a;-1) + z11z22
b1 b
g = 25%21 + 202! + 20252 + 2] 2?

with all the exponents being integers and ag divides ai(ag—1)/(ag—1,a; —1).

There are analogous theorems in case f and g are in different classes.
PROOF OF THEOREM C. We first observe the following lemma.

LEMMA 4. Let f(z0,21,22) be a weighted homogeneous polynomial with
weights (wo, w1, ws). Suppose that f has an isolated singularity at the origin.
Denote the multiplicity of f at the origin bymy. Then my > min{wg, w1, ws}.

We next prove the following proposition:

PROPOSITION 5. Suppose that f is one of the seven classes. Let m =
min{n € Z: n > min{wg, w1, w2}}. Then the multiplicity of my of f is m.

Because of Theorem B, we only need to prove Theorem 6 in order to prove
Theorem C.

THEOREM 6. Let f(z0,21,22) be a weighted homogeneous polynomial with
weights (wo, w1, we). Suppose that f has an isolated singularity at the origin.
Then my, the multiplicity of f at the origin, equals

min{m € Z: m > min{wg, w1, wa}}.

PROOF. By Orlik-Wagreich [13], f can be written as g+h, where g(2g,21, 22)
is one of the seven classes having the same weights (wo, w1, w2) as f, and ¢
and h have no monomial term in common. It is clear that my < my. By
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Proposition 5, we have my, = min{n € Z: n > min{wo, w;, w2 }}. Hence we
deduce that my < min{n € Z: n > min{wg, w1, wa}}.

Conversely, by Lemma 4, we see that my > min{wg, w1, w2}. Thus my >
min{n € Z: n > min{wp, w1, w2}}. Q.E.D.

ADDED IN PROOF. The details of the proofs had been written up jointly
with Yijing Xu and is available in preprint form. We are currently making

progress on those singularities whose Newton diagrams consist of two compact
facets.
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