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1. Introduction and statement of results. Let 'R — R” be a
curve in R™ with I'(0) = 0. For suitable test functions f, let Hrf(z) =
pv. [2, f(z—T(t))t~! dt and Mr f(z) = supge,<; Ir ! [y f(z—T(t))dt|. Hr
and Mr are called the Hilbert transform and maximal function along I, re-
spectively. There has been considerable interest in estimates of the form
|[Hr fllp < ClIfllp and |[Mrf]l, < Cl|f|l, where || - ||, denotes the norm in
LP(R"™).

If ' has some curvature at the origin, in a weak sense, then the above L?
estimates for Hr and Mr have been proved for 1 <p < ooand 1 <p < o0
respectively, via techniques developed by Nagel, Riviere, Stein, and Wainger;
see the survey [SW] and the references given there. More recently there has
been interest in the case when I is flat to infinite order at ¢t = 0. In particular
if ['(t) = (t,(t)) is a curve in R? for which ~ is convex for ¢ > 0 and either
even or odd, then a necessary and sufficient condition for Hr to be bounded
on L? has been obtained in [NVWW1]. The condition for odd ~ has also
turned out to imply the L? boundedness of Mr [NVWW2]. There has also
been progress in the study of L? boundedness for p # 2 NW,CNVWW C].

In the present paper we consider (locally) C! curves I'(t) = (¢,+(t)) in R?
defined for t > 0, with 4/(0) = ~(0) = 0, convex and increasing. To discuss the
Hilbert transform I'(t) must be defined for t < 0; we define ['.(t) = (¢,~(—t))
and I'g(t) = (¢, —vy(~t)) for t < 0. Curvature hypotheses are replaced by the
much weaker “doubling property”

(1.1) there exists A > 1 with v/ (\t) > 2+/(¢) for all ¢ > 0.
We shall prove

THEOREM. Let I',T.,To be as above and satisfy (1.1). Then ||Mrf||, <
Clifllp for 1 < p < o0, and ||Hr, fllp + [1Hroflly < ClIfllp for 1 < p < oo.
More precisely, the latter assertion is that the operators Hr, initially defined
only for test functions, extend to bounded operators on LP.

By combining this theorem with the necessary condition for L? bounded-
ness of Hr, in [NVWW1], we obtain the following
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COROLLARY. For all curves T, as above, and for all p, 1 < p < o0, a
necessary and sufficient condition for the boundedness of Hr, on LP is (1,1).

(In fact, we can see that Hr, is not even of weak type (p,p) for any p,
unless (1.1) holds: for 0 < a < A, let S be the quadrilateral with vertices at
(%a,0), (—24,4'(A)(—24—a)), (—2A4,~'(a)(—2A +a)); let T have vertices at
(0,0),(a,0) (—A,—A+'(A)), (a — A,—Av'(A)); then Hr,(xs) > log(4/a) on
T, since I is even and convex. But, denying (1.1) implies that |S|/|T| can
be bounded while A/a — 00.)

In previous work proofs of LP estimates of the type under discussion here
have depended upon favorable decay estimates for Fourier transforms of cer-
tain measures supported on the curve I'. In limiting cases in which I' consists
of an infinite sequence of line segments tending to the origin such estimates
fail to hold, yet (1.1) may be satisfied. The principal innovation here is a
Littlewood-Paley argument based on a decomposition of the Fourier trans-
form plane into lacunary sectors as in [NSW]. A preliminary result based on
this technique was proved in [CNVWW]. A similar idea was also previously
used in [NSW] in studying the “lacunary” maximal function. Subsequently
[DRAF] showed how old results, for cases in which favorable decay estimates
do hold, could be proved by clever applications of classical Littlewood-Paley
decompositions. A combination of these ideas leads to the proof of the theo-
rem in this paper.

2. A Paley-Littlewood decomposition. Now we describe a Paley-
Littlewood decomposition. Let ax = +'(A*¥). Then by using the Marcinkiewicz
multiplier theorem, (1.1), duality, and standard techniques, we can find mul-

tiplier operators Py defined by (Pif)~(&,7) = ®x(€,7m) - f(&, 1) such that
)" Py = identity;
k

1/2
> Pefr (E |Pkfk|2>
P P
14

3. The proof of ||Mrf||, < C||f||p for 1 < p < co. We may assume
A > 2. For each integer k let I be the interval [)\"‘1, /\k]. Define measures
pu by their action on test functions ¢: ux(¢) = |Ix| ™" f; ¢(t,7(t)) dt. Then

() (6,m) = || /I exp(ict + in(t)) db.

k

supp ®x C {(&,m): ak—2 < [€/n] < akg1};

(Z |Pkf|2> "

k

< Cpllfllpy 1< p<oo;

P

R 1<p<oo.

<G,
p

The LP boundedness of My is equivalent to
(3.1) Ilsgpluk*fllipSCllfllp, 1<p<oo.


file:///Ik/~1

L? ESTIMATES FOR MAXIMAL FUNCTIONS 265

The proof of 3.1 will be by a bootstrapping argument similar to that of
[NSW]. We prove the following two lemmas:

LEMMA 1. ||supg |uk * flll2 < Cl|fll2- Moreover, if there ezists r < 2

and C < oo with
1/2 1/2
(E |1 fk!z) <E lfk|2)
% %

for all sequences fi, then for each r < p < 2 there emists Cp, < 0o such that
IIsupg |1k * fl1lp < Cpllfllp-

LEMMA 2. If ||supy |k * flllp < Cpl|fllp for some p, 1 < p < 2, then
N e * Fil2)2 N < Oy 1) 2 Nlr for all v with r=t < (14 p~1)/2.

3.1 follows by applying Lemmas 1 and 2 infinitely often as in [NSW]. The
proof of Lemma 2 is the same as the proof of Lemma 3 of [NSW].

To prove Lemma 1 we compare i to o where ox = pix[(¢rx—6)® (¢ —6)].
Here ¢(t), ¥(t) are nonnegative C*> functions on R with support in [—1,1]
and [ ¢ = [ =1; ¢x(t) = A"*¢(A~Ft), and

Ye(t) = YOI Pl(y(AH 1) 7).

6 is the dirac point mass at the origin. The meaning of (¢ — 8) ® (¥x — 6)
is that ¢x — 6 acts on the first variable and 1, — § on the second. We set
Uk = uk — 0. Notice that

Vi = pk * (P ® 8) + e * (6 ® Yic) — e * (i @ Y)

is a sum of smoothed out px. One can show supy |k * fl(z,y) < CM, f(z,y)
where M is the usual strong maximal function. Thus,

(3.3) lIsup [ * flllp < Col £l

1/2 1/2
(Z | * m?) (Z |fk|2>
k
both hold for 1 < p < oo; see [FS].

e
To prove Lemma 1 it suffices to bound supy |ok * f|, in view of 3.3. But
(letting Py, be as in §2)

<C

r

(3.2)

r

(3.4) <G,

P

P

sup |o * f| = sup
k k

Z ox* Py f
7

< Zst;p lok * Pjyrf|
7

1/2
<X (S nast) 2o
J k J
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We show
(3:5) Gifllo < Clifll,, rT<p<2;
(3.6) |G fll2 < C - 2713172) 5|l

3.5 and 3.6 imply the conclusion of Lemma 1 by a standard interpolation
argument. 3.5 follows from §2, 3.2, and 3.4, 3.6 follows from the follow-
ing estimates on G (¢,7):16%(¢,n)| < CA¥[E], 6 (€,m)| < Cy(A**1)[n], and
161(&,m)| < |Te| ! maxeer, [€ + 07 (8) 71

4. The proof of ||Hrf||, < Cpl|fl||py 1 < p < 0o. The proof is similar to
the proof in §3. The analogue of the operation f — oy * f is

Lif = He{[(¢x — 6) ® (v — 6)] * [},
where Hig(z,y) = fltlelk g(z —t,y — ~(t))t~! dt. Then we must show

< C- 27112 £,
2

<C|/fll, and

> PikLif > PivkLef
P k

p
The latter follows from simple Fourier transform estimates. For the former,

1/2
<C (Z IPJ'+kka|2>
k
14

> PikLif
P

P

1/2
=C {Ehhc * [(dr — 6) ® (Y — )] *Pj+kf|2}
%

P

1/2
<C {Z |[(¢x — 6) ® (i — 8)] Pj+kf|2}
P

14

1/2
<C {lej+kf|2} < Clfllp,
k

4

by §2, Lemmas 1 and 2, and [FS].
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