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STEENROD-SITNIKOV HOMOLOGY FOR ARBITRARY SPACES

BY JU. T. LISICA AND S. MARDESIC

1. Introduction. In order to establish an Alexander duality theorem for
compact subsets of S™, N. E. Steenrod introduced in 1940 a new type of
homology of metric compacta. The same problem led K. A. Sitnikov in 1951 to
an equivalent theory. In 1960 J. Milnor [7] gave an axiomatic characterization
of the Steenrod-Sitnikov homology. Several authors extended the theory to
the case of Hausdorff compact spaces (see, e.g., [8, 9, 7 and 1]).

The purpose of this announcement is to define a Steenrod-Sitnikov homol-
ogy theory for arbitrary topological spaces. We refer to it as strong homology.
It is obtained by first developing a strong homology of inverse systems. The
transition from spaces to systems is achieved by means of ANR-resolutions,
a new tool developed by S. Mardesi¢ in [5] (also see [6]). Strong homology
groups of a space are then defined as strong homology groups of any one of its
ANR-resolutions. It is a consequence of our approach that strong homology
is actually a functor on the strong shape category SSh introduced in [4].

2. Strong homology of inverse systems. We consider only inverse systems of
topological spaces and maps X = (X, px',A) over directed cofinite sets. By
a map of systems f: X — Y = (Y, quu, M) we mean an increasing function
©: M — A and a collection of maps f,: X, — Yy, u € M, satisfying

1) fuPowyow) = Quu' fu,  B< W

For a fixed Abelian group G we associate with X a chain complex Cx(X;G),
defined as follows. Let A™, n > 0, denote the set of all increasing sequences
X =(No,..-,\p) from A. A strong p-chain of X, p > 0, is a function z, which
assigns to every X\ € A™ a singular (p + n)-chain zx € Cpyn(X5y;G). The
boundary operator d: Cp1+1(X; G) — Cp(X;G) is defined by the formula

@ (—1)*(d)n = 3(an) — Prones g — 3o (~ 1P 5
j=1
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here 9 denotes the boundary of singular chains and A; is obtained from X\

by omitting X\;. By definition, Hy(X;G) = Hp(Cx(X;G)). Amap f: X —-Y

induces a chain mapping fu: C4(X;G) —» Cx(Y;G) defined by

(3) (f40)u = fug (To(uo)..oun))y 1= (tho;- .-, n) € M™.

One proves that (9f)4 = g fx. Consequently, f induces a functorial homomor-
phism f.: Hy(X; G) — Hy(Y; G).

3. Coherent prohomotopy. Extending and simplifying previous work of
Lisica [2, 3], the authors have defined in [4] a coherent prohomotopy category
CPHTop. Its objects are systems X as in §2. The morphisms are coherent
homotopy classes of coherent maps of systems f: X — Y, defined as follows.
f consists of an increasing function p: M — A and of maps

Jui A" X Xp(u) = Yuoy  #=(ko,-. in) €M™, 120,
which satisfy

q#o/tlflto(trx)’ 7=0,

(4) fu(a;‘lt: (E) = fuj(t7 :l:), 0<j<m,
Jun @ Po(un_1)ouna)(2)),  T=1,
(5) f,,,(O'?t, il)) = fuj(tr 22), 0< .7. <n;

here 97: A™™! — A", ¢%: A™*! — A™ are the usual face and degeneracy
operators and p; (u’) is obtained from g by omitting (repeating) u;. Every
map of systems can be viewed as a coherent map by putting f,(t,z) =
FuoPo(uo)o(un)(®). A coherent homotopy from f to f’ is a coherent map
F:IxX—Y, given by ® >, and F}, such that

(6) F(t’ 0, :1:) = fp-(tr p<p(u,,)<l>(un)(x))s F(t; 1, :l:) = f;;(t:pgo’(un)(l’(ﬂn)(z))'

To define composition fg of f and ¢: Y — Z = (Z,,7,., N), one decomposes
A™ into subpolyhedra

PM{(to,-- - tn) EA™1tg+ -+ ti1 <3 <to+---+t}, 1=0,...,n,

and considers maps of: PP — A"~ BP: PP — A’ where of(t) =
(#,2ti41,...,2tp), B(t) = (2t0,...,2ti—1, #), # = 1—sum of remaining terms.
Then

(M) (9 )vo-vn(t T) = gl/o-"l/i(ﬁ?(t)7 fw(w)'"‘lﬁ(vn)(a?(t)v CL‘)), tepy.
With every coherent map f: X — Y we now associate a chain mapping

f#: Cu(X5G) — C4(Y; G), given by

n
&)  (fax)p= Z fuoup (A" X Toui)pun))y  HEM™, 3 € Cp(X;G).

i=0
If f is a map of systems, then (3) and (8) give chain homotopic chain maps.
Chain maps (gf)# and g« fy are chain homotopic. Coherently homotopic
coherent maps induce chain homotopic chain maps. Consequently, strong
homology is a functor of CPHTop. The proof of these assertions requires a
tedious verification of explicit formulas giving the desired chain homotopies.
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4. Resolutions. Let p: X — X be a map of systems, i.e. a collection of
maps py: X — X, such that pyx'px' = px for A < \'. The map p is called a
resolution of the space X provided the following conditions hold for any ANR
(for metric spaces) P and any open covering V of P:

(R1) Every map f: X — P admits a A\ € A and a map g: X5, — P such
that the maps f and gp, are V-near.

(R2) There exists an open covering V' of P such that whenever X € A and
maps g,9": X5, — P have the property that gpy and g¢'py are V’'-near, then
there exists a A\’ > X\ such that gpyy- and ¢'py- are V-near maps.

The resolution of a map f: X — Y consists of resolutions p: X — X,
q: Y =Y and of a map of systems g: X — Y such that gp=qf.

It was proved in [5] that topological spaces and maps always have ANR-
resolutions (all X, and Y, are ANR’s).

The following factorization theorem is crucial for the construction of our
theory. Let p: X — X be a resolution of X, let Y be an inverse system of
ANR’s and let f: X — Y be a coherent map. Then there exists a coherent
map ¢g: X — Y such that f and gp are coherently homotopic. Moreover, g is
unique up to coherent homotopy.

The proof of this theorem is rather long. It involves construction of the
maps g, p € M", by induction on n, using essentially cofiniteness of M,
face and degeneracy properties of coherent maps and the uniqueness of linear
homotopies in convex sets (see [4]).

5. Strong homology of spaces. H,(X;G) is defined as Hy,(X;G), where
p: X — X is an ANR-resolution of X. The homomorphism f,: Hy(X;G) —
H,(Y'; G) induced by a map can be defined as g.: Hy(X;G) — Hp(Y; G) (see
§2), where (p, q,g) is an ANR-resolution of f. More generally, if we have only
ANR-resolutions p: X - X and ¢: Y — Y of X and Y, we apply to f the
factorization theorem and obtain a coherent map g: X — Y, which induces g.
as in §3.

In [4] the authors defined a strong shape category SSh whose objects are all
topological spaces. Morphisms F': X — Y are given by triples (p, g, g), where
p, q are ANR-resolutions and ¢ is a morphism of CPHTop. If we assign to
F' the homomorphism g,, we see that strong homology is actually a functor
on SSh. In particular, it satisfies the homotopy axiom. For ANR’s and CW-
complexes, strong and singular homologies coincide.

All our results also hold for pairs (X, A). The obtained homology is exact
whenever A is P-embedded in X, e.g., when X is paracompact and A is closed.
Restricted to compact metric pairs the theory satisfies the Milnor axioms.
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