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1. Introduction. We consider the tensor product of two irreducible unitary
representations of G = SL,(R); in particular, we obtain its reduction as a direct
integral of irreducible representations. This question has been solved in certain
cases by Pukanszky [4] and Martin [3]. We restate their results and also do the
remaining cases.

2. Notation. Let M = {£I}; K = SO,(R); and let 4 (resp. N) be the sub-
group consisting of all positive diagonal matrices (resp. upper triangular unipotent
matrices). Let

et 0 cos 0 sin
hy = ea k= €K
0 e~ —sin 0 cos @

Fors €iR, e € M , let Ng,e be the one-dimensional representation of MAN
given by ng i mhn > e(m) + €*,mEM, nEN. Letm = IndfMan’e, a
principal series representation.

For —1 <0 <0, let ¢ be the (unitary) complementary series representation
which is infinitesimally isomorphic to the “nonunitary principal series” represen-
tation induced from the representation of MAN given by mh,n |— exp(o?).

The representations n¢, are all irreducible, as are all the g, > €Xcept when
s =0 and e € M is nontrivial. In this case, Ty, is the direct sum of two irre-
ducible representations, denoted 1r0 eandmy .

For n € Z, define ¥, ek by x,(kg) = e"®. Forn =2, we let T, (resp.

_ ) be the discrete series representatlon with lowest weight n (resp. highest
welght —n). We also let T, 710 e T_y =mg . the so-called “mock discrete
series representations” with extreme weights 1 and — 1 respectively.

The representations we have described exhaust the irreducible unitary repre-
sentations of G. For details, see, e.g., Lang [2].

3. A preliminary result. Before proceeding, we state a very easy but useful
fact, for any separable locally compact group.
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ProPoSITION. Let m,, m, be irreducible unitary representations of G
which are of class LP and L9 respectively. Suppose 1fp + 1/q = 1/2. Then
n, ® m, is quasi-contained in the regular representation.

4. Reduction of tensor products. We have the following results, of which
(a), (b) and (c) are due to Pukanszky [4] in the case of even parity, and (a) is
due to Martin [3] in the remaining cases.

Letr, sEIR; —1<0,7<0;¢, & €M Let " €M be the trivial character.
Let m, n 2 1 be integers. Let e(m) € M be trivial or not according as m is even
or odd. Then

() T, @ o~ 2(fk+ i ce dt> ® < @ T,,).

| k1>2k=¢€’

(Here the notation k = ee’ means the summation is over all even k if e’ is trivial
and over all odd k otherwise.)

(b) e ®T ~ 2<fR+ Tiee dt> e< 23 Tk> .

ki=2:k=e

(c) Foro+r12>—-1,

1r§®1r$z2<fR+1rit’endt>®< 8% Tk>'

|k|=>2;keven

Foro+ 1< -1,

e @m ~ 2<fR+ Tt " dt) ® ( b Tk) R S

|k1=>2;keven

) T,®m,~ (IR+ Tit,ee(n) dt) 9( ® Tk> ,

k22k=ce(n) /
C A~
T, ®n¢~ <fR+ it e(m) dt> e(bggem Tk> .
(For tensor products with T_,, replace T, by T_,.)

ke
(e) Tm ® Tn ~ k?) Tm+n+2k; T_m ® T_.n ~ 90 T—m—n—Zk'

(f) Tm ® T—n ~ Indlc(; Xm—n ~ (fR+ nit,e(m—n) dt) & (@ Tk),
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where the last summation is finite, involving those kK with the same sign and parity
asm — n, with |[m — n| 2 |k| =2 2. (The last isomorphism is trivial, by Frobenius
reciprocity; see Anh [1].)

5. Remarks. To prove (b), (c) and (d), we consider an intertwining oper-
ator used by Martin [3] to prove (a), and note that for two representations of
the nonunitary principal series this operator is still defined, though not a unitary
isomorphism. Realizing complementary series (and discrete series) representations
as unitarizations of (quotients of) nonunitary principal series representations, we
apply Schur’s Lemma to get a unitary isomorphism from tensor products of such
representations to a known representation. In the second part of (c), the domain
of the operator is not dense; the complementary subspace results in the extra
summand. Part (e) is trivial, and (f) could be done by the method just outlined,
but we have another method, based on an idea which was kindly suggested by
Roger Howe. In a subsequent paper, we shall extend this method to other
groups, and so-called holomorphic discrete series representations. In another paper
we shall extend at least some of the above results to SL,(K ), where K is a locally
compact totally disconnected nondiscrete field.

Finally, the author wishes to express his profound thanks to his thesis
advisor, Serge Lang, under whose supervision this work was done.
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