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Let X be a real quasi-complete locally convex topological vector space. 
Let K C X be a weakly compact convex and symmetric set such that 0 GK. 

Let T be an abstract space and 5 be a a-algebra of subsets of T. A 
vector measure is a a-additive mapping m: S —* X. 

We are concerned with the question whether there exists a vector mea­
sure m: S ~ * X such that K coincides with the closed convex hull of the 
range of m, i.e. K = œ m(S) = co{m(E): E G S}. The case X = Rn was 
surveyed in [1] . 

THEOREM 1. If T is a space, S a o-algebra of subsets of T and m: S 

—* X a vector measure, then there exists a space Tva o-algebra Sx of sub­

sets of Tt and a vector measure mx\ S1 —> X such that 

co m(S) = cô W J C S J ) = ] ƒ fdm1: 0 < ƒ < I, f is St-measurable 

= {/n1(B):J?eS1} = w1(S1). 

It is worth mentioning that the equality ccTm(S) = {Jf dm: 0 < / < 1} 
does not hold, in general [3]. 

LEMMA. IfK = co m(S) and y EK, then there exists a vector measure 

mx: S —* X such that K -y — co m ^ S ) . 

In view of Theorem 1, the proof of this Lemma is not different from 
one given by Halmos in the case X = Rn (see [1]). The Lemma permits us to 
restrict our attention to sets having 0 for the center of symmetry. 

Assume that 0 is the center of symmetry of K. For any element x G 
X', the continuous dual of X, let Hx'll^ = sup{Kx', x)\: x GAT}. 
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A function 0: X' —• R is termed negative-definite if, for any collection 
x\, x2, . . . , xk of elements in X' and real numbers ot1, <x2> • • • > ak s u c^ 
that 2*= 1 a;. = 0, the inequality 

k k 

Z Z<*MXJ-X'I)<O 

holds. 
The main result is expressed in 

THEOREM 2. Let 0 be the center of symmetry ofK. There exists a 
vector measure m: S —+ X such that K = co m(S) if and only if the function 
x —> Hx'H ,̂ x E X\ is negative-definite. 

According to [2], the proof of Theorem 2 will be accomplished if we 
show that a set is a closed convex hull of the range of a vector measure if 
and only if it is a zonoform. This is the content of the last theorem. 

We interpret X' as a set of real-valued functions defined on X. Denote 
by h(X) the linear lattice of functions generated by X'. A nonnegative linear 
functional on h(X) is termed a conical measure on X. The set of all conical 
measures on X is denoted by M+(X). There is a natural (partial) order in 
M+(X), viz. for u, v E M+(X) we write u < v if and only if u(z') < v(z'), 
for every z G h(X), z > 0. 

Given u E M+(X) and x E X, we write x = r(«) and call x the resultant 
of « if (x', x) = u(x')9 for every x' E X'. 

Let w: S —• X be a vector measure, where S is a a-algebra of subsets 
of a set T. Denote by ca(S) the linear lattice of all real-valued a-additive 
measures on S. Let <£m: h(X) —•> o*(S) be the linear lattice homomorphism 
such that $m(x') = *' ° m, for every x' E X'. For every z' E h(X), let w(z') 
= $m(z') CD- Then it can easily be shown that u is a conical measure. De­
note it by u = A(m). 

THEOREM 3. Ifm:S—*Xisa vector measure, then u = AQn) is a 
conical measure such that the resultant r(v) exists for every v E M+(X) with 
v<u and 

cô m(S) = {r(v): v E M+(X)9 v < u}. 

For every conical measure u such that r(v) exists for each v E M+(X) 
with v<tU there exists a space T, a o-algebra S of subsets of T and a vector 
measure m: S —* X such that u = AQn). 
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