BULLETIN OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 81, Number 1, January 1975

ANALYSIS AND SYNTHESIS FOR THE POINT
AND UNITARY SPECTRA. 1
BY N. K. NIKOL'SKIT

Communicated by Jacob Feldman, June 4, 1974

By ‘spectral analysis and synthesis’ we mean the following: Let T be
a linear operator acting in a Banach space X and having a set of eigenvectors
and root vectors whose (closed linear) span is X. Then we ask:

(A) (“analysis”) Does every subspace of X invariant under T contain
an eigenvector of 17

(B) (“synthesis”) Is every such subspace spanned by the eigenvectors
and root vectors lying in it?

In a long paper to appear [5], the author studies problems of spectral
analysis and synthesis in connection with weighted polynomial approximation,
harmonic analysis, spectral multiplicity, and unicellularity of operators. The
present note and its sequel are an announcement without proofs of some of
the results of three sections of [5],! published earlier in part in Soviet publi-
cations (some obscure). Two extreme cases are treated: that in which the
spectrum o(7) has only one point, or only one point of accumulation; and
that in which o(T) lies in the unit circle I'=9D = {{ €C!: [¢| = 1}, and
T is in some sense close to being unitary.

The results show spectral analysis (and, a fortiori, synthesis) to depend
upon a certain sort of analytic “regularity” of either the resolvent of T or
its powers T (n > 0), some sort of “smoothness” of the operator; without
such restrictions, operators “in general position” will fail to have even a
spanning set of eigenvectors and root vectors.

Here by definition the ‘root vectors’ of T are those in

AMS (MOS) subject classifications (1970). Primary 47A10; Secondary 47Bxx,
47A20.

Key words and phrases. Spectral synthesis, weighted shift.

1Copies of the author’s fuller Russian summary may be obtained from Chandler
Davis, Department of Mathematics, University of Toronto, Toronto M5S 1A1, Canada.
The author is grateful to Chandler Davis for the present translation and editing of his
summary.

Copyright © 1975, American Mathematical Society

169



170 N. K. NIKOL 'SKIil [January

U, »1Ker((T — N)*). We will call an operator T on X ‘complete’ in case
its root vectors have closed linear span X (‘are complete in’ X).

1. Complete extensions of compact operators. It was shown by A. S.
Markus [4] that many known and some new criteria for an operator to be
complete (cf. [1]) are hereditary with respect to passage to an invariant sub-
space, so that they actually guarantee that the operator admits spectral synthe-
sis. On the other hand, H. L. Hamburger [3] had shown by an example that
a restriction of a complete compact operator may be a ‘Volterra operator’, i.e.,
may be without eigenvectors. Our first theorem says that the phenomenon
noted by Hamburger is not exceptional, that every compact operator can occur
as such a restriction.

THEOREM 1. Let T be a compact operator on the separable Banach
space X. Then there exist a space Y and an operator A on Y such that
(1) Y=X®H with H a Hilbert space; (2) AXCX, A|[X=T; (3) A is
compact and complete.

The proof relies on the following “uniqueness theorem”, which may have
independent interest.

LEMMA. Let N be an increasing positive function on [0, +) with
lim, , JA(r) = +oo. Let A.Q, Cl) denote the set of all entire functions f
for which |f €)= OQA(S1) as || —> o=. Then there exist a nonnegative
sequence {c,}, ., and a complex sequence {{,},.,, with Z, ¢, <

and lim,_, 1$,| =+eo, such that any f € A\, C') satisfying
25160 1f €,) P < +oo must be identically zero.

Note also that if it is given that ||T|| <1 or that o(T) C D, then the
same condition can be required of the extension of T constructed in Theo-
rem 1.

2. Unicellularity and algebras related to the shift. In light of Theorem 1,
we must turn to special classes of operators. For the operators treated in this
section, Question (B) comes down to the question of unicellularity; following
M. S. Brodskil, one calls an operator ‘unicellular’ if its invariant subspaces form
a chain [2].

In this section we consider weighted shifts T = SA with Te, = A\e,,,
(n>0); here {e,},., is the natural basis of the sequence space PP, and
{A, 1450 is a fixed sequence of multipliers. The operator T* is complete,
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its root vectors e, (n > 0) being complete in the appropriate space. The
possibility of spectral synthesis is equivalent in this situation to unicellularity

of T* (or, what is the same, of T ), which in turn is equivalent to the condi-
tion that the discrete chain [(e,: 0 <k <n) (=0, 1,¢++) should com-
prise all T™*-invariant subspaces.

It follows from Theorem 2 below that the property of unicellularity
(synthesis) of a weighted shift depends on rather delicate “regularity” of be-
havior of the |\, | (it is sufficient, for instance, that they be monotone de-
creasing on arithmetic progressions), and is lost if this “regularity” is slightly
disturbed (for instance, monotonicity of the [\, | on subsequences of the
natural numbers sparser than the arithmetic progressions does not suffice for
unicellularity). There are a number of concrete cases which can be expressed
as criteria for completeness of systems of analytic functions.

In proving sufficiency of tests for unicellularity of operators T = SA, it
is convenient to replace this condition (equivalent to completeness of the sys-
tem T"x (n >0) in the space /2 ={x€IP:x; =0 (0< i<k)}) by the
condition that T be ‘basic’ (that the system of T"x (n = 0) gives a basis in
1% equivalent to within normalization and linear isomorphism to the natural
basis {e,: n > k}). Under the condition r(T) = lim inf,_, |7y ** )\n_ll”"
= 0, which is necessary for unicellularity, every basic operator is unicellular.

THEOREM 2. Let T = SA be a weighted shift on 1P, 1 <p < o, gs-
sume N\, #0 (n =>0),and r(T) = 0. Then the following are equivalent:
(1) T is basic; (2) for every j =0, the space 1°(w, +dn>0> Where w, de-
notes N *** \,_,,is a Banach algebra under convolution.

To obtain the consequences stated two paragraphs earlier, one applies
the following easily verified fact: for (2) in the theorem, it is sufficient (also
necessary when p = 1, o) that

m W +j p'\1/p’'
sup —_— <o (>0),
m>0 \ k=0 | Wk+iWm—k+j (=0
where 1/p' + 1/p = 1.
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