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ABSTRACT. This is an announcement of proofs of the inter­
section conjecture of Peskine and Szpiro and, hence, also, of M. 
Auslander's zerodivisor conjecture and of an affirmative answer to 
Bass' question for any equicharacteristic local ring R. The key 
point is that if x=*xl9 • • •, xn is a system of parameters for such an 
R there exists an i£-module M (not necessarily of finite type) such 
that (x)Mj&M and for each k, 0^k<n, (xu • • • , xk)M:xk+1R= 
(*i, • • ', xk)M, i.e. M is a sort of non-Noetherian Cohen-
Macaulay module of depth n. 

0. The main results. "Ring" means commutative, associative ring with 
identity, and "local ring" means Noetherian ring with a unique maximal 
ideal. Unless otherwise indicated (R, P) denotes an «-dimensional local 
ring with maximal ideal P, and x=xl9 • • • , xn a system of parameters 
(henceforth, s.o.p.) for R. The first main result is 

THEOREM 1. Let x=xl9 • • • , xn be a system of parameters for an 
equicharacteristic local ring (R, P) of dimension n. Then there exists an 
R-module M {not necessarily of finite type) such that {x)M^M and for 
each k, 0<>k,<n, (xl9 • • • , xk)M:xk+1R={x1, • • , xk)M. 

If the conclusion of Theorem 1 holds for x, M we shall say that M is 
x-regular. 

The proof of this result is sketched in §1, and will appear in [H4]. 
(A preliminary version of [H4], which contains the proof, is available in 
the Aarhus University Preprint Series.) 

In the following corollaries of Theorem 1 the hypothesis that a ring R 
or S contain a field may be weakened to the hypothesis that each of its 
local rings, modulo nilpotents, contain a field. 

COROLLARY 1 (INTERSECTION CONJECTURE OF PESKINE AND SZPIRO). Let 

{R, P) be a local ring which contains afield, let M, N be R-modules of finite 
type, and suppose that Supp(Af0iV)={i>}. Then dim A^ïpdB M. 
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Here, dim JV= Krull dim (iÊ/Ann^N), and pd denotes projective 
dimension. 

This was proved (as were the other corollaries) by Peskine and Szpiro 
[PS] for the case of a field of characteristicp>09 for local rings essentially 
of finite type over any field, and in some other special cases, using local 
cohomology, the Frobenius functor, and M. Artin's approximation 
theorem. Our proof of Corollary 1 is new even in characteristic/? and does 
not require local cohomology nor even knowledge of the functor Ext. 
Corollaries 1 and 2 follow from Proposition 2.2 of [HI] (which uses 
Theorem 1 of [H3]) and Theorem 1 here. 

COROLLARY 2 (HOMOLOGICAL KRULL HEIGHT THEOREM). Let R-+S be a 

homomorphism of Noetherian rings, M 9*0 an R-module of finite type, / = 
Ann^ M, and let Q be a minimal prime of IS. Suppose that S contains a 
field. Then ht Q^pdR M. (Here, ht g = d i m SQ.) 

Corollary 2 is superficially stronger than Corollary 1, where N may be 
replaced by RjJ (J=AnnR N). Let S=R/J, Q=PjJ, and then Corollary 2 
specializes to Corollary 1. 

If R=^Z[XX, • • • , Xn], M=Rj(X)R, then pdRM=n and Corollary 2 
specializes to the Krull height theorem for S. 

COROLLARY 3 (M. AUSLANDER'S ZERODIVISOR CONJECTURE). Let M^O 

be a module of finite type over a local ring R which contains afield and sup­
pose that \>dR M is finite. If an element ofR is not a zerodivisor on M, then 
it is not a zerodivisor on R. 

Corollary 3 was shown in [PS] to follow from Corollary 1. 

COROLLARY 4 (BASS' QUESTION). If R is a local ring which contains a 
field, and R possesses a nonzero module of finite type and finite injective 
dimension, then R is Cohen-Macaulay. 

The argument in [PS] shows that if a class of local rings is closed under 
the operations of completion and localization at a prime and Corollary 1 
holds for rings in the class, then so does Corollary 4. Equicharacteristic 
local rings is such a class. 

1. Sketch of the proof of Theorem 1. Let (R, P) be any local ring and 
x an s.o.p. for R. If M is an jR-module, a e M, and ml9 • • • , mk+1 e M are 
such that 2&Î Xim—0, let M'= (M®Rh)\Rv, where v=(mk+1, xl9 • • • , xk), 
and let a' be the image of a under the obvious map M-+M'. We call (M', a!) 
a (first) modification of (M, a) (of type k) with respect to x. We emphasize 
that the modification always carries with it a map of pairs, (M, a}-*-
(M', a'). If 

(M0, a0)-+ • (M^ at)-+ • (Mr, ar) 
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is a sequence of successive modifications and modification maps of 
respective types kl9 • • • , kr (we usually omit the phrase "with respect to 
JC" from now on), we shall say that (Mr9 ar) is an (rth) modification of 
(M09 a0) of type k=(kl9 • • • , kr). The following lemma is quite easy but 
very important. 

LEMMA 1. Let x be an s.o.p.for a local ring R. Then the following two 
conditions are equivalent: 

(1) There exists an x-regular module over R. 
(2) For every r, if(M9 a) is an rth modification of(R9 1), then a £ (x)M. 

Let Xl9 • • • , Xn9 Yl9 - • • , YQ be indeterminates over the integers Z, 
and let £ denote the system of equations F{(X9 Y)=09 1^/^/r, where 
Fl9 • • • , Fh are elements ofZ[X9 Y]. We shall say that an s.o.p. for a local 
ring R9 say x=xi9 • • • , xn9 is constrained by £ if the equations F{(x9 7)=0, 
1^/^A, have no common solution for the indeterminates Y in R. It is 
quite easy to see 

LEMMA 2. let n and k= (kl9 • • • , kr) be given, Q^kt<n9 1 ̂ i^r. Then 
there is a system of equations £(n9 k) (in n indeterminates Xl9 • • • , Xn. 
and a number of indeterminates Yj which depends onn9k) with coefficients 
in Z such that f or every local ring R of dimension n and f or every s.o.p. 
x=xl9 • • • , xnfor R9 the following two conditions are equivalent: 

(1) For every rth modification (M9 a) of (R9 1) of type k9 a$ (x)M. 
(2) The s.o.p. x is constrained by £(«, k). 

This idea was discussed in [H2]. Next, using M. Artin's beautiful ap­
proximation theorem [A, Theorem 1.10, p. 26], Chevalley's constructa-
bility theorem, the usual devices for descent, and, in the final stages, the 
theorem of generic flatness, one can show 

LEMMA 3. Suppose that a system £ constrains every s.o.p. of every n-
dimensional local domain essentially of finite type over a field ofpositive 
characteristic. Then it constrains every s.o.p. of every n-dimensional local 
ring which contains afield of characteristic O. 

It suffices, by virtue of these lemmas, to prove Theorem 1 for character­
istic p>09 and one can reduce further to the case where R is a module-
finite extension domain of the formal power series ring #[[*i, • • • , xn]] 
(char K=p>0)9 and the extension of fraction fields is separable. Call an 
s.o.p. x for R amiable (for c) if there is an element c of R9 not nilpotent, 
such that for all k9 0^k<n9 and for all positive integers t^l9 

c((x{9 • • • , x{)R:x{+1R) c (x{9 • • • , x{)R. 
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LEMMA 4. IfR is a separable module-finite extension domain of a formal 
power series ring K[[xl9 • • • , xn]], then xl9 • • • , xn is an amiable s.o.p. 
forR. 

Then Theorem 1 reduces to the following crucial lemma, whose proof 
is so short that we give it. 

LEMMA 5. If R is a local ring of positive prime characteristic p and x 
is an amiable s.o.p. for R9 then for any rth modification (M9 a) of (R9 1), 
a $ (x)M. 

PROOF. Suppose x is amiable for c9 fix r, and assume, to the contrary, 
that a e (x)M. Choose e so that cr $ (xf, • • • , x%)R. Apply the eth 
iteration of the Frobenius functor (see [PS]) to the sequence of modi­
fications of (R, 1) which produces (M, a). The result is a sequence of 
modifications of (R9 1) with respect to the s.o.p. jc '=xf, • • • , * £ ' such 
that, if (M'9 a') is the new rth term, a' e (x')M'. But from the amiability 
condition one can easily construct, by induction on i, vertical arrows f 
in the diagram 

(*,1) —> • (M'i9 a'<) — > > (M'9 a') 

'4 4 '4 
(Rfl)-L+...JL+ (R9 ci)JL+ . ..-±+(R, c') 

so that it commutes, where/0=id^, and then since a' is in (x')M9 cr is in 
(x')R, a contradiction. Q.E.D. 
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