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In this note we announce an equivariant version of the theorem of 
Gromov [2], [3], [7] concerning the classification of smooth sections of a 
differentiable fibre bundle whose r-jets satisfy an "intrinsic differential 
inequality". The development of Gromov's theorem began with the 
Smale-Hirsch theory of immersions [8], [5], which was clarified and 
generalized by Phillips [6], Haefliger and Poenaru [4] and Gromov. 
Phillips' submersion theorem makes clear the essential role played by the 
assumption that the source manifold is nonclosed (i.e., no compact 
component meets the boundary); in fact the immersion theorem in 
positive codimension can be deduced from the submersion theorem using 
the (nonclosed) normal bundle of the source manifold in the target. 
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Preliminaries on G-fibre bundles. Throughout this paper G denotes a 
compact Lie group. A G-manifold is a differentiable (C00) manifold X 
together with a differentiable action of G on X. Let X be a G-manifold and 
p:E -* X a (locally trivial) differentiable fibre bundle. If there is a 
differentiable action of G on E such that each g e G operates as a bundle 
map over the given map g:X -> X, then we say that p\E -• X is a 
(differentiable) G-fibre bundle (when p has a specified Lie structure group, 
bundle maps are understood to be induced by principal bundle maps). 
For example, the projection/? : X x Y -> X from a product of G-manifolds 
with the diagonal action is equivariant, and G acts as a group of bundle 
maps if we consider/? a trivial fibre bundle with structure group G. 

A differentiable G-fibre bundle p : E -> X is called G-locally trivial if for 
each xeX there is a Gx-invariant neighbourhood Ux of x (Gx is the 
isotropy subgroup of x) such that/? | Ux is differentiably G^-equivarianily 
equivalent to the trivial Gx-fibre bundle Ux x p~1{x). G-local triviality 
allows us to work equivariantly in local coordinates. Though differentiable 
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G-fibre bundles are not in general G-locally trivial, we do have the follow­
ing theorem [1]. 

THEOREM 1. Letp:E -> X be a differentiatie G-fibre bundle with either 
Lie structure group or compact fibre. Thenp is G-locally trivial. 

G-manifolds with nonclosed orbit bundles. Let X be a G-manifold and 
(H) an orbit type of X; i.e., the conjugacy class of the isotropy subgroup H 
of a point in X. The union X(H) of all orbits of type (H) is a G-invariant 
differentiate submanifold of X. We call X{H) an orbit bundle of X since 
it is in a canonical way a right fibre bundle with the orbits of type (H) as 
fibres. 

We recall (see Wasserman [9, pp. 144-150]) that a G-manifold possesses 
an invariant decomposition into bundles of handles over orbits, just as a 
manifold possesses a handle decomposition. Let Gx be an orbit in the 
G-manifold X, and let V, W be Riemannian G-vector bundles over Gx. 
The bundle 

D(V)®D(W) = {{x,y)eV®W\ \\x\\ ^ h\\y\\ ^ 1} 

is called a handle bundle with index = dim V. Suppose Z, Y are invariant 
submanifolds of X, and cp :S(V) © D(W) -• dZ is an equivariant embed­
ding, where 

S(V)®D(W) = {(x9y)eV®W\ \\x\\ = l9\\y\\ ^ 1}. 

If Y arises from the disjoint union of Z and D(V) © D(W) by identifying 
each p e S(V) © D(W) with cp(p) e <3Z, then we say Y is obtained by 
"attaching the handle bundle D(V) © D(W) to Z via S(V) © D(W)" 
(here and elsewhere we ignore problems of rounding corners). 

Recall (Phillips [6, pp. 176-177]) that a manifold is nonclosed if and 
only if it possesses a handle decomposition with no handles of index equal 
to the dimension of the manifold. In the hypotheses of Gromov's theorem 
the base of the fibre bundle is nonclosed, and the transverse discs of the 
handles in a decomposition with no handles of top index give room to 
make deformations inside the handles needed to prove the theorem. In the 
case of G-manifolds, though a handle bundle over an orbit may not be of 
top index, the action of the isotropy subgroup of a point in the orbit on 
the transverse disc of the fibre over that point imposes symmetry conditions 
restricting our freedom to make equivariant deformations. But if all orbit 
bundles of a G-manifold are nonclosed, there is a handle bundle 
decomposition which recovers this freedom. 

We say that a handle bundle D{V) © D{W) (over an orbit Gx) with 
attaching bundle S(V) © D(W) is good if the fibre Wx of W s G x Gx Wx 
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over a point x on the orbit Gx has a one-dimensional subspace on which 
the isotropy subgroup Gx acts trivially. 

Let X be a G-manifold and {(Hj) \j e J} the orbit types of X. We 
denote by XHj the fixed point set of Hj9 and by XiHj) the saturation 
G • XHj oîXHj. An invariant component of X is the inverse image under the 
quotient map X -> X/G, of a component of the orbit space X/G. For 
each j e J let {Xf | i e I(j)} be the invariant components of X(Hj); the Xj 
are closed subspaces of X. We partially order {X{\ ie I(j),je J} by 
inclusion. The minimal elements of this partially ordered set are precisely 
the (topologically) closed invariant components of the orbit bundles 
X(H) of X (so are invariant submanifolds of X). 

THEOREM 2. The following conditions are equivalent'. 
(a) All minimal elements of the partially ordered set {Xj} are nonclosed. 
(b) All orbit bundles X(H) of X are nonclosed. 
(c) There is a decomposition ofX into good handle bundles. 

The main theorem. We consider a G-locally trivial differentiable G-fibre 
bundle p:E -* X which is naturally associated to the differentiable 
structure of the G-manifold X in the following sense. Let @G(X) be the 
pseudogroup of G-diffeomorphisms between invariant open subsets of X. 
We assume there is an extension of $)G{X) to Q)G{E)\ i.e. a map 
# : ^ G ( X ) -> Q)G(E) such that: 

1. If (ƒ: U -> V)e <3G(X), then <£(ƒ) is an equivariant diffeomorphism 
p-\U)->p-\V)2Lnàpo<l>{f)=fop\p-\u). 

2. 0>(id(£/)) = id(p-\U)). 
3. <I>( ƒ o g) = <!>(ƒ) o ®(g) when f o g is defined. 

We assume, moreover, that the extension $ is continuous in the sense that 
for every invariant open subset U of X, <D : 9i//G{ U) -• ®«//G(/T x( U)) is 
continuous (in the C00 topology), where ^ / / G ( U) is the group of equi­
variant diffeomorphisms from U onto itself. Examples are the trivial 
bundle E = X x 7, where X and Y are G-manifolds, with the "trivial" 
extension O given by <D(ƒ)(x, >>) = (ƒ(*), j ) , and the tangent bundle TX 
of a G-manifold X, with the actions of G and ^ G (X) on the total space 
given by the differentials of the actions on X. 

Let pr\Er -• X be the bundle of r-jets of p. Then pr is naturally a 
differentiable G-fibre bundle. Let Er

G £ £ r be the G-invariant subspace 
(not subbundle) of Er comprising r-jets of "equivariant local sections" of 
p; i.e. equivariant sections defined on invariant open subsets of X, and let 
pG be the restriction of pr to EG. 

The extension <b:Q)G(X) -> @G(E) naturally induces an extension 
<&r\@G{X) -> @G{Er) as follows. Let ( ƒ : # - • V)e@G{X) and 9 be a 
germ of section of p at x e U. Then \jt = <£(ƒ) o cpo f~x is a germ of 
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section at f(x), and we define Q>r( f\jr
xq>) = j}^- Note that EG is invariant 

under the action of @G(X) via the induced extension Q>r. 
Now the r-jet map induces a continuous map jr'.TG(p) -* ^G(pG) fr°m 

the space of C00 equivariant sections of p (with the C00 topology) to the 
subspace TG{pG) <= r£(/?0 of continuous equivariant sections of pr (with 
the C° topology) whose images lie in EG. 

Finally let Eœ be an open G-subbundle of Er which is invariant under 
the action of 2G(X\ and let TG J^p) a TG(p) be the subspace of equi­
variant sections f:X-+E such that jrf{x)eEr

(a for all xeX. Let 
EG « = EG n Eœ and/?'G w = /?r | EG w. We see that/induces a continuous 
m a p / : r - ^ ) - > r g ( ^ J . 

THEOREM 3. If X satisfies the conditions of Theorem 2, then 

is a weak homotopy equivalence. 

REMARKS ON PROOF. The theorem is first proved for a disc bundle over 
an orbit. Then suppose that Xx a X2 cz X are compact submanifolds 
of X of the same dimension as X such that X2 is obtained from Xx by 
attaching a good handle bundle. We have a commutative diagram 

rgJp\x2)^r°G(PG,m\x2) 

n 

r£ra(HXi)-^r°(rë,JXi) 
where the vertical maps are given by restriction. We prove that the 
vertical arrows are Serre fibrations, and then, by induction on the index 
of the handle bundle (again using its goodness) that if the lower arrow is a 
weak homotopy equivalence, then so is the upper. A good handle bundle 
decomposition of X gives towers of weak homotopy equivalent fibrations, 
and the theorem follows by taking inverse limits of these towers. The use of 
good handle bundles allows us to prove that II is a fibration in the same 
way as in Gromov's theorem, when G = 1. The differences in the 
remainder of the proof from the usual proofs of Gromov's theorem are 
mainly technical, arising from the facts that/>'G is not in general a bundle 
and that translation of a linear G-space is not in general equivariant. 

We remark as well that a relative version of the theorem can be proved 
at no extra cost, and that the theorem specializes to Gromov's theorem (as 
given by Poenaru [7]) when G = 1. 

Equivariant submersion and immersion theorems. Let X and Y be G-
manifolds. We consider the trivial G-fibre bundle p:E = X x Y -* X 
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with the trivial extension <b\@G(X) -» <2)G(E). Let E^ be the open G- and 
^G(X)-invariant subbundle of E1 consisting of 1-jets of maximal rank. 

If dim X ^ dim Y, then TGco(p) = SubG(X, 7), the space of equivariant 
submersions of X into Y with the C00 topology, and TG(pG(0) = 
Maxg(TX, TY), the space of equivariant bundle maps F:TX U TY 
which have maximal rank on each fibre, and such that for each x e X, 
Fx | T(Gx)x is given by the differential of the map gx -> gf(x) of Gx onto 
Gf{x) (where ƒ : X -* 7 is the map induced by F ). The main theorem gives 
an equivariant version of Phillips' theorem [6] : 

THEOREM 4. If X satisfies the conditions of Theorem 2, then the differen­
tial d:$ubG(X, Y) -* MaxG(TX, TY) is a weak homotopy equivalence. 

We now assume that dim X < dim Y and that X may be a closed 
G-manifold. Let Imm G ( I , Y) be the space of equivariant immersions 
X -+ Y, and R%(TX, TY) the space of bundle maps F: TX -> TY which 
are injective on each fibre and, as above, Fx \ T(Gx)x is given by the 
differential of the induced map from Gx onto Gf(x). Using the notation 
preceding Theorem 2 : 

THEOREM 5. If the dimension of the fixed point set of Hj in each minimal 
element X{ is strictly less than the dimension of each component of YHj, 
then the differential induces a weak homotopy equivalence d :lmmG(X, Y) -> 
R&TX, TY). 

The hypotheses on X ensure that the total space E of the normal 
bundle v of an equivariant immersion of X in Y has a good handle bundle 
decomposition. Except for a technical difficulty in showing that restriction 
to the zero section gives a fibration Maxg(TE, TY) -• R%tV(TX, TY), 
where R%tV(TX9 TY) a R%{TX, TY) is the subspace of bundle mono-
morphisms with complementary bundle v, the immersion theorem follows 
from the submersion theorem as in Phillips [6, Theorem 8.4, p. 196]. 
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