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Let E be a Banach space. We consider systems of the form
L Lyl=y+4Ay=f (F) Fyl=c

where y e €Y((a, b, E), f€ é([a, b, E), Ac%([a,b), L(E)), F e L[%(a,b],
E), E] and ¢ € E. When the system has one and only one solution, for any
fe¥€(a,b]l,E) and c € E, we show that it has a Green function, that is,
a function G:[a,b] x [a,b] = L(E, E") such that ye%"([a,b],E) is
the solution of L[y] = f and F[y] = 0if and only if y(t) = [% G(z, 5)f(s) ds.
We exhibit the relations between G, 4 and F. (F) is called a lateral condition;
initial conditions and boundary conditions are particular instances of
lateral conditions. The construction of G uses a Riemann-Stieltjes integral
representation for F, given in §1.

1. Analytic preliminaries. We consider always vector spaces over the
complex field C, but all results are valid for real vector spaces.

1. Given an interval [a, b] of the real line, a division of [a, b] is a finite
sequence ditg=a<t; <---<t,=b. We write |d|=n and Ad =
sup{lt; — t;_4|li=1,2,...,|d|}; D denotes the set of all divisions of
[a, b].

2. Let X, Y be Banach spaces; given a:[a,b] - L(X, Y) and de D we
define

14|
SV,la] = sup {
i=1
and SV [a] = sup{SV,[a]ld € D}.
We say that « is of bounded semivariation, and we write
a € SV((a,b], L(X, Y)),
if SV[a] < oo (see for instance [D] and [B-K)).

PROPOSITION 1. Given o€ SV([a, b], L(X, Y)) and fe€€([a,b), X), there
exists F,[ ] = [odo(t) f(t) = limygo )i [a(ty) — a(t;- )] f (&) € Y, where
Gielti—y, b, i=1,2,...,d. We have |F,[f]l < SV[]lfIl and hence

i) — ol 1)l

x€X,Ixl < 1 }
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F,e L[%([a, b, X), Y] with |F,| < SV[«].

ExampLE 1. If Y = C then SV([a,b], L(X, C)) = BV([a, b], X') where
BV([a, b], X') is the space of functions a:[a,b] - X' that are of bounded
variation, that is, such that V[a] = sup{V;[a]ld € D} < co where

||
Vilo] = _Z,l lloe(ts) — oelt;— o)lI

= sup{

By BNVO([a, b], X’) we denote the space of all functions o € BV([a, b], X")
such thgt a(a) = 0 and a(t+) = a(t) for t € Ja, b[. Endowed with the norm
V[a], BVy([a, b], X’) is a Banach space. We write

BVy((a, b)) = BVq([a, b, C).
In the usual way one proves the following

THEOREM 2 (RIEsz). €([a,b], X) = BNVO([a, b], X'); i.e., the mapping
o€ BVy([a,b], X') » F,e€(a,b], X) is a linear isometry (ie., |F,| =
Vo)) of the first Banach space onto the second.

ExampLE 2. If X = C we have SV([q,b], L(C, Y)) = BW((a,b],Y),
where BW([a, b], Y) is the space of functions «:[a,b] —» Y that are of
weak bounded variation, that is, W[a] = sup{W,[a]ld € D} < co where

ld|

_Zl xpolt) = alt;— 1))

x;e X, lx,] £ 1}.

1|
W] = SUP{ ’=Zl Aot — ot~ )]

iiec, M’;' é l}

DEerINITION. Let Z be a Banach space;
BW,([a, b], Z') = {we BW([a, b], Z')|z o . € BV,([a, b]) for every z€ Z}.
Endowed with the norm W([a], BT/VO([a, b], Z') is a Banach space.
THEOREM 3. L[#([a, b]), Z'] =~ BW,

ae BW,([a, b], Z) » F, e L[%((a, b)), Z']

is a linear isometry (that is ||F,)| = W{a]) of the first Banach space onto
the second (for ¢ € €((a, b]) we define F,[¢] = (5 ¢(t) da(t)).

3. Let X and Z be Banach spaces and o:[a,b] — L(X, Z'). Given
xeX and zeZ we define a(x):[a,b] » Z' and (zoa)(x):[a, b] - C by
{z, a(x)(6)y = <z, a(t)x) and (z o a)(x)(t) = <z, a(t)x).

We have

BV([a,b], L(X, Z")) = SV([a,b], L(X, Z')) = BW([a,b], L(X, Z"))
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and we define
SVo((a, b], L(X, Z')
= {aeSV([a,b], L(X, Z))(z°x)(x) € BNVO([a, b])forall xe X and ze Z}.

Endowed with the norm SV[a], ST/O([a, b], L(X, Z")) is a Banach space.
The following theorem is an extension of Riesz’ representation theorems
(Theorems 2 and 3):

THEOREM 4. Let X and Z be Banach spaces. The mapping
ae SVy([a, b], L(X, Z) » F,e L[%((a,b], X), Z']

is a linear isometry (i.e. |F,| = SV[a]) from the first Banach space onto
the second (see for instance [B-K, Satz 117).

COROLLARY. Let X and Y be Banach spaces. For every
FeL[%([a,b], X), Y]

there is one and only one ozeSNVO([a, bl, L(X, Y")) such that F = F,; we
write ap = o.

4. In what follows we extend the preceding results to locally convex
topological vector spaces (LCTVS). We do not use these extended results
in this paper.

Let X and Y be LCTVS; we denote by P and Q the set of all continuous
seminorms defined on X and Y, respectively. Given a:[a, b] - L(X, Y),
pe P, geQ and d e D, we define

ld|
SV palod = SUP{CI{; [a(t;) — alt;— )] - xi:l

xieX’ p(xi) é 1}

and SV, [a] = sup{SV, ,[allde D}. We write aeSV, ((a,b], L(X,Y))
if SV, ,[a] < oo. We say that a is of bounded semivariation, and we write
o€ SV([a, b], L(X, Y)),iffor every g € Q thereisa p € Psuch that SV, [«] <
co; that is SV([a,b], L(X, Y)) = eeolUperSVq,p([a: bL, L(X, V).

PROPOSITION 1. Let X and Y be LCTVS, Y sequentially complete.
Given aeSV([a,b],L(X,Y)) and fe€([a,bl,Y) there exists F[f] =
IZ do(t)- f(t) = limygg Zgﬂl foty) — olt;— )] - f(E:) € Y, where &; € [, 1,t;).
We have F,e L[4([a,b], X), Y].

If Y = C we get SU(a, b], L(X, C)) = BV([a, b], X') where BV([a, b], X)
is the space of functions «:[a, b] = X' that are of bounded variation, i.e.,

BV((a,b], X) = (J,ep BV,([a, b], X"); BV,([a, b], X’) denotes the space of
functions «:[a, b] = X’ such that V,[«] < oo, where
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V,[a] = sup{V,,[«]ld D}
and

ld]

Vpala]l = SUP{ _Zl {xgy a(ty) — alt;— 1))

By B?o([a, b], X') we denote the space of all functions a € BV([a, b], X')
such that x e a € BVy([a, b]) for all x € X.
Using the classical Riesz theorem (Theorem 2) we prove

THEOREM 2'. €([a, b, X) =~ B%([a, b], X'); i.e., the mapping
o€ BV,((a, b], X’) » F, € %(a, b], XY
is an isomorphism of the first vector space onto the second.

Let X and Z be LCTVS, Z bornological; by Z, we denote its topological
dual endowed with the strong topology. We define SV;([a, b], L(X, Z})) =
{ae SV([a, b], L(X, Z)))z o o€ BV,((a, b], X") for all ze Z}.

Using Theorem 2’ we prove

THEOREM 4'. Let X and Z be LCTVS, Z bornological. The mapping
o€ SVy([a, b), L(X, Z))) » F, € L[%(a, b], X), Z]

is an isomorphism of the first vector space onto the second.

X; € Xa p(xi) é l}

Endowing the spaces above with their natural structure of LCTVS the
algebraic isomorphisms in Theorems 2’ and 4’ become homeomorphisms.

2. The Green function. 1. Given the differential operator L defined in
the introduction we denote by R, its resolvent, i.e., for every s e [a, b, R
is the solution Re%"([a,b], L(E)) of dR/dt + A°R =0 such that
R(s) = I (identical automorphism of E). We write R(t, s) = R(t), where
te[a,b].

THEOREM 5. The solution of L[y] = f, y(s) = c is given by y(t) =
R(t, s)c + (L R(t, 0)f(0) da. (See, for instance, [B] or [C].)

2. Given Fe L[%4([a,b], E), E] and se€ [a, b], for every x € E we define
F[R,]x = F[R], hence F[R;]€ L(E). It is easy to show that F[R,] =
jﬁ,’ do(t) o R(t, s), where o = ap. We write J, = J(s) = F[R,] = F,[R(t, s)].

The following theorem is easy to prove:

THEOREM 6. The following properties are equivalent :

(1) For every fe%(a,b),E) and c € E, the system L[yl = f, F[yl = ¢
has one and only one solution y € '*([a, b], E).

(2) For every c € E the system L[y] = 0, F[y] = c has one and only one
solution y € €V([a, b], E).
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(3) The mapping y € {ue ¢V ([a,b], E)IL[u] = 0} » F[y]€E is an iso-
morphism of the first space onto the second.

(4) For every se[a, b] we have J;, = F[R,] € Aut(E).

(5) There is an s € [a, b] such that J,e Aut(E).

From now on we suppose that the equivalent properties of Theorem 6
are verified.

It is immediate that

(1) For every t, s € [a, b] we have R(t,s) = J(t)"* o J(s).

2 EJ@®™" = I

(3) dJ(@®)~Y/dt = A(t) o J(®)"* = 0.

Using (3) one can prove that

(4) For every f e 4([a, b], E) there exist the following integrals and we

have
b T
J da(T)OJ(I)_l[J J(s)f(s) ds}

= Jb [Jb da(t)e J(1)~ 1] J(s)f(s) ds.

THEOREM 7. If the properties of Theorem 6 are verified then
ye€"(a,b), E)
is the solution of the system L[y] = f, F[y] = c if and only if

(G) y@) = J@) e + qu G(t,s)f(s)ds

where

G(t,s) = J(@t) Lo [fs dop(t)o J(1)™! — Y(s — t)IE] o J(s)

J(t)~! € L(E") being the bitranspose of J(t)"' e L(E) and Y the Heaveside
Sfunction. We have

(i) G(t,s)e L(E, E");

(ii) G(s+,s) — G(s—,s) = Ig for every sela, b ;

(iii) G(t,b) = 0; G(a,a) = —Igand G(t,a) =0 fora <t < b;

(iv) for every fixed s€[a,b], G is a continuous function of t, for t # s;

(V) for every fixed te[a,b] and every x € E, the function s€la,b[
G(t,s) " x € Ej g gy Is continuous on the right;

(vi) the function G with these properties is unique.

SKETCH OF THE PROOF. If y € #¥)([a, b], E) is the solution of the system
L[y] = f, F[y] = ¢ by Theorem 5 and (1) we have
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y6) = R, 030 + | "RG, 9)/(s) ds
= J(1)~ 1J(t)y(t) + J(1)~ 1 [Jw J(s)f(s)ds — f J(s)f(s) ds].

Applying F and using (2), the corollary of Theorem 4 and (4), one proves
that

b S b
¢ = JO)y() — f [ f da(z)oJ(z)-l]J(s)f(s)ds+ j J(5)f(s) ds,

from which (G) follows easily. Properties (i) to (v) follow from the expression
for G and the proof of (vi) uses Theorem 8 below.

3. Extensions of Theorem 7. Theorem 7 may be adapted to the case in
which the system L[y] = f, F[y] = 0 has one and only one solution for
every fe%4([a,b), E). In this case J; ! :E, = F[¢"([a, b], E)] - E is con-
tinuous if and only if E, is a closed subspace of E.

THEOREM 8. The system L[y] = f, F[y] = c where fe€ L,([a,b], E) has
one and only one solution y € L"([a, b], E), given by (G) (but now the integral
is defined by continuous extension of (G) from ¥([a, b, E) to L,([a, b], E)).

THEOREM 9. If the system L[y] = f, F[y] = ¢, has one and only one
solution ye €V([a,b],E) for every fe%([a,bl,E) and ¢€E, where
F e L[%Y([a, b), E), E], then we can reduce it to a system L[ y] = f,F[y] = ¢
that has also one and only one solution, where F € L[€([a, b], E), E]. F and
c are given by

F[y] = F‘,[y(a) - f'A(s)y(s) ds] and c=¢ - F‘,[ j 169 ds].

a

The preceding results may be extended to systems of the form
L[y] = Ao(A1yy + By=f, Flyl=c

where A, 4,, Be ¥([a, b], L(E)) and A,, A, are invertible at every point
te[a,b]. In this case ye D;, = {ue é((a,b], E)|Aue €Y ((a,b], E)}; D, is
endowed with the norm [[ul|'“’ = sup[|lull, |(4,u)|]] and F € L[D,, E].

ADDED IN PROOF. The results of this paper may also be extended to
half-open and open intervals, to the case where 4 € LY (a, b[, L(E)) and
F takes values in a Banach space different from E. The proofs will appear
in [H].
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