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1. Introduction. The purpose of this note is to announce several 
results (to appear in [4] and [5]) on the spherical principal series for a 
semisimple Lie group G. Our main result gives a complete determination 
of the composition series for the case when G has split rank 1. We also 
give explicit formulas for the intertwining operators for the spherical 
principal series (for arbitrary rank) and thereby have explicit formulas 
for parts of the corresponding generalized c-functions. Using the inter­
twining operators we determine which parts of the composition series 
of a spherical principal series representation are unitarizable in the case 
when G has split rank 1. 

Except for §5, we exclude the case where G = SL(2, R) from the state­
ment of our theorems. For the analogous discussions for G = SL(2, R) 
see Gelfand, Graev, Vilenkin [1] or Sally [9]. 

2. Notation and spherical harmonics. Let G be a real, connected, semi-
simple, Lie group with finite center. Let G = KAN be an Iwasawa decom­
position of G and let M and M' denote respectively the centralizer and 
normalizer of A in K. Then W = M'/M is the Weyl group of G/K. Let 
cj, I, a, m, and n be respectively the Lie algebras of G,K9A,M and N. 
If gf e G then g = k(g)exp(H(g))n(g) where k(g) G K, H(g) e a and n(g) e N 
and k(g\ H(g) and n(g) are unique. 

Let a* be the dual of o and a£ its complexification. If y G a* — {0} then 
y is called a restricted root if gy = {X G Q | [HX~\ = y(H)X for all H e a} 
is not {0}. Let my = dim $y and let A denote the set of restricted roots. Then 
9 = ZyeA 9y + m + a. We have an ordering on A such that if A+ is the 
set of positive roots then n = £«eA+£<*• Let JV be the Lie group corre­
sponding to n = £aeA+ 9_a. Let 2p = X«eA9maa. 

If X G a£ we can define a character on MAN by sending x = man -• xx 

= eMioga) 0 n B = G/MAN = K/M, we fix the unique X-invariant 
measure db such that j B db = 1. 

Let Hx be the set of all measurable functions f:G -> C such that 
(1) f(gx) = x~xf(g) if xe MAN; and, 
(2) \B\f{bfdb<K. 
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Let 7TA denote the action of G on Hx induced by left translation. If Xk 

is the space of X-finite elements of Hx then the elements of Xx are actually 
analytic functions on G. nx thus induces an action of (7(g) (the complexified 
universal enveloping algebra of g) on Xk. 

Let £ denote the set of equivalence classes of irreducible finite-dimen­
sional representations of K, and if n:K -» GL(V) is a representation of 
K let VM = {v€ V | n(m)v = v for all meM}. Fix, for yeK,{nv Vy)ey. 
LetK0 = {ye&\vy *(0)}. 

Suppose dim a = 1. Then g = g_2a © g_a © m © a © ga © g2a where 
m2a is either 0, 1, 3 or 7. We assume that n =g a©g2 a- Then 
2p = (ma + 2m2a)a. 

THEOREM 2.1 (KOSTANT [7]). As a representation ofK, 

X° ^Xx^ £ Vy 
ye£0 

(= means equivalent). 
In particular, each irreducible subrepresentation of K occurs exactly 

once. 

There is a natural parametrization of R0 for each G which is given 
as follows: 

(1) If m2ot = 0, K0 may be identified with the nonnegative integers. 
(2) If m2ot = 1, £ 0 may be identified with the set {(m, fc) | fc and m are 

integers, |fc| ^ m and m — fc is even}. 
(3) If m2a = 3 or 7, £ 0 may be identified with the set {(m, k) | fc and 

m are nonnegative integers and m — kis even}. 
We will identify R0 with the sets defined in (1), (2), (3). 
If A G a£, A = Axa where Ax e C We abuse notation and set X1 = A. 

Let if G a such that <x(H) = 1. 

THEOREM 2.2. We may select a basis {ey \ y e fc0} of (X°)M such that 
(1) If m2a = 0, 

nAH)em = — [ K + m - 1)(A -f m)em+l 

ma + Zm — l 
+ m(X + 1 - m - m j ^ - ! ] . 

(2) 7 / m 2 a = l , 

nx(H)em,k = -———- [(ma + fc + m)(X + fc + m)em+1,k+1 2(ma + 2m) 

+ (m - fc)(A - m + fc - ma)em_1>k+1 

+ (m - fc + m„)(m - fc + A)em+i,k-i 

-f (fc + m)(A -m^-m- fc)em-i,fc-i]. 



1972] SPHERICAL PRINCIPAL SERIES 1055 

(3) J /m 2 a = 3, 

nx(H)emfk 

= ^ , O , O J ( m « + 2 + fc + m ) ( ^ + fc + ^m+l . fc+1 
2(ma + 2 + 2m) 

+ (m - /c)(A - m + fe - ma - 2)em_1>k+1 

+ (ma + m - fc)(m - k - 2 + A ) ^ ^ ^ 

-f (fe + m + 2)(A - m - /c - ma - 4)em_ l f fc_1]. 
(4) /ƒ m2a = 7, t/ien ma = 8 and 

nk{H)emik = [(fe + 6) (A + m + fc)(14 + m + k)em+ uk+1 

+ (fe + 6)(A - m + fc - 14)(m - fc)ew_ l t k + 1 

+ /c(A + m — k — 6)(8 + m — fe)em+i,fc-i 

4- /c(A - 20 - m - fc)(m + fc + 6)em_ 1>k_ J . 

The proof of Theorem 2.2(1), (2), (3) will appear in [5] and that of 
Theorem 2.2(4) will appear in [4]. 

3. Intertwining operators and generalized ofunctions in the rank 1 case. 
Again let dim o = 1, and let we M' such that Adw = — 1 on a. 

If y e K0, T G y and ey e (X®)M we now compute 

T(W) J T(k{n))eye-MHmdn = ca(A,yK 

or more precisely its meromorphic continuation (here we normalize 
the Haar measure on N, dn, so that §Ne~2pmm dn = 1). Recall from 
Helgason [3] that 

c02<>-Ar(A - p) 

I e-mmdn = c{i{p- A)) = 
r&A - m2a + l))T(iA)' 

where c0 = r&m a + m2a + l))2(^ + 2w-)/2 . 
We can now state our results. 

THEOREM 3.1. (1) If m2ot = 0, 

1U PJ (m„ — 1 — A + ƒ 
ea(A, m) = c(i{p - A)) [ I \ , • r 

J = I \ A H-j - 1 
( 2 ) / / m 2 a = l , 
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ca(A,(m,/c)) = c(I(p-A)) n (v2;-_2 + A j n ( 2 i _ 2 + A ) 
(3) / /m 2 „ = 3, 

<tf, («,*)) = <*(,-A)) n ( 4-27--A j fl ( 2i_2 + A ) 
(4) Ifm2a = 7, 

The proofs of Theorem 3.1(1), (2), (3) will appear in [5]; that of Theorem 
3.1(4) will appear in [4]. 

Let d(X) = 2p-xY{X - p) and e{X)~l = T${X - m2a + 1)W&). Let 
aa(A, 7) = ca(A, y)/d(X). Note that aa(/l, y) is an analytic function of X. 

REMARK. The case ma = 1 and m2ot = 0 has been done by Gelfand et al. 
[1] and Sally [9]. Here K0 is identified with all integers and 

M j - X 
ca(A,n) = c(i(X - p)) j } —— -. 

j=lA+J— 1 

Now define aa(A, n) as above. 
Let Ak : XA -» X2 p"A be the linear operator such that Ax\Xx = aa(X, y)L 

THEOREM 3.2. Suppose B:XX -+ Xv is a nonzero operator which inter­
twines nx and nv. Then either v = X or v = 2p — X. Moreover, if v = X, B 
is a scalar multiple of the identity; and ifv = 2p — X,Bisa scalar multiple 
of the operator Ax. 

Theorem 3.2 is a consequence of Theorem 2.2. Actually using results 
of Schiffmann [10], Theorem 3.1 follows from Theorem 3.2. 

If ƒ, g e X\ let (ƒ, g) = j B f{b)W) db and let (ƒ, g)x = (Axf, g). Letting 
KX(U(Q))10 = Xo we have 

THEOREM 3.3 (KOSTANT [7]) (1). If m2a = 0 and X is real and 0 S X < ma, 
( , )x defines a positive definite Hermitian inner product on XQ. Thus by 
Nelson's theorem [8] we obtain a unitary representation of G on the com­
pletion ofXo. 

(2) If m2a / 0 and X is real and m2a — 1 ^ X < ma + m2a + 1, ( , )A 

defines a positive definite Hermitian inner product on XQ and we have the 
same conclusion as above. 

REMARKS (1) Theorems 3.1 and 3.2 show that the normalization given 
by Helgason [3] for the intertwining operators is the best possible one. 
(2) If one neglects the factor c(i(X — p)) in the expression of c(X, y\ one 
obtains the quotient of two polynomials defined by Kostant [7]. 
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4. Composition series and partial intertwining operators for the rank 
1 case. Let dim a = 1. We have 

THEOREM 4.1 (1) (KOSTANT [7], HELGASON [3]). XQ = Xx if and only 
if e(À) 7e 0. nÀ is irreducible if and only if e(2p — X)e(X) # 0. 

(2) (TAKAHASHI [11]). Let m2a = 0 and X = — k where k is a nonnegative 
integer. Then %-k leaves Vk = Yj=o^j invariant, and Vk and X~k/Vk 

are irreducible. nma+k leaves Wk = Y,T=k+i Xj and Xm*+k invariant, and 
Wk and Xm*+k/Wk are irreducible. As representations, Vk ^ Xma + k/Wk and 
X~k/Vk^ Wk. Furthermore, Keryl_ f e= Vk and A_k induces a positive 
definite invariant inner product on Wk. 

(3) Let m2a = 1 and let X = — 21 where I is a nonnegative 
integer. Then n_lx leaves L2l = £m+|fc| è2iXm,k, #2/ = Zm-fc^2/*m,k> 
H2i = Zm+fc^z^m,*, H^i + H2i and X~2m invariant with L2l9 H^/L2h 

H2l/L2l and X~2l/{H2l + H2l) irreducible. rcWa + 2 + 2/ leaves U2t 
= Z^m+\k\>2l^m,k^ F 2l

 = 2^m + k> 21 ^ro,fc> F 21 = £^m-k> 2l^m,k-> F 2l + F 2l 

and Xm* + 2 + 2l invariant with U2l, F^/U^, F2l/U2l, and Xm° + 2 + 2l/(F2l + FJ ) 
irreducible. As representations, L2l ^ Xm* + 2 + 2l/(F2l + F2l), H2l/L2l 

S Fyu2l, H2l/L2l s F2l/U2l, and X^'Wlx + H2i) = U2l. Ker A.2l 

= H2i + H2i and, A-2l induces an invariant positive definite inner product 
on X~2l/(H2i + H2l). Setting Bx = T(X/2)AÀ then Bk is a meromorphic 
operator valued function and B_2l\H2l, B_2l\H2l induce nondegenerate 
invariant Hermitian products on H2l/L2l and H2l/L2l. 

These Hermitian products are positive definite if and only if I = 0. 
(4) (i) If m2a = 3 or 1 and À = — 21 with I a nonnegative integer we have 

that Wl = Y,m+kè2i^m^ Ml = Y<m-k^2i+m2l-iXm,ki and X~21 are 
invariant under n_2l wftfc Wh Ml/Wl and X~2l/Ml are irreducible. Wx 

= Zm+k>2i^m,k^i = Y,mzk>2L+mla-i
Xm,k,andXm* + 2m^ + 2lare invariant 

under nma + 2m2a + 21 
with Mh Wl/Ül and X"1**"12**21/^ irreducible. As 

representations Ml^X~2l/Ml, WJM^MJWt and Xm +2w2 +2l/Wt 
^ Wt. Ker A_2l — Mt and A_2l induces a positive definite inner product 
onX-2l/Mt. 

(ii) Again, if m2a = 3 or 1 let X = 21, I an integer 0 < 21 ^ m2a — 1. 
Let Ti = Yjm-ksm2a-i-2iXm,k' Tt is invariant and irreducible under n2l 

and X~2l/Tx is irreducible. Tt = Yjm-k>m2,-i~2iXm,k ™ invariant and 
irreducible under nma + 2m2a _ 2/ and xma + 2nt2x~2l/Ti is irreducible. As 
representations Tt ^ Xm*+ 2nt2> " 2l/ft and % £ X2lITt. Furthermore, Tx 

and all 7J possess positive definite invariant inner products. 
Using partial intertwining operators as in (3), we obtain 

THEOREM 4.2. Consider the representations of Theorem 4.1 which have 
positive definite invariant inner products. By Nelson's theorem [8], we 
obtain unitary representations of G on their respective completions. 
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5. Intertwining operators and generalized c-functions in the arbitrary 
rank case. Suppose now that dim a is arbitrary. Let A0 = {a G A | ^a <£ A}, 
and if w G M' let A°(w) = A0 n A+ n w~ X(A") and Nw = N nw~ {Nw. If 
a G A0 let ga be the rank one algebra generated by g_2a, 9-a, 9a and g2a-
Let Ga denote the corresponding analytic subgroup of G. Let K* = G* n K, 
a* = g* na and a0 = a/<a, a>. 

Set 

dJLX)= Y r«A,a 0»2-<^> 

and 

e JITl = EI r ( i K + 1 + <*> «0»)r(J(wa/2 + m2a + <A, a0»). 
aeA°(w) 

For w G M', w = sp - - • sx where each st acts as a reflection on ct. We say 
l(w) = p if the above expression is of minimal length. 

As ^-representations Xx = X° = £\,6j<0 n(y)Xy where n(y) = dimXf. 
Let Hy — n(y)Xy,Tey, and weM' and consider the operator 

T(K yM^Tjkl T(/c(n))exp-(A + p)(H(n)) dn, 

Let B(A, y, w) denote the restriction of T(X, y, w) to ff .̂ 
The results of Helgason [3] and Schiffmann [10] say that 
(1) X -• B(A, y, w) is an analytic function; and, 
(2) if w, w', w" G M' with w = w'w" and /(w) = /(w') + /(w''), B(2, y, w) 

= B(w"(A),y,w,)B(A,y,w"). 
THEOREM 5.1. (1) B(X, y, w) is an isomorphism for all yeK0 V and only 

if ew(X) 7e 0. Moreover, nx+p and nWÀ+p are equivalent. 
(2) There is a y e K0 such that B(X, y, w) is not identically 0. 
(3) Let sa be the reflection of or about the hyperplane a = 0. Let yeK0. 

Then Vy = $̂ G£« ma(y, /J)^ as a Ka representation where ma(y, j8) denotes 
the multiplicity of Vp in Vr 

Moreover, 

(i) *? = E ma(y,i?)^; 

(ii) B(X, y, sJ\mAyj)VMl = a(a(A + p)\a /?)/. 

Notes. (1) (ii) says that J3(A, y, s j diagonalizes according to the splitting 
of Vy as a representation of K*. 

(2) n«6A° det B(À9 y, s j is up to constant factor independent of X, 
Py{2p - X)/Py(X), where Py(X) is the polynomial defined in Kostant [7]. 
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