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1. Introduction. The purpose of this note is to announce several
results (to appear in [4] and [5]) on the spherical principal series for a
semisimple Lie group G. Our main result gives a complete determination
of the composition series for the case when G has split rank 1. We also
give explicit formulas for the intertwining operators for the spherical
principal series (for arbitrary rank) and thereby have explicit formulas
for parts of the corresponding generalized c-functions. Using the inter-
twining operators we determine which paris of the composition series
of a spherical principal series representation are unitarizable in the case
when G has split rank 1.

Except for §5, we exclude the case where G = SL(2, R) from the state-
ment of our theorems. For the analogous discussions for G = SL(2, R)
see Gelfand, Graev, Vilenkin [1] or Sally [9].

2. Notation and spherical harmonics. Let G be a real, connected, semi-
simple, Lie group with finite center. Let G = KAN be an Iwasawa decom-
position of G and let M and M’ denote respectively the centralizer and
normalizer of 4 in K. Then W = M'/M is the Weyl group of G/K. Let
g, £, a, m, and n be respectively the Lie algebras of G,K, A,M and N.
If ge G then g = k(g)exp(H(g))n(g) where k(g) e K, H(g)€ a and n(g)e N
and k(g), H(g) and n(g) are unique.

Let a* be the dual of a and af its complexification. If y € a* — {0} then
y is called a restricted root if g, = {X e | [HX] = y(H)X for all Hea}
is not {0}. Let m, = dim g, and let A denote the set of restricted roots. Then
g=Y,.8,+ m+ a. We have an ordering on A such that if A* is the
set of positive roots then n = Y, .1+ g,. Let N be the Lie group corre-
sponding to i = ) .+ g, Let 2p = Y, agm,a.

If /. € a¥ we can define a character on MAN by sending x = man — x*
= ¢*°e9 On B = G/MAN = K/M, we fix the unique K-invariant
measure db such that [zdb = 1.

Let H* be the set of all measurable functions f: G — C such that

(1) f(gx) = x"*f(9)if xe MAN; and,

() [g|fB)? db < .
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Let 7, denote the action of G on H* induced by left translation, If X*
is the space of K-finite elements of H” then the elements of X* are actually
analytic functions on G. =, thus induces an action of U(g) (the complexified
universal enveloping algebra of g) on X*.

Let K denote the set of equivalence classes of irreducible finite-dimen-
sional representations of K, and if n: K — GL(V) is a representation of
K let V™ = {veV|n(mw = v for all me M}. Fix, for yeK, (n,, V;) €.
Let K, = {yeK |V} # (0)}.

Suppose dima=1.Theng=g_,,Pg_.,Dm Da® g, D 9,, Where
m,, is either 0, 1, 3 or 7. We assume that n =g,® g,,. Then
2p = (mu + 2m2q)a'

THEOREM 2.1 (KOSTANT [7]). As a representation of K,

XXt YV,
yek,
(=~ means equivalent).

In particular, each irreducible subrepresentation of K occurs exactly
once.

There is a natural parametrization of K, for each G which is given
as follows:

(1) If m,, = 0, K, may be identified with the nonnegative integers.

() If my, = 1, R, may be identified with the set {(m, k) |k and m are
integers, |k| < mand m — k is even}.

(3) If my, =3 or 7, K, may be identified with the set {(m, k)|k and
m are nonnegative integers and m — k is even}.

We will identify K, with the sets defined in (1), (2), (3).

If Aeag, A =0 where A, € C. We abuse notation and set 4, = A.
Let H € a such that «(H) = 1.

THEOREM 2.2. We may select a basis {e,|y€ Ko} of (X°WM such that
(1) If m2u = Oa

n}.(H)em = —1 [(ma +m— 1)()' + m)em+1

m, + 2m
+mA+1—m-—mye,-1].
Q) If my =1,
1

m(H)ep = 2. + 2m)

[my + k +m)(A + k + meps1x+1

+m—k@—m+k—men_14+1
+ m—k+m)m—k+ Nem+1 -1
+ (k + m)(}. - My — M — k)em_l’k_._l].
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Q) If my, =3,
n).(H)em,k

= m[(ma +24+k+m@A+k+ me, e
+m—=kA—-—m+k—m,—2)e,_1 141
+my+m—k(m—k—2+ Ne,sq1-1
+k+m+2)A—m—k—my—4e,_1 1-1]

4) If my, = 7, then m, = 8 and

1
2k + 3)(14 + 2m)

ny(H)e,, = [(k+6)A+m+k)(14+m+ ke, qp+1

+k+6)A—m+k—14(m—kle,_ 1+1
+k(A+m—k—6)8+m—kle,q1-1
+k(A—20—m—k)(m+k+6)e,_q4-1].
The proof of Theorem 2.2(1), (2), (3) will appear in [S] and that of
Theorem 2.2(4) will appear in [4].

3. Intertwining operators and generalized c-functions in the rank 1 case.
Again let dim a = 1, and let we M’ such that 4dw = —1 on a.
Ifye Ky, teyand e, e (X?)” we now compute

(W) J t(k(@))e,e” * ™ di = c (4, y)e,
N

or more precisely its meromorphic continuation (here we normalize
the Haar measure on N, di, so that [ye™2##® dp = 1). Recall from
Helgason [3] that

co2’ ' T(A — p)
TG — my, + DIIGAY

j e MH® din = c(i(p — ) =

N

where ¢ = T(G(m, + my, + 1))20m+2m2
We can now state our results.

THEOREM 3.1. (1) If m,, =0,

m A
A, m) = cli(p — A) D (TT,‘-T“)

(2) IfmZOt = 1’
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02 fm, + 2j — A\ mibi2 (m + 25 — A

A, (m, k) = - A —_— =)

il (m ) = clip = 2) T} ( 2H) I (21._2H>
() If my, = 3,

o mB/2 () —2— 2\ MHR2 (Dj 4 +4— )
s (m ) = ctitp = 2) " (—47—> il (——ZJ—_TH—>
@) If my, =17,

o m=R/2 () — 2j — 14 mFRI2 (20 4 2j — ]
ca(l,(m,k))~c(l(p /1)) jl;[1 <8—2]—ﬁ,> jl:[l <2‘]—2+A>

The proofs of Theorem 3.1(1), (2), (3) will appear in [5]; that of Theorem
3.1(4) will appear in [4].

Let dA) =2°""T(A — p) and e(d)” ! = TG — my, + 1)IGA). Let
a2, 7) = ¢, (4, v)/d(A). Note that a,(4, y) is an analytic function of A.

REMARK. The case m, = 1 and m,, = 0 has been done by Gelfand et al.
[1] and Sally [9]. Here K, is identified with all integers and

a(A' n)_c(l(}'—p))ﬁi_i_] 1

Now define a,(4, n) as above.
Let A,: X* — X?#~* be the linear operator such that A,

xi = a (A, ).

THEOREM 3.2. Suppose B: X* — X" is a nonzero operator which inter-
twines n, and 7,. Then either v = A or v = 2p — A. Moreover, if v= A, B
is a scalar multiple of the identity; and if v = 2p — A, B is a scalar multiple
of the operator A,.

Theorem 3.2 is a consequence of Theorem 2.2. Actually using results
of Schiffmann [10], Theorem 3.1 follows from Theorem 3.2.

If f, ge X% let (f, g) = [ f(b)g(b) db and let (£, g), = (4, f, g). Letting
n,(U(g)1, = X§ we have

THEOREM 3.3 (KOSTANT [7])(1). If m,, = Oand Aisreal and 0 £ A < my,,
(, ), defines a positive definite Hermitian inner product on X}. Thus by
Nelson’s theorem [8] we obtain a unitary representation of G on the com-
pletion of X3.

2) If my, #0 and 2 is real and my, — 1 S A<my,+my, + 1, (, ),
defines a positive definite Hermitian inner product on X§ and we have the
same conclusion as above.

REMARKS (1) Theorems 3.1 and 3.2 show that the normalization given
by Helgason [3] for the intertwining operators is the best possible one.
(2) If one neglects the factor c(i(A — p)) in the expression of c¢(4, y), one
obtains the quotient of two polynomials defined by Kostant [7].
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4. Composition series and partial intertwining operators for the rank
1 case. Let dim a = 1. We have

THeOREM 4.1 (1) (KosTANT [7], HELGASON [3]). X4 = X* if and only
if e(A) # 0. m, is irreducible if and only if e(2p — A)e(A) # 0.

(2) (TAkAHASHI [11]). Let m,, = 0 and A = —k where k is a nonnegative
integer. Then m_, leaves V, = Y%_, X; invariant, and V, and X%V,
are irreducible. m,,, ., leaves W, =Y %, X; and X™** invariant, and
W, and X™ **/W, are irreducible. As representatlons V, = X™ /W, and
X%V, = W,. Furthermore, Ker A_, =V, and A_, induces a positive
definite invariant inner product on W,.

(3) Let my,=1 and let A= —2l where | is a nonnegative
integer. Then n_y leaves Ly =Y maiig <21t Xmpo Hat = Yom-k <21 Xomios
H3 =Y k<2 Xmp H3i + Hy and X~ invariant with L,, H3,/L,,,
H3;/L, and X */(H3j + Hy) irreducible. m, 4,4, leaves Uy
= Zm+|k|>2!ka’ F2l Zm+k>21 ka, F3 = Zm k>21 kaa th + Fy
and X™*2* 2 inpariant with Uy, F /U, F31/U 1, and X™ *2¥2Y(F5,+ F})
irreducible. As representations, L, =~ X™***2Y(F3 + F3), H3 /Ly
& F}/Uy, Hy/Ly = F3/Uy, and X~ %/(H3 + Hy) = Uy, KerA_y
= Hj + Hj and, A_,, induces an invariant positive definite inner product
on X~ %/(H3, + H3). Setting B, = I'(A/2)A;, then B, is a meromorphic
operator valued function and B_,, | H3,, B_, | Hy induce nondegenerate
invariant Hermitian products on H3,/L,, and H3,/L,,.

These Hermitian products are positive definite if and only if | = 0

4) () If my, =3 or 7 and A = — 2l with | a nonnegative integer we have
that Wy =Y mik<uXmp Mi=m k<214mn—1 Xmp and X% are
invariant under m_,, with W, M,/W, and X~ %/M, are irreducible. W,
= Zm+k>2!Xm k> M, = Zm —k>21+my, ~1X o and X™ *2me * 2 gre invariant
under T, s+ am,, +2 With M,, W,/M, and X™ "t 2 W jrreducible. As
representations M, =~ X~ */M,, W/M,= M/ W, and X" T2 *2 W},
=~ W,. Ker A_,; = M, and A_,, induces a positive definite inner product
on X~ ¥/M,.

(ii) Again, if my, =3 or 7 let A =2l | an integer 0 < 21 < m,, — 1.
Let TT=>pm-k<my-1-2 Xy T is invariant and irreducible under Ty
and X~ 2T, is irreducible. T, =Y \_ismy. —1-21 Xmy is invariant and
irreducible under T, iy, —y and X™*2™="2YT s irreducible. As
representations T, = X™* 2™ “2UT, and T, =~ X*/T,. Furthermore, T,
and all T, possess positive definite invariant inner products.

Using partial intertwining operators as in (3), we obtain

THEOREM 4.2. Consider the representations of Theorem 4.1 which have
positive definite invariant inner products. By Nelson's theorem [8], we
obtain unitary representations of G on their respective completions.
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S. Intertwining operators and generalized c-functions in the arbitrary
rank case. Suppose now that dim a is arbitrary. Let A° = {a € A |Ja ¢ A},
and f we M’ let A°(w) = A°nA*nw YA )and N, = Nnw !Nw. If
a e A° let g* be the rank one algebra generated by g_,,, §_,, 8, and g,,.
Let G* denote the corresponding analytic subgroup of G. Let K* = G* n K,
a* = g* naand oy = a/{a, o).

Set
d,(4) = Z LA, )2~ oo
acA%(w)
and
e, = T] T@m, + 1+ (A ad)TGEmM/2 + my, + <4, %))

aeA%(w)
For we M', w = 5, -+ 5; where each s; acts as a reflection on a. We say
I(w) = p if the above expression is of minimal length.
As K-representations X* = X% =Y ¢ n(y)X, where n(y) = dim X}’.
Let H, = n(y)X,,t€y, and we M’ and consider the operator

_(w)
d(A) 5.,
T(A,y,w): HY - HY.

Let B(4,y, w) denote the restriction of T(4,7, w) to H).

The results of Helgason [3] and Schiffmann [10] say that

(1) A > B(4,y,w) is an analytic function; and,

(2) if w, w, weM with w=w'w" and l(w) = [(w') + I(w"), B, 7, w)
= Bw"(4), y, w)B(4, y, w").

THEOREM 5.1. (1) B(4,y, w) is an isomorphism for all y€ K, if and only
if e, (4) # 0. Moreover, n;,, and m,,; ., are equivalent.

(2) There is a y€ K, such that B(4,y,w) is not identically 0.

(3) Let s, be the reflection of or about the hyperplane o = 0. Let y€ K.
Then V, = Y 4.ks my(y, B)V; as a K* representation where m,(y, p) denotes
the multiplicity of Vyin V,.

T(4, 7, w) t(k(@))exp—(4 + p)(H(n)) dn,

Moreover,
@) ny” = /;Z::e" my(y, ﬁ)V’,}‘“,
(ll) B()'a Vs Sa),ml(v,ﬁ)VMﬁ = a(a(ﬂ' + p)'a ﬂ)I

Notes. (1) (ii) says that B(4, y, s,) diagonalizes according to the spliiting
of V, as a representation of K*.

(2) Jlueao det B4, y,s,) is up to constant factor independent of A,
P.(2p — A)/P(A), where P,(4) is the polynomial defined in Kostant [7].
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