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Introduction. Let ® be an algebraically closed field of characteristic
»>3. In addition to the finite dimensional classical simple Lie alge-
bras [12] over ® a number of families of finite dimensional non-
classical simple Lie algebras over & have been discovered [1]-[3],
[5]-[9], [13]. Until recently no general connection has been known
between these algebras and any family of Lie algebras over fields of
characteristic 0.

Recently Kostrikin and Shafarevitch [11] have given a unified
construction of all known finite dimensional nonclassical simple
restricted Lie algebras over ®. These algebras are obtained as the
analogues in prime characteristic of the simple infinite Lie algebras
of Cartan type over C.

We give here a generalization of the Kostrikin-Shafarevitch con-
struction which gives all known finite dimensional nonclassical simple
(not necessarily restricted) Lie algebras over ®, as well as some which
are new.?

I. Definition of Lie algebras of Cartan type. The infinite Lie alge-
bras of Cartan type are certain Lie algebras over C which arise in the
study of pseudogroups [10], [15]. They are characterized by the
following conditions:

(1) L has a decreasing filtration L=L_1DLDLD - - -.

(2) NL;=(0).

3) [Li, Lj]SL;y; for —1 =<4, j (where L_y=L).

(4) If x&L; and x& L;y; for some 220 then there exists yE L such
that [xy] € L..

(5) dim L_;/Lo< .

(6) dim L= .

1 These results are contained in the author’s doctoral dissertation written under the
guidance of Professor G. B. Seligman at Yale University. The author was a National
Science Foundation Graduate Fellow at Yale.

2 Added in proof. In a recent paper (Graded Lie algebras of finite characteristic, 1zv.
Akad. Nauk SSSR Ser. Mat. 30 (1969), 251-322) Kostrikin and Shafarevitch have
also studied the nonrestricted case and have obtained results which substantially
overlap those of this paper.
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The simple infinite Lie algebras of Cartan type over C have been
determined [4], [10], [15]. They are:

W(m) = Der C[[x1, - - -, #m]], m=1.
S(m) = {DEWm)| Do=0,0=dxs A\ - - - \Ndom}, m=2.

V(2r) = {D EW(2r)| Do =0,0 = f_‘,dx;/\ dx,~+,} , r=2.

=1

RQ2r+1) = {DE‘W(Zr-I— 1) | Do = ww, u € C[xy, - - -, #2r14]],

w = dx2,+1 + Z x.-dx.;H. - x#,.dx;} y r ; 1.
=1

(The action of a derivation D on the algebra D of differential forms
is that of the Lie derivative [16, p. 92]. Thus D is the exterior algebra
on {dx;, - - +,dxn} over C[[xy, - - -, xm]], df = D (8f/3x:)dx:, D(df)
=d(Df), D(fw) = (Df)w+f(Dw), and D(wAn) =Dw/A\n+wADy for all
fecC[x, - -+, xn]] and all w and nED.)

We now consider certain Z-subalgebras of these algebras. Define
A(m) = {a: {1, <., m}—->Z|oz(i) =0 for 1§i§m}. Define ¢;E A (m)
by €:;(j) = 8;;. For a, BE A (m) define

al = IT ()", (Z) -1 (;Z;)

Ial = Za(i).

Let @(m)=C[[x1, - - + , %m]]. For a €A (m) define x== [[x®/a(:)!
€a(m). Set a(m)={2 a.x%|a.E2Z}Ca(m) where the summa-
tion extends over all aEA(m) and infinite sums are allowed.
Then @(m) is a Z-subalgebra of @(m). Set W(m)=Der @(m)
= { D fi(0/9x.) !f.-eé(m), 1<i<m}. Then W(m) is a Z-subalgebra
of W (m). Now let ® be an arbitrary field and define A(m) = @(m) @z &
and W(m) =W (m) ®2z®. Then %A (m) is an associative algebra over ®
with multiplication defined by bilinearity and

xoaf = (a + ﬂ)xaﬂ

a

and

and W(m) = { > f:D:|fi€N(m)} (where D; is the image of 3/9x;) is a
Lie algebra of derivations of A(m). The action of W(m) on A(m) is
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given by
Dxe = xoa—e

and multiplication in W(m) is given by

[D;, #D;] = (a +8— e;) pb-s Dy — (a + z - e,~> seH-4D,

a

Define $(m) =8(m)N\W(m) and S(m)=8(m) R z®. Define V(2r) and
R(2r+1) similarly. Now W(m), S(m), V(2r), and R(2r+1) are infi-
nite dimensional Lie algebras over ®. We now consider certain finite
dimensional subalgebras of them.

Define A(ny, -+ -, %)= {aEA(m)|a(i)<p"‘, lgiém} (where
characteristic ®=p). Then A(ny, - - -, #n) = (x“IaEA(nl, cee, Ny))
is a subalgebra of A(m). Hence W(n,, + - -, na) =the stabilizer in
W(m) of A(ny, - - -, nm) is a subalgebra of W(m).

Let A(m)i={ D a.2%|aa=0 unless |a| =i+1}. Then A(m) is a
topological algebra with topology defined by taking {QI(m).-IiQO}
to be a base of neighborhoods of 0. For 1 <7 < r define ;(27)
= { Ea,,x“l a.=0 if a(f) 50 for some j =i or i+r}.

Let ¢ be an automorphism of A(m). If DEW(m) then D¢ =¢ D!
is a derivation of %(m). Following Ree [13] we say that ¢ is an ad-
missible automorphism of A(m) (with respect to W(m)) if ¢ is con-
tinuous and W(m)*C W(m).

LemMMA 1. If ¢ is an admissible automorphism of N(m) then
det(Dipx%) is a unit in A(m).

DEFINITION 1. A Lie algebra L over a field ® of characteristic >0
is a Lie algebra of Cartan type if L =K'’ where K is one of the follow-
ing algebras:

(7) W(ny, - - -, nm) where 2 (pm—1)>2.

(8) Stm)*N\W(my, - - -, 1) where m=2, X (p®%—1)>3, ¢ is an
admissible automorphism of ¥(m) and ¢~ DiwaEA(ny, - - -, na) for
1 <1 =m where a=det(Dpx*).

) V@2ry*N\W(m, - - -, ny) where r=2, ¢ is an admissible auto-

morphism of A(2r), det(Dipx4)EA(ny, - - -, 7m2,) and ¢ stabilizes
A;(27) for 1 i,
(10) RQr4+1)NW(m, - - «, napyy) where r=1, p>2.

II. Simplicity of Lie algebras of Cartan type. Since the infinite Lie
algebras of Cartan type possess filtrations satisfying conditions
(1)-(6) it is not surprising that Lie algebras of Cartan type possess
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filtrations with similar properties. We use these properties to prove
the simplicity of Lie algebras of Cartan type.

DEFINITION 2. A Lie algebra L is said to be strongly filtered with
respect to M if L satisfies (1)—(5), if Ly5%(0) and if M is a subspace
of L, such that L;C [L, Liy1]4+Liya+ M for all §20.

LeMMA 2. If L is a finite dimensional Lie algebra which is strongly
Sfiltered with respect to M and M™ = (0) then L™ is simple.

THEOREM 1. Any Lie algebra of Cartan type is simple.

In view of Lemma 2 to prove Theorem 1 it is sufficient to show that
each of the algebras K in (7)-(10) is strongly filtered with respect to
a subspace M such that M® =(0). This is done separately for each
of the four cases.

I11. Identification of known algebras.

THEOREM 2. If ® is an algebraically closed field of characteristic p> 3
then every known finite dimensional nonclassical simple Lie algebra over
® is of Cartan type.

We prove this by a case by case analysis of the known algebras
(those listed in [14, pp. 105-110]). In the course of the proof we
obtain the following complete classification of the generalized Witt
algebras [13].

CoROLLARY. If ® is an algebraically closed field of characteristic
p>0 then any generalized Wilt algebra over ® is isomorphic to some
Wn, >y m). If W(ng, + « +, Ba) W (rs, - - -, 7,) then m=s and
ni=r,u for 1 Si<m where o is a permutation of 1, - - -, m.

IV. New simple Lie algebras. Computation shows that if #+350
(mod p) and n= Zn.- then RQ2r+1)N\W(ny, « - -, #2r41) is a simple
Lie algebra of dimension p*. If > 3 its derivation algebra has dimen-
sion p*+n—(2r+1). By comparing these dimensions with those for
the known simple Lie algebras we prove

THEOREM 3. If p> 3, n+3#0 (mod p), n>m =3 where m is an odd
integer and m #=p*+s for any integer s then R(m)NMW(ny, - - -, Bm) s
a new simple Lie algebra.
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