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Introduction. In this note we derive properties of the semigroup of
iterates of an analytic mapping of several complex variables from
general results on equicontinuous flows on locally compact metric
spaces. These results are summarized in Theorems 1, 2, 3 and 4, the
proofs of which are given by the present author elsewhere [1]. The
main object of this note is Theorem 5.

Let T: X—X be a continuous mapping of X into itself. We indicate
by (X, T) the flow defined by the semigroup §=[T*; n=0, 1, - - - ]
of iterates of 7', where T°=identity mapping I, 7'=T and Im=t»
=TmTr=T"T» Given x&X, 0f = {yEX|y=T"(x) for some non-
negative integer n} is the positive semiorbit of x; 0] is the closure in
X of 0] and the set of w-limit points of x denoted by w(x) is the set
of limit points in X of 0F. A nonempty closed subset EC X is said to
be minimal under T if xEE=0; =E.

REesuLTs. In all the following we assume that X is a locally compact
metric space and that the semigroup $ is an equicontinuous sequence
of functions on X.

THEOREM 1. If the set w(x) of w-limit points of x is nonempty, then
it is minimal under T.

THEOREM 2. If the set w(x) is nonempty, then T is a homeomorphism
of w(x) onto itself and w(x) is compact.

THEOREM 3. If @=U,ecx w(x) is nonempty, then T is a homeomor-
phism of Q onto itself and Q is a closed subset of X.

THEOREM 4. If we restrict T and T! to Q, then the semigroup §*
=[T-";n=0,1, - - - ] also is equicontinuous on Q and on any compact
subset K CQ the group T'=[Tn, n=0, 1, - - - ] is relatively compact in
the topology of uniform convergence. If the sequence [T™] comverges to S
on K, then S is a homeomorphism cf K onto S(K)CQ and [T—m] con-
verges on S(K) to the inverse S—* of S.

Now we consider flows (D, T) where T is an analytic mapping and
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D is a domain in the extended complex space Cy=Cix...xCi
(N times), with N 21 and C, being the extended complex plane. T is
defined by its N components ®;(z), j=1, - - -, N and 2&ED, where
the ®,’s are analytic functions, either holomorphic or meromorphic.
However, in the meromorphic case we assume that the only singular-
ities are poles, i.e. that the ®;'s have no points of indetermination
in D.

We shall say that the flow (D, T) is normal or, equivalently, that

§=[T"] is normal if the sequence [®}; #=0, 1, - - - ] of the jth com-
ponents of members of § forms a normal family (in the sense of
Montel) of analytic functions, for every j=1, - - - n. It is known,

even in the case of several complex variables [2], that a normal
family is equicontinuous. We can thus apply the results mentioned
above to normal flows and we want to show that in this case we have
the following

THEOREM 5. Let (D, T) be a normal flow. If a sequence [T™] of iter-
ates of T converges to a nondegenerate mapping S, then

(1) the sequence [Tm+—7] converges to the identity mapping I.

(2) T is a homeomorphism of D onto itself.

(3) Sis a homeomorphism of D onto 1tself.

(4) The limit of any other convergent subsequence of [T*] is always
a homeomorphism of D onto itself; more precisely the closure § of 8 is a
compact group of such homecmorphisms.

H. Cartan [3] proved parts (1), (2) and (3) in the special case
where D is a bounded domain. His proof is based on the fact that T
is holomorphic; it cannot be extended to unbounded domains and it
cannot be used to prove part (4). Our method is essentially topological.

Proor. We recall that a mapping is said to be nondegenerate if its
Jacobian does not vanish identically on D and that by convergence of
a sequence of mappings we mean uniform convergence on compact
subsets KCD.

Since lim;,, T =S is nondegenerate the set D*CD of interior
points of S(D) is not empty. Let us choose x&D* and a sufficiently
small compact neighborhood ZCD*, xE€Z, such that S(x) =y&ED*
and S(Z)=2'CD* is a compact neighborhood which contains y.
Clearly D*CQ. Since [T™] converges to S on T and, according to
Theorem 4, [T—7] converges to S—! on Z’, we see that the sequence
[Tm+—m] converges to the identity mapping on Z. But [Tn+—%] isa
normal sequence; since it converges on an open subset of D, namely
the interior of Z, it converges everywhere on D. On the other hand,
the limit of this sequence is an analytic mapping. Since this mapping
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coincides with the identity mapping on the interior of Z, it follows
that [T%+—m] converges on D to the identity mapping and we have
proved part (1) of the theorem. Moreover, Vx&ED, lim,.,,, T%H " (x)
=x also means that xED=xECw(x). This shows that D=Q
=U,ex w(x). Hence part (2) of the theorem can be derived from
Theorem 3. Since every w(x) is a compact subset of D (Theorem 2),
it is clear that S(D) CD. According to Theorem 4, S is a local homeo-
morphism of D onto S(D); hence S(D)=D* is open in D. Further-
more, since each w(x) is a minimal set (Theorem 1), it readily follows
that S(D) is dense in D. Consequently, the convergence of [T-] on
S(D) to S can be extended to all of D and S-'(D)=D. This proves
part (3) of the theorem. Finally, let us assume that there exists a se-
quence [77:] which converges to a degenerate mapping Q. Because
of the compactness of every w(x), Q(D) CD. But now Q(D) is a closed
nowhere dense subset of D. Let us then choose x & Q(D) and consider
lim;,, T7(x) =yEQ(D). Clearly w(y) CQ(D) and therefore x Fw(y).
But, on the other hand, we know that xEw(x) and since yEw(x) and
w(x) is minimal, we must have w(y) =w(x); hence xEw(y). This con-
tradiction shows that Q is nondegenerate and, consequently, that it
is a homeomorphism of D. This completes the proof of the theorem.

REMARK. P. Fatou [4], in his work on the iteration of rational
functions R(z) of one complex variable, conjectured that for some
domains D, called singular domains, some sequences of iterates of R
converge to homeomorphisms of D onto itself, and some others might
converge to a degenerate mapping which maps D onto a point of the
boundary of D. Part (4) of Theorem 5 shows that the conjecture is
false: on a singular domain all limits are homeomorphisms.
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