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1. Preliminaries. We shall state in this section definitions and re-
sults concerning general integral transformations, which will be
needed in the second part of the paper. The proofs of these results
can be found in [1].

Let (X, p), (¥, v) be two o-finite measure spaces, ¢ and ¢ be mea-
surable, positive almost everywhere functions on X and Y, such that
Jx¢(x)du(x) = [v¢¥(y)dv(y) =1 and denote by px and py the translation
invariant metrics defined for measurable, finite a.e. complex valued
functions on X and Y by the formulas

e
() = fx T To T @
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or(v) = fy m"’(ﬁ’)dl’(ﬁ’)-

The spaces I and N of all measurable finite a.e. functions on X and
Y respectively, when provided with metrics px and py become com-
plete linear metric spaces. The topologies induced by these metrics
are equivalent to topologies of convergence in measure on all subsets
of finite measure.

If K(x, y) is a measurable, complex valued function defined on
X X7, then the proper domain of the corresponding integral trans-
formation K is defined by

Dx = {uewz: (K[ %])0)
@
= [ 1K )| ) < = .o}

and for u& Dk the integral transformation K: MN—N is given by
® K6 = [ K pu@ine).
x

K is nonsingular if there exists a function #& Dgk such that #>0a.e.
From now on we suppose that K is nonsingular. If 4 is a linear metric
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space continuously contained in 9 then K is called A-semiregular
(4-s.r.) if (1) DxMNA4 is dense in 4, (ii) the mapping K: AN Dg—N
is continuous if ANDg is provided with the metric of 4. If K is
A-s.r. then it can be extended to the whole of 4 as a continuous trans-
formation which we denote by K4. 4 is an FL subspace of I if 4
is a complete linear metric space continuously contained in I and
uCA, &M, |v(x)| < Iu(x)l a.e. imply that v& 4.
Define for every fEM

@ Bx(f) = px(f) + sup{pr(Kg): g € Dx, | g(@) | = |f(@)] ace.}.

PRroPOSITION 1. (i) x s @ complete metric on I; (ii) the closure Dx
of Dk in M with the metric pr is an FL subspace of M; (iii) the trans-
formation K: Dg—N is continuous if Dk is provided with the metric pk.

ReEMARK. I provided with the metric x is in general only a com-
plete additive group and not a linear metric space.

(ii), (iii) of Proposition 1 imply that K is © s.r. The corresponding
extension K& is denoted by K. Dx is referred to as the extended
domain of K.

TaEOREM 1. If A is an FL subspace of IN such that K is A-s.r. then
A is continuously contained in Ox and K 4 is the restriction of K to A.

In this paper we are interested in the special case when X =Y =R},
p=v is the Lebesgue measure and K(x, y) =F(x, y) = (2m)~V2%e~ i ig
the kernel corresponding to the Fourier transform. Clearly Dg
=L(R*). As concerns g the following proposition is known

PROPOSITION 2. If uE g then uE L2 (RY) and for every a>0 the

quantity

) (n+1)a 2-11/2
® e =[ = (S Huta) ]
s finite.

Theorem 1 implies that L'(R!)+4L2(R')CHg; the existence of
functions satisfying the condition in Proposition 2, which are not in
L4 L2 follows from the following elementary remark.

REMARK. A nonnegative function # belongs to L L2 iff min(x, 1)
€L? and u—min(u, 1)EL.

The function u=n if n<x=n-+1/42 n=1,2, - - -, and #=0 else-
where is not in L'+ L? and ||u|; is finite. It follows from the Proposi-
tion 3 below that |||, is finite for every a>0.
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We shall prove in the next section that the condition in Proposition
2 is actually necessary and sufficient in order that # E9g. In particu-
lar this disproves the conjecture raised in [1] that Dg=IL1+L>2.

2. The extended domain of Fourier transform. Denote by £% the
set of all functions % in L}, for which |4/, is finite and let £®
=Moo £P. Clearly || ||. is a norm on £%; it can easily be verified
that £2 is the completion of L! with this norm. The following propo-
sition shows that £% =£® for all ¢>0.

ProPOSITION 3. The norms || ||a are equivalent for a>0. More pre-
cisely, if 0<a<b and k is the smallest integer such that b/k<a then

©) @Ry |fs = [lada = 2072 u]s
for all u& L™,

Proor. Denote by k, the integers such that k.a <nb = (k.+1)a,
n=1, 2, .- - -. The second estimate in (6) is obtained by adding the
inequalities

kn+1 (H1)a 2
S ([ 1ula)
I=lopt-1 la
knt1—1 (I+1)a 2
=2 ([l ae)
I=k,+1 la
(n+1)b (kn+1t+1)a 2
+ [:(f + >l u dx:|
k (n+1)b

n+16

kn+1—~1 (+1a 2
< 2[ > ( f | ] dx)
I=ky+1 la
(n+1)b 2 kn+1a 2
—]—(f |u|dx)+(f luldx)]
(kp+1—1a (n+1)b

Similarly adding the inequalities

(n+1)b kat1 (o (e
f ] u|lds < Y f | | dx
nb l=k, 1/

a

we get the first estimate in (6).

In the outline of the proof above we considered only the part of the
sum in || || and || ||s corresponding to #>0; the terms with negative
indices % are taken care of by symmetry.

If uEL® and ¢ is a function of rapid decrease, ¢ <S8, then the
integral [2,u¢dx exists and ¢—[Z.updx is a distribution in 8';
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denote by 4 its Fourier transform in the sense of the theory of dis-
tributions.

PrOPOSITION 4. If uES £D then 4 Li (RY) and the mapping £
Du—AaELL, is continuous.

ProOF. Let ¢ECy[(—a, a)]: denote I,=(nr/a, ((n+1)/a)r),
n=0, +1, +2, - - -, and write

™ 2@ =u@ = % [ ubtz= 3 o

n=—0c0 I, n=—00

Integrating by parts we get

I"(;B(x)d( f ’ u(t)dt)

nw/a

L) o= () ) 2

and by Schwartz’s inequality

(NS + ) L[

Using again the Schwartz inequality we get

= lal s(2]s(20) 2>m|lullm

+ () (L[5 o) el

By Parseval’s identity the first term on the right-hand side of the last
inequality is equal to (¢/m)"%|¢|| 22a.a)||#|| r/a» the second is estimated,
using Bernstein’s inequality for entire functions of exponential type,
by the expression (am)?|$|| 2—a,a)||%||+/e» Combining this with (7)
and (8) we get

©  lawl s[(2)"+ @]l

laa| =

ax

)1/2

n

dx

which proves the proposition.
It follows from the last proposition that the integral transforma-
tion § is £®-semiregular and since £ is obviously an FL subspace
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of M we get by virtue of Theorem 1 the inclusion £? CS§5:. Together
with Proposition 2 this establishes the following

THEOREM 2. The extended domain Dg of the Fourier transform is
identical with the space £® and Su =4 for every uC L.

3. Concluding remarks. Define for 1<p < and #& Li,(RY)

[ (nt+1)a p\1/p
s = ( Z (f 7 T1ulas))

By the same argument as in Proposition 3 the norms || ||4,, can be
proved to be equivalent for all >0. An easy modification of the
proof of Proposition 4 gives, with £® denoting the space of all func-
tions % with ||u|.,, finite,

PROPOSITION 5. If 1<p =2 and 1/p+,1/p’ =1, then u&S L@ implies
uE Lf,, and the mapping LPDu—a& LE,, is continuous.

The results of this paper can be extended to n#-dimensional Fourier
transform.

REFERENCES

1. N. Aronszajn and P. Szeptycki, On general integral transformations, Math.
Ann. 163 (1966), 127-154.

THE UNIVERSITY OF KANSAS AND
L’UNIVERSITE DE MONTREAL


file:///u/dx/

