THE INDEPENDENCE OF GAME THEORY
OF UTILITY THEORY

BY BEZALEL PELEG
Communicated by J. Milnor, April 25, 1966

A theory of noncooperative and cooperative games, that parallels
the classical theory [1], [2] but makes no use of utility theory, is
outlined in this note.

1. Games in normal form. The following definition seems suitable
for our purpose (see, e.g., [3, § 5]).

DEeFINITION 1.1. An n-person game (in mormal form) is a system
G={N; St,.-., S XY ..., X»; RY ... Ry HY, ..., H”}
where:

(1.1) N is a set of » members (the players of G), and for each :EN:

(1.2) Stis a nonempty set (the set of sirategies of player 7).

(1.3) X‘is a nonempty set (the set of outcomes for player 7).

(1.4) RiICX*XX‘ (the preference relation of player 7).

(1.5) H'is a function whose domain is the set S=S'X - .- XS
and whose range is X (the payoff function of player 7).

If5&8,5=(4, - - -, 35"), and s°E.S¢, we denote:
(16) §| st = (§17 Tty Ei_l; siy §i+1’ Ty §n)

DEFINITION 1.2. Let G={N; S%, - - -, S*; X!, - - -, X" R}, - - -,
R, HY, - - -, H"} be an n-person game. &S is an equilibrium point
for G if for each 1EN:

@a.mn (Hi(3| %), Hi(5)) € Ré, for all s' E S,
This is Nash’s definition [2] adjusted to our case.
2. Finite, noncooperative games. Let
G:{N;Sl,...,Sn;Xl’...,Xn;Rl’...’Rn;Hl’...’Hn}

be an n-person game. G is finite if St is finite for all ¢EN. The mixed
extension of! G is the n-person game

G: {N;Sl, .. .,S";Xl, .« .’Xn;Rl, .. .,Rﬂ;ﬁl, .« . .’g"}’
where:
2.1) ¥ =,

1 In what follows we assume that G is finite.
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and for each 1€ N:

(2.2) 8iis the set of all probability distributions on Si (the mixed
strategies of player 7).

(2.3) ZXiis a set of probability distributions on X7, specifically the
range of Hi (see (2.5)).

(2.4) RiCXixZXé; and

(2.5) Hiis a function which assigns to each s&€5=381% - - . XS~
a probability distribution on X¢, where the probability of
Hi(st, - - -, s") according to Hi(s) is

ID DI YRR AT
{s1:H' (s)=H" (2))
forall s=(st, - - -, s")ES.
It is clear that each of the sets S, - - -, §», or X1, - - -, X" can be
considered as a subset of a suitable euclidean space; this assumption
will be made from now on.

THEOREM 2.1. If for each iEN:
(2.6) The relation Réis acyclic (see [1, p. 591]);
(2.7) Riis open (in the relative topology of XiX Xi);
(2.8) ifx, v 3EX, 02a=1, and ay+(1—a)zsEX then:
(2.8.1) if (x,y) E R and (x, 2) ERi then (x, ay+(1 —a)2) ER?; and
(2.8.2) if (v, x) ERi and (3, x) E R then (ay+(1—a)z, x) E R,
then G has an equilibrium point.

We shall need the following result [4] in the proof of Theorem 2.1.

THEOREM 2.2. If for each $ES and for each iEN a binary relation

Z(3) is defined on S* such that:

(2.9)  Zi(3) is acyclic.

(2.10) if st, sLESE then {5: (sh, s EZi(3)} is open (in the relative
topology of S); and

(2.11) +f siES¢ and 5i(st) =0 then there exists mo sy&S* such that
(s SHEZ(S),

then there exists $0& S such that Z(3,) = & for all iEN.

ProoF oF THEOREM 2.1. For each $&S and for each i{EN we
define a binary relation Zi(5) on S¢ by:
(2.12) (5%, sHEZIE) = (A(s|sh), Ais|sh)ERT and  i(sh) >0.

The validity of (2.9), (2.10) and (2.11) for Zi(5) follows from (2.6),
(2.7) and (2.12). By Theorem 2.2 there exists §&S such that
Zi(30) = for all t&EN. We claim that $§, is an equilibrium point for
G. Let iEN. If 5(s) >0 then
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(I:?i(.?o] s;.), ﬁ‘(.?ol s;;)) ¢ R’ forall s;; - s’
Hence, by (2.8.2), (fli(§0| si), Hi(so s;))QERi for all i€ 8%, Since

By = ¥ S0l Gl
(4550 s 1> 0}
it follows from (2.8.1) that (H(s|s%), Hi(50)) & R for all $&8i. This
completes the proof.
We remark that the classical case, where:
(2.13) each of the relations Riis derived from a complete transitive
relation Ri CXixXXi by:
(2.13.1) Ri={(x,9): (% €ER and (y 2) & K}; and

(2.14) there exists a real function (a utility) u¢ defined on X* which
satisfies:

(2.14.1) ui(2) = %i(y) © (x,y) € Ri; and

(2.14.2) wi(ax + (1 — @)y) = awi(x) +I(1 — )ui(y), forallx,y € Xi
and for all 0=a =1 such that ax+(1 —a)yeX,

is contained in our result. To see that the inclusion is strict, consider

the following example:
ExamPLE 2.3. Let X be the simplex

{a:a=(a1, a2 0%, a1=0, 6320, a5 20 and a1 + a2+ as = 1}.

Define a relation R by:

!
as

> .
a1+ 22+ as af + 20d + af

There exists no utility function on X which represents R in the sense
of (2.14), while the relation R, derived from R by (2.13.1) satisfies
(2.6), (2.7) and (2.8). (This example is a modification of an example
of R. J. Aumann.)

We plan also to discuss the nonclassical approaches to utility theory

5], [3].

3. Two-person zero-sum games. In this section we use our nota-
tion to formulate some well-known properties of two-person zero-
sum games (see, e.g., [6, Chapter 4]). Let G={ {1, 2}; S, S%; X, X?;
R, R?; HY, H2} be a two-person game.

DEerINITION 3.1. G is zero-sum if:

(3.1) (H(s), H'(s2)) € R' < (H(s9), H%(s1)) € R?, foralls;,s: € S.

(2.15) (¢,d) ERe
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We remark that if both? R! and R? are complete orders then every
pair of equilibrium points s, and s, for G are equivalent, i.e., (H'(s1),
H?(s,)) = (H(s3), H%(s5)), and interchangeable, i.e., (si, s2) and (s}, s3)
are also equilibrium points [6, p. 106].

4. Cooperative games. An important step towards the liberation
of the theory of cooperative games from utility theory was made in
[7]. Pushing it further we define:

DEFINITION 4.1. An n-person game in characieristic function form
is a system G= {N; Xy ..., X" R, ---,Rm; v} where:

(4.1) N is a set with » members (the players of G).

(4.2) for each tEN, X‘ is a nonempty set (the set of payoffs for
player 7).

(4.3) for eachs&EN, RiC XX X (the preference relation of player 7).

(4.4) visafunction which assigns to each subset SCN asetv(S) CX

=X1X - - XX~ (the characteristic function).
A “dominance relation” can now be defined on X:
DEFINITION 4.2. Let x=(x', - - -, x") and y=(y!, - - -, y") belong
to X. x dominates y via a subset SCN if:
4.5) x € 9(S); and
4.6 (2%, y) € R* foralli & S.

It is now possible to define solutions [1], the core [8, p. 1], ¥-
stable pairs [6, Chapter 10] and bargaining sets [9] of a game in a
characteristic function form. Some other notions, such as value [10]
and kernel [11], might be more difficult to generalize, but still can
be defined for restricted classes of cooperative games.

5. Remarks.

REMARK 5.1. It is possible to define games in extensive form within
the framework of our suggested approach (see, e.g., [6, p. 44]). The
normal form can be obtained from the extensive form, and the char-
acteristic function form from the normal form, as in the classical
theory.

REMARK 5.2. The generalization of our definitions to games with
infinite number of players [12], [13] is straightforward. Actually,
our definitions 4.1 and 4.2 are contained, at least implicitly, in the
above references.

2 By (3.1) it is sufficient to assume that R! (or R?) is a complete order.
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