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1. Introduction. Dieudonné [5] determined the normal subgroups 
of GL(n, A) for an (even noncommutative) field, A, and Klingenberg 
recently showed [7; 8] that Dieudonné's result, suitably formulated, 
survives without surprises for A any local ring. The results described 
here constitute the beginnings of a global theory. The information 
they yield on SL(w, Z), combined with a rather formidable cohomo-
logical calculation, is the basis of the proof in [3 ] that every subgroup 
of finite index in SL(w, Z), w ^ 3 , contains a congruence subgroup. 

This material, the details of which will appear in [ l ] , is based on 
the algebraic X-theory described in [4]. The topological intuition 
thereby afforded intervenes via the space, X, of maximal ideals of a 
commutative ring, A. Thus, our results on GL(n, A) are effective 
only if n is sufficiently large compared with dim X, i.e. only if n is in 
the stable range. If A is semi-local this is no restriction, X being then 
finite. If A~Z then dim X = l . For general A we must let n go to 
infinity (stabilize) (§2). While the Dieudonné-Klingenberg theorem 
may fail even then, its failure is measured by certain abelian groups, 
Kl(A, q), one f or each ideal q. Whenq = 4̂ we write Kl(A) =K1(A, A). 
When dim X = 0 they reduce to something essentially trivial, and we 
recover Dieudonné-Klingenberg. 

In a joint paper with A. Heller and R. Swan [2] the homomor-
phisms K1(A)-^K1(A [t]) and K1(A)-^K1(A [/, r 1 ] ) , t an indetermin­
ate, are analyzed (see §5). Concerning the latter Atiyah has pointed 
out that our result is an analogue of Bott periodicity for the unitary 
group (see §6). 

Finally, various of these results yield information (§7) on J. H. C. 
Whitehead's groups of simple homotopy types [9], results which ex­
tend some earlier work of G. Higman [ó]. 

2. Stable structure theorem. For a ring A, E(n, A) denotes the 
subgroup of GL(«, A) generated by all elementary matrices, i.e. 
those differing from the identity in a single, off diagonal, coordinate. 
If q is an ideal we write 

GL(w, A} q) = ker(GL(rc, A) -+ GL(n, A/<\)), 

and E(w, A, q) denotes the normal subgroup of E(n, A) generated by 
the elementary matrices in GL(#, A, q). 
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We further identify «6GL(w, A) with 

(^ ° ) G GL(n + 1, A), 

and thus write GL(A, q) = Un GL(n, 4 , q) and E ( 4 , q) = Un E(w, ^4, q). 
When q = A we abbreviate, GL(i4) =GL(Af A) and E ( 4 ) =E(i4 , -4). 

THEOREM. Let A be any ring. 
(a) For all ideals, q, 

E U , q) = [ E U ) , E(A, q)] = [GLU) , G L U , q)]. 

(b) /ƒ Ü C G L U ) is normalized by E U ) then for a unique ideal, 
q, E U , q) C i ? C G L U , q), awd ü is then (by (a)) normal in G L U ) . 

This theorem tells us that a knowledge of the normal subgroups of 
G L U ) is equivalent to a determination of the abelian groups 

K\A, q) = G L U , q ) / E U , q). 
When q = A 

K\A) = G L U ) / E U ) 

is just the commutator quotient of G L U ) . 

3. The stable range. 

THEOREM. Suppose A is an algebra, finitely generated as a module, 
over a commutative ring whose maximal ideal spectrum is a Noetherian 
space of dimension d. 

For n>d + l and for all ideals, q: 
(a) E(n, A, q) is normal in Gh(n, A), and Gh(n, A, q) 

= GL(d+l,A,q)E(n,A,q). 
Suppose n>max(d + l, 2): 
(b) E(», A, q)= [E(«, A), E(n, A, q ) ]= [E(n, A), GL(n,A, q)]for 

all ideals, q. 
(c) If H(ZGL(n, A) is normalized by E(n, A) then there is a unique 

ideal, q, such that E(n, A, q) C.H and the image of H in GL(n, A/q) 
lies in the center. 

For n^max ( 2 ( d + l ) , 3), and for all ideals, q: 
(d) E(n, A, q)= [GL(»f i l ) , GL(», 4 , q)]. 

There are some technical inadequacies in this theorem, and one 
fundamental deficiency, which is best described by considering the 
homomorphisms, 

GL(n, A, q)/E(», A, q) £ GL(n + 1, 4 , q)/E(» + 1, A, q). 

These define a direct system of eventually abelian groups whose limit 
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is K1 (A, q). Part (a) says fn is surjective for n^d+1, and topological 
considerations suggest the 

CONJECTURE. fn is injective for n>d+2. The affirmation of this 
conjecture, which would have a number of important applications, 
constitutes, when A is a division algebra, the essential part of Dieu-
donné's theory of noncommutative determinants [5]. 

4. Finiteness theorems. 

THEOREM. Let 2 be a semi-simple, finite-dimensional algebra over Q 
with q simple factors, and suppose R®QE has r simple factors. If A is 
an order in 2 and q an ideal in A, then ker(K l(A, q)—>Kl(li)) is finite, 
and KX(A, q) is a finitely generated abelian group of rank Sr — q, with 
equality when A/c\ is finite. 

THEOREM. Suppose 2 above is simple, and let SL(n, A) denote the 
elements of reduced norm one in GL(n, A). Then center SL(n, A) 
= center E(n, A) is finite. Moreover: 

(a) For n^3 a normal subgroup of E(n, A) is either finite (and 
central), or of finite index. 

(b) For all sufficiently large n the same is true of Sh(n, A). 

REMARKS. 1. The theorem of §3 applies to A here with d = 1. Hence, 
the conjecture there alleges that n^3 suffices in (b) above. 

2. For A = Z , SL(n, Z) = E(n, Z), since Z is euclidean. 

5. Polynomial and related extensions. The results announced here 
are from a joint paper with A. Heller and R. Swan, [2]. 

For any ring A we denote the Grothendieck group of finitely gen­
erated projective right ^-modules by K°(A). 

THEOREM. Let A be a ring and t an indeterminate. There are natural 
split exact sequences, 

Q->Uo-> Kl(A [t]) -> Kl(A) -> 0 

and 

0-+U-* Kl(A [t, r 1 ] ) -> K°(A) ® Kl(A) -» 0. 

Here U denotes the image of matrices of the form l + (^±1--l)a:, with a 
nilpotent over A. 

We call A right regular if A is right Noetherian and if every finitely 
generated right A -module has a finite projective resolution. By the 
Syzygy Theorem regularity of A is inherited by A [t], and hence also 
by its ring of quotients, A [t, tr1]. 
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THEOREM. If A is right regular then all unipotents in GL(^4) are 
trivial in Kl(A), 

COROLLARY, If A is right regular and tu • • • , tn are indeterminates 
then K*(A [tu • • • , tn])=Ki(A)y i = 0, 1. (For i = 0 this result is due 
to Grothendieck.) 

COROLLARY. Let ir be a free abelian group of rank n> and let A be a 
right regular ring. Then 

K*(Ar) = K*(A), and K}(AT) = K\A)n + K\A). 

6. Relation to Bott's theorem. Let X be a finite CW-complex, and 
let A = C(X), the ring of complex continuous functions on X. If 
t:XXS1-^C sends (x, z) to z we have A[t, t~l]CC(XXSl). Let 
(^4*)° denote the group of functions X—»C* homotopic to a constant. 

THEOREM. There is a commutative diagram, 

0 0 0 

4" 4' 4* 

o-> u -> u e (4*)° -> (A*y -s-o 
4* 4* 4* 

o -» u e £°(4) -* Kiu [t, r1]) -» £*U) -»• o 
4' 41 4* 

o -» K*(X) -> jr-'cx x s1) -» jr-x(x) -» o 
4» 4» 4-

0 0 0 

with exact rows and columns. 

The middle row here comes from the theorem of §5. Exactness of 
the bottom row is the unitary periodicity theorem. The ideas of the 
recent proof of Atiyah-Bott can be used to derive the latter from the 
former. 

7. Groups of simple homotopy types. If w is a group, we write 
Wh(7r) = K1(ZT)/±W, meaning K}(Zir) reduced modulo the image of 
±7 rCGL( l , Z 7 T ) C G L ( Z X ) . J. H. C. Whitehead's simple homotopy 
types [9] are topological invariants which live in these groups. From 
§4 we have: 

THEOREM. Let w be a finite group with q irreducible rational repre­
sentations and r irreducible real representations. Then Wh(7r) is a 
finitely generated abelian group of rank r — q. 
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I t is known (Artin, Witt) that q is the number of conjugacy classes 
of cyclic subgroups, and r is the number of ~ classes, where a~b in 
7T means a is conjugate to b±l. 

EXAMPLES. 1. For w finite abelian r — qt=$w has exponent 4 or 6. 
C. Higman has shown [ó] that Wh(7r) = 0 if [w: l ] ^ 4 . Using the re­
sult of [3] one can show Wh(7r) = 0 for w of type (2, 2, • • • ). 

2. If Q is a splitting field for ir then r = q. This case includes the 
symmetric groups, r = q also for the quaternion group. 

3. If ir = Z/nZ then q is the number of divisors of n, and r = [n/2] 

+ 1. 
From §6 we have: 

THEOREM. If w is free abelian Wh(7r) = 0. 
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