A NONHOMOGENEOUS MINIMAL SET
E. E. FLOYD

1. Introduction. In this note we consider the following question:
does there exist a compact minimal set which is of dimension 0 at some
of its points and of positive dimension at others? We answer the question
in the affirmative by constructing a compact plane set X and a homeo-
morphism T of X onto X such that X is minimal with respect to T
(that is, contains no proper closed subset ¥ with 7(¥)CY) and such
that X possesses the desired property. As a result, there exist non-
homogeneous minimal sets.

An outline of the procedure is as follows. A compact, totally dis-
connected subset 4 of the x-axis in the plane and a homeomorphism
fof A onto 4 are defined so that 4 is minimal with respect to f. Two
real functions bo and b, are then defined on 4 with 0 Sbo(x) Sbi(x) =1.
We then let X be the set of all points (x, tbi(x)+(1—£)be(x)) for
xEA and 0=t <1, thus in effect erecting a vertical interval or a point
over each xEA4. Then T is defined so as to send the point determined
by x and ¢ into the point determined by f(x) and &.

2. The example.

DEFINITIONS. Let 4; denote the set of integers 1, - - -, 3% and let
i1 be the map from A;y; to 4; defined by mia(p) =2 mod 3¢ for
pEA;. Let A designate the limit space of the sequence (4;, miy1)
[1]. Then 4 is a compact totally disconnected metric space. Let f;
be the map from 4; onto A4; defined by fi(p) =(p+1) mod 3¢; then
mipfiri=firipa. It follows that the map defined by f(x) =f:((x;)) for
x=(x;) €4 is a homeomorphism of 4 onto 4. Moreover 4 is minimal
with respect to f for if x=(x;) €4 and y=(y;) €4, then fr=—(x) has
its first # coordinates equal to those of y.

Let x = (x;) €4 ; the points of 4;;1 mapping onto x; under ;4 are
xi+a 3% a=0, 1, 2. Define a; by x;1=x;+a;i-3% We call the sub-
sequence f1, B2, * - - of au, az, - + - consisting of all a;1 the associated
sequence for x, and define several functions of x:

Let a(x) be the number of elements in the associated sequence for x
(a(x) is either a non-negative integer or «).

Let bo(x) =0 if a(x) =0, bo(x) = (1/2) D2 B,/27 if a(x)>0.

Let bi(x) =bo(x) + 2>tz 1/21=bo(x)+1/2@ if a(x)< o, and let
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bi(x) =bo(x) if a(x) = .

Let by(x) =tbi(x)+ (1 —2)bo(x) for 0St=1.

Since A4 is a totally disconnected compact metric space, it may be
embedded in the x-axis of the plane. Let X be the set of all points
(x, bi(x)), sEA and 0=t =1. Define a transformation T of X into X

by T((x, b«(x))) = (f(x), bs(f(x)).

THEOREM. The space X is compact and of dimension 0 at some points
and of dimension 1 at the others. Furthermore T is a homeomorphism of
X onto X and X is minimal with respect to T.

ProoF. The proof will be divided into four parts.

(a) X is compact. We state the following, omitting proof: the func-
tion bo(x) is lower semi-continuous on 4 and bi(x) is upper semi-
continuous on 4. Let (x;, b;;(x;)) be an infinite sequence of points in
X. Some subsequence, which we suppose the same as the original,
converges to a point z=(x, y) of the plane. Since A is compact we
have x€A. For y&A4 let V(y) =Uo=z:=1 (3, b:(y)). By the semi-con-
tinuity statements we have lim sup V{(x:)CV(x). But (x;, be(x;))
€ V(x;) and hence z2E€ V(x) CX.

(b) X is of dimension 0 at some of its points and dimension 1 at the
others. Since A is totally disconnected, the components of X are the
sets V(x), xEA4. If a(x)= o, then V(x) is a single point and the
dimension of X at x is 0. If a(x) is finite then V(x) is a line segment
and the dimension of X at x is greater than or equal to 1. This dimen-
sion is exactly 1 since X is the subset of a product of a space of di-
mension 0 and a space of dimension 1.

(c) T isa homeomorphism of X onto X. Let x = (x;) EA. Suppose for
some M Xm15% 3™t let m be the first such integer. We say that x is of
type 1 if m=0;if m >0 we say that « is of type 2 or 3 according as am
is 0 or 1. Then:

(i) If x is of type 1, a(f(x)) =a(x), b:(f(x)) =bi(x).

(ii) If xis of type 2, a(f(x)) =a(x) —1; b(f(x)) =2bs(x) —2+1/272,

(iii) If x is of type 3, a(f(x))=a(x)+1, b:(f(x))=(1/2)b:(x)
—1/2+1/2m1,

Of the above statements we prove (ii) as typical. We then have
x = (x;) where x;=23¢for 1 Sm, Xm1=3", x:#3* for i=m-+1. The asso-
ciated sequence is then 2, - -+, 2, 0, Buy1, + + - led by (m—1) 2's.
Then

m—1

*)  bo(x) = Z 1/2i + Z B;/2it =1 — 1/2m1 4 Z 8,/2,

i=1 izm+l jzm+l

Also f(x)=(y:;) where y;=1 for 1=m, Ymp=1+3" y;=1+4=x; for
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1=m-+1. The associated sequence of f(x) is then 0, - - -, 0, Bmy1, * *
led by (m—1) 0’s and hence bo(f(x)) = D_jzms1 Bi/27. Solving this with
(*) we obtain bo(f(x)) =2bo(x) —2+1/272. Also, by inspecting the
associated sequences, it follows that ¢(f(x)) =a(x) — 1. These formulas
imply the result for b,(f(x)).

Inspection of these formulas together with consideration of the
one exceptional point shows that a(f(x)) is infinite if and only if a(x)
is infinite. Then V(f(x)) is a point if and only if V(x) is a point.
Since f is 1-1 and onto, T is then 1-1 and onto X.

The continuity of T at (x, b:(x)) follows from the formulas in case
x is one of the types; for the exceptional point continuity may be
checked directly.

(d) X is minimal with respect to T. Consider the pointx=(1,1, - - +)
€4 and the point z=(x, 0) €X. We show that z is an almost periodic
point? under 7 and that U>_., T(z) is dense in X. It will then follow
that X is minimal under 7. To show 2 almost periodic, we notice that
V(x) =z; that is, X is of dimension 0 at z. Then there exist arbitrarily
small neighborhoods U of x in 4 and V of 2z in X such that (y, b:(y))
€V if and only if y& U. But then almost periodicity of x under f
implies the almost periodicity of z under 7.

Let w=(y, bi(y)) EX where y=(y;)EA. We must now define a
sequence (k,) of integers with T*u(z)—w. Since bo(y) Sb:(y) £b:(y),
it follows from the definitions that the associated sequence
(ﬁ,«]j:l, - -+, a(y)) may be extended by addition of elements to
obtain a sequence (Bjij=1, -+, ®), each B; either 0 or 2, such
that b,(y) = Z;f_l Bi/2i+1, Define a; by yip1=v:+a;-3% Let n>0; let
m be the number of elements in oy, - + -, ota—y Which are not 1. Let
y;=y; for j=n, Ynise1=Yn4sFBmijs1- 3" for 0Sj<n—1, and y;=y;,
for j=2n. By construction, ¥ =(y/) is a point of 4. Since from
some point on the coordinates of y™ are identical, then k,=yj,—1
has the property that fi(x) =y®™. The associated sequence of y™ is
B, B% sy Byt Bm-i-m 0, - - - and hence bO(y(")) = Z;n:i” 61'/2“-1'
Then y™—y and bo(y™)—b:(y) as » increases. Then T*s(z)=(y™,
bo(¥™)) which converges to w as # increases. This completes the
proof.

REMARK. Let P be a topological space and let g be a homeo-
morphism from P onto itself. Then a point pEP is said to be regu-
larly almost periodic if and only if for each neighborhood V of p
there exists a positive integer k such that the closure of U, g»(p)

2 The point 2 is said to be almost periodic under T if to e >0 there corresponds a
positive integer IV such that in every set of IV consecutive integers appears an integer
n with p(z, T7(z) <e.
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is contained in V. An example has been given by Garcia and Hedlund
[2] of a minimal set some of whose points are regularly almost peri-
odic while others are not. The example of the preceding theorem also
has this property. It is easily verified that each point of 4 is regu-
larly almost periodic with respect to f; it follows that points of X at
which the dimension is 0 are also regularly almost periodic. All points
of X, however, are not regularly almost periodic, for otherwise a
theorem of Garcia and Hedlund [2] would give us that T hasequi-
continuous powers, which is false.

BIBLIOGRAPHY

1. H. Freudenthal, Entwicklungen von Riumen und ihren Gruppen, Compositio
Math. vol. 4 (1937) pp. 145-234.
2. M. Garcia and G. A. Hedlund, The structure of minimal sets, Bull. Amer. Math.

Soc. vol. 54 (1948) pp. 954-964.

UNIVERSITY OF VIRGINIA



