ON MEAN VALUES
J. ACZEL

Introduction. Historical. In 1930 Kolmogoroff and Nagumo?!
proved simultaneously a fundamental theorem on mean values. In
their definition a mean value is an infinite sequence of functions:
M (1) =21, Ma(21, x2), Ma(21,%2,%3), + + + , Ma(%1, + + + ,%4), - - - . Each
function of this sequence has to satisfy the following conditions:
M.(x, -, x)=x, Mu(%, - - -, x,) must be a continuous, (strictly)
increasing (cf. §2) and symmetric function. The terms of this sequence
are connected by the “associative property”: (My= Mi(x1, * * * , %x))

Mn(xh"‘:xk, Xii1y = * *y Xn) = Mo(My, -+ -, My, Xrg1, ** * y Xn)
(k=n=1,23.--).

The theorem of Kolmogoroff and Nagumo is that these conditions are
necessary and sufficient for the existence of a continuous and (strictly)
increasing function f(x) by which the mean value can be written in
the form (f~!(x) is the inverse function of f(x)):

O Mo m = (L

)(n=1,2,3,---).

In the next year de Finetti and Bgrge Jessen? extended this theo-
rem for mean values of functions. De Finetti and Kitagawa?® consid-
ered weighted means where besides the variables x;, %3, * - -, x, also
the weights ¢1, ¢z, * +, ¢n (1+q2+ - - -+¢g.=1) were given and
gave the conditions for the possibility of writing them in the form

(2) Moy, oy @i quy e vy gn) = [ quf(®) + - - - + gaf(2n)]
(”=1»2,3"")
analogous to (1) (gi+ - -+ +g.=1).
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Conditions by which a mean value defined for one definite number
of variables can be written in the form (1) were posed first by
Aumann* for the case when M(x,, - - -, x,) is an analytic function.
His proof uses rather intricate considerations.

In §1 I intend to give necessary and sufficient conditions for
the validity of (1) for means of one definite number of variables
without supposing analyticity of M(xy, « « «, %,), only continuity
and strict monotony as before. The property which stands instead
of Kolmogoroff and Nagumo’s “associativity” will be the “bisym-
metry.” This asserts that the function of »#? variables

ll/z(xu, sty Xyttt 3 Xn1y xrm)
= M[M(211, -+, %)y ** y M(%n1, * * + , Zan) ]

does not alter if we replace x:x by xx; and vice versa.

In §2 I show that if we drop the condition of symmetry the mean
has the form (2); that is, without giving the weights we shall have
the conditions by which a nonsymmetric mean is a weighted “Kolmo-
goroff-Nagumo mean.” In §3 I try to show the importance of
the condition “bisymmetry,” for by dropping also the condition
M(x, - - -, x) =x (“reflexivity”), that is, by considering (continuous,
increasing and) bisymmetric functions [xi, - - -, x,] which are not
means any more, we shall see that they have the form

3) [#1, <+ ) %a] = FH{p1f(m0) + - - - + puf(an) + 2}

To simplify our considerations we shall confine ourselves to mean
values defined for two variables. This will mean no loss of generality.

1. Symmetric means.

DEerFINITIONS. We postulate the single-valued function of two
variables M(x, v), a<x, y<B (definitions and theorem can be ex-
tended without difficulty for open or half open intervals which can be
infinite as well), to fulfill the following conditions:

(i) Strict monotony: if x <x’ then M(x, y) <M(x’, y) and the same
for y<y';

(ii) Continuity;

4 G. Aumann, Aufbau von Mittelwerten mehrerer Argumente, 11. Analytische Mittel-
werte, Math. Ann. vol. 110 (1935).

8 For a detailed discussion in the general case of # variables for symmetric means,
cf. J. Aczél, The notion of mean values, Norske Videnskabers Selskabs Forhandlinger
vol. 19 (1946).—For special simplifications in the case n=2 see J. Aczél, On mean
values and operations defined for two variables, Norske Videnskabers Selskabs For-
handlinger vol. 20 (1947).
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(iii) Bisymmetry: Ya(%u, %12, %21, %22) = M [M (%11, %12), M(%21, %22) ]
=M[M(xurn), M(x, x2)];

(iv) Reflexivity: M(x, x) =x;

(v) Symmetry: M(x, y) =M(y, x).

(i) and (iv) imply x < M(x, ) <y if x <y (“internness”).

Generalizing (iii) we can define the “k-symmetry.” We consider
the following sequence of functions:

V%1, 22) = M(x1, %),
Va(®11, %19, K21, %29) = M [M (%11, %19), M (%21, %23) ],
ll's(xnl, %112, X121, X122, X211, X212, X221, xzzz)

= M{M[M(xm, xuz), M(xm, xm)], M[M(xzu, lez), M(xzm xznz)] } ’

...............................

({x is a function of 2* variables). M(x, y) is “k-symmetric” if ¥ does
not alter by changing variables, the indices of which are permuta-
tions of each other. By applying (iii) repeatedly we see that every
bisymmetric function is k-symmetric.

We call M(x, y) “k-symmetric in the stronger sense” if the function
¥x is symmetric in its 2* variables. We can see that every symmetric
ond bisymmetric function is k-symmetric in the stronger sense.

THEOREM. Conditions (i), (i), (iii), (iv), (V) are necessary and
sufficient for the existence of an increasing and continuous function
f(x)(@=x=B) by which M(x, y) has the form

@ M(z, y) = f! (f(x) ’;‘f(y))

The necessity of the conditions is evident. We prove the sufficiency
by constructing f(x) resp. its inverse function ¢ (x) =f~'(x). This func-
tion has to be increasing, continuous and has to satisfy the functional
equation (% =f(x), v=f(y)):

©) Mlo(), $(3)] = ¢(“ ;’ ").

We define ¢(x) for the dyadic fractions as follows:
(0 ©

$(0) =7 =a ¢(1)=rn =6

$0) =1’ =M@, o) =a, ¢1/2) =r = M(a f),

©) o(1) = & = M@, B) = 6;
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2 (k+1) &k (k)
(6) 2q+1 (1) *  (®
¢( Py ) = rog1 = M(rg , 7g41), ** * 3

¢(x) is increasing in consequence of (i).

Substituting the recursive formula (6) repeatedly in the expression
of 75*! we get finally a Yy in which only f's and o's figure as
variables. We assert that the number of B8's is exactly p. This can
be proved by induction, because it is true for 2=0, 1 and if we sup-
pose that in the ¥, representation of r the number of §'s is g,
then, for example, in 7, , = M(r®, &) this number must be 2¢g+1.
Similarly in the Yi41 of M(r®P, r¥) the number of f’s is g1+ga. And
so it follows from the “k-symmetry in the stronger sense” that
Me®, 1 PYy=M0Y, r®) if g1+ge=g{ +¢f. Especially if gi+g
=2g+s (s=0 or 1) then M(r®, r®) =rk1,.

This enables us to show that for our dyadic fractions, ¢(x) satisfies
the functional equation (5). In fact, if we consider u=g¢\/2%, v
=¢:/2" (1t+g2=2¢+s; s=0or 1) (u+v)/2=(2¢+5)/2*+,

(k)

Mo, )] = M[as(g—) #(2)] - a0, iy

M
29+ 5 U+
i) = = o (D) o (1),

As the dyadic fractions are everywhere dense in the interval (0, 1)
and ¢(x) is monotonous on this set there exists a right and a left limit
in every point of the interval (0, 1). We have to prove that they can
not be different. For suppose on the contrary y1=¢(x—0) <¢(x-+0)
=1y, then by the “internness” y, < M = M(y,, y2) <¥:and we can choose
¢ so that

(®) y1+e<M<ys—e
By (ii) there exists a & for which whenever |y,—y{ | <8, |y2—%{ | <3
9) M—e< M =Mul,)<M+e

We can choose y{ =¢(q1/2%), y4 =¢(ge/2%) with z=(g1+ge) /2% >x,

o(2) = M[o(q:1/2%), ¢(ga/2%)] = M(y{, 34)
=M <M+e<y=¢(x+0),
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by (7), (8), (9) in contradiction with the monotony of ¢(x) and thus
¢(x) is continuous. It follows immediately that ¢(x) satisfies (5) in
every point 0 =x =1 and so we constructed ¢(x) =f~1(x) and thus our
theorem is proved.

The function f(x) just constructed is not the only one which
satisfies (4). We can see immediately that every g(x) =af(x) +0b satis-
fies (4) too—but no other function. Because if

= (’i(—)i;—f—(y—)) g (5(—”—12’—@) ) =w 1) =»,

gf"‘(u +v) _ gf(u) + gf? (v).

2 2

This is Jensen's equality for the function gf-'(f), satisfied only by
gf~1(t) =at+b, g(x)=af(x)+b.5 The f(x) we constructed is deter-
mined by f(a) =0, f(B8) =1.

2. Nonsymmetric means.

THEOREM. If the function of two variables M(x, y) satisfies the fol-
lowing conditions (cf. §1) (a=x, y=P):

@i") Strict monotony;

(ii’) Continuity;

(iii") Bisymmetry;

(iv") Reflexivity,
then and only then there exists a continuous increasing function f(x) and
a real number 0 <p <1 by which M(x, y) has the form (p+g=1):

(10) M(x, y) = f[pf(x) + of ()]

The necessity of the conditions is evident. To prove the sufficiency
we construct a symmetric mean m(x, y) satisfying the conditions (i),
(i), (iii), (iv), (v) of §1 so that m(x, y) =f~'((f(x)+£(»))/2) and we
shall show that this f(x) figures in (10).

We obtain m(x, y) as the limit of the following process:

#o=min (x,y) FJo=max (%,y),
& =min [M(z, y), M(y, )], J1=max [M(x, y), M(y, %)],
(I1) o v e e ,

:2,;.,.1 =min [M(xm S’n), M(?m &n)]; 5}n+1 =max [M(xm ?")’ M(?m xﬂ)]v

----------------------------

¢ Cf. Hardy, Little wood, Pélya, Inequalities, Cambridge, 1934, p. 74.
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The sequences %, and ¥, are monotonous and bounded and so they
have limits £ =1lim,.o%n, 1=liM,.o¥.. E=7, for (from §1) M(x, y) is
k-symmetric (in the weaker sense) and thus if, for example, £ <7
£ = lim &1 = lim min [M(&n, 5n), M (Fn, &n)]
= min [M( n), M(n, O] > &
that is, r=£=9=lim %,=lim §,=m(x, y). Also we see now that
m(x, ¥) = lim x, = lim y,; Xo = %, Yo = ¥;
(12) %= M(z, ), =M@ %);--;
Tnt1 = M (%xn, Yn)s Ynt1 = M(Yn, %n); -+ - .

We prove that this m(x, y) is a mean value satisfying the conditions
(i), (i), (iii), (iv), (v) of §1. (iv) and (v) is fulfilled evidently by (11).
To prove (i), (ii), (iii) let us consider first the function ¢(¢; %, ¥)
=M[M(, x), M(y, 1)]; ¢(@; t, £) =t. ¢(t; x, ¥) is increasing and con-
tinuousin ¢, x, .

ot 2, y) = o[t; M(x, y), M(y, 2)] = ¢t 21, 31) = - -
= ¢(t; Xny yn) = = ¢(t; Ty T)
= ¢[t; m(x, y)s M(x, y)]

because M(x, y) is k-symmetric (in the weaker sense). So the func-
tional equation ¢=¢(¢; x, v) is equivalent with

(13) l = ¢(t; Ty 7) = ¢[t; m(xx y)v m(xr 3’)]-

(13) is satisfied by t=1=m(x, ) and this is its only solution, because
if, for example, ¢ <7 would be a solution too, t=¢(¢; x, ¥) =¢(¢; 7, 7)
>¢(t; ¢, t) =¢. This is absurd!

Now we prove (i): if >« then, in (12), x{ >x1, ¥/ >y, =« +, X4
>%ny Vi >Yny + -+, ¢’ 2t But ¢/ =t is impossible, because from ¢’ =¢
and (13), t=t'=¢(t'; x’, y) =¢(t; x’, y) >¢(¢; x, ¥) =¢. This is absurd,
and thus m(x, ) is increasing: m(x’,y) >m(x, y). The continuity (ii)
can be proved as follows: Let £™ be an increasing sequence converg-
ing to x, n® one converging to y. The sequence 7™ =m(£™, ™) be-
ing increasing and bounded converges too: ™—7. If we take the
limit of 7™ =¢(r™; ™, n™) we have 7=¢(F; x, y). This is only
possible if 7=7=m(x, ). This and (i) gives (ii). Also the bisymmetry
(iii) follows easily from (13) and the k-symmetry of M(x, y). (iii) can
be deduced also from the equation (15). Thus

(14) m(x, ) = f! (f(x) "2'f (3’)>
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by the Theorem of §1. Here f(x) is increasing continuous, and
fl@) =0, f(8) =1.
We show that this is the f(x) which figures in (1). We prove first

(15) M[m(xu, xlz), m(le, xn)] = m[M(xu, le), M(xm xzz)]

or with another notation: M [m(x, y), m(u, v) | =m[M(x, u), M(y, v)].
This is a consequence of (12) and the k-symmetry of M(x, y). We
write:

M(xo, wo)) = M(x,4) =s =350, M(yo,v) = M(y,0) =1t =t
M(xl’ ul)=M[M(xv y)r M(“v v)]=M[M(x7 “)1 M(yv 2’)]'_"2‘[(“" t)=81,
M(yl’ '01) = M(t’ 5) = I,

...............................

...............................

Mm(x, y), m(u, ©)] = m(s, §) = m[M(=x, u), M(y, v)]
(m(x, y) =lim x,=lim y,, m(u, v) =lim 4, =lim v,, m(s, {) =lim s, =lim £,).

Substituting (14) into (15) and writing F{M[f~(¥), f(n)]}
= F(&, n) we have:’

{1 HS0D) g () £ S

2 2
. f[M(xlly le)] + f[M(xu, xag)]
"y { : } ,
F( 211 4 %12 291+ 222) _ F(zu, 321) + F(zm, Z22)
2 ’ 2 2

(f(x) =2). This is Jensen’s equality® for functions of two variables,
the only solution of which is the linear function f{ M[f~1(£), f~(n)]}
=F(& 1) =pt+gn+r,

f[M(x, 9)] = pf(x) + ¢f(9) + 1

(E=f(x), n=f(¥)). If we put here x=y=a we have r=0; if x=y=8,
p+g=1.(Byx=a,y=8,f[M(a,8)] =gand by x =8, y =0, f[M(8, &) ]

7 Cf. Aumann, Konvexe Funktionen und die Induktion bei Ungleichungen zwischen
Mittelwerten, Bay. Akademie der Wissenschaften, Munich, Sitzungsberichte (1933). J.
Aczél, A generalization of the notion of convex functions, Norske Videnskabers Selskabs
Forhandlingen vol. 19 (1946).

8 Cf. Hardy, Littlewood, Pélya, Inequalities, pp. 79-80.
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=p.) Thus

M(x, 3) = f[pf(=) + of(9)] (¢+4¢=1)QED.

Together with f(x) evidently every g(x) =af(x) 4 b satisfies (10) too.
These are the only solutions as m(x, y) is uniquely defined by M(x, ¥)
(11) and we have seen in §1 that af(x) b is the most general function
satisfying (14). The weight p is uniquely defined by (10) because if
(p+g=r+s=1):

1pf(x) + ¢f (] = g [rg(x) + sg(»)], w=g@k) = afx) + b,
-5
s = g = (2 )

a

apf(x) +agf(y) =arf(x) +br+asf(y)+bs—b and thus p=r, g=s.
3. Bisymmetric functions.

THEOREM. If a function of two variables which we shall write [x, y]
is (@=x, y<B; a=[x, y] =B):

(i’") Increasing;

(ii’") Continuous;

(iii’’) Bisymmetric: [[au, 212], [221, 222]] = [[211, 221], [212, 2] ],
then and only then there exists an increasing continuous function f(x)
and three real numbers r, s, t, by which

(16) [z, y] = f2{rf(%) + sf(3) + ¢}.

We prove the theorem by constructing a mean value (§2) M(x, y)
=f-1{pf(x) +¢f(y) } and by showing that this is the f(x) which figures
in (16).

We see from (i’’) and (ii’’) that the function F(2) = [, 3] is continu-
ous and increasing. The functions F-1(g) and F2(z)=F{F(z)}
=[[z, 2], [2, 2]] are, also. We prove that the function z=M(x, ¥)
=F-1([x, y]) is a mean value which satisfies the conditions (i’),
(ii"), (iii’), (@v’) of §2. In fact, (i’) and (ii’) follow from (i’’) and
(ii’); as for (iv"): M(s, 3)=F-'([3, 3])=F-'F(z)=2 We have to
verify yet (iii’). We write:

[211, 212] = [21, 21], 21 = M(21, %12), [zu, 221] = [-'31, 51], z = M(z1, 221),
[321. 222] = [Zz, Zz], 2 = M(Zn, Zzz), [Zu, 222] = [52, 22], Zp = M(zu, 222),
[31, 3] = [2,2], 5= M(31, 25) = M{M(311, 210), M(2m1, 320) },
1, 2] = [2,2], 2= MG, 2) = M{M(, 221), M (219, 229) }.

By applying (iii’’) repeatedly we have z=%, because
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F(z) = [[3, 2], [5, 2]] = [[o0, 2], [21, 22]] = [0, 2], [22, 2]]
= [[210, 212], [220, 222]] = [[211, 31), [312, 222]] = [[21, 21], [22, 22]]
= [[a, 2], [2 2]] = [[2 2], [2 2]] = F*(2),
M{M(n, 5319), M (321, 220)} = 3 =3 = M{M(zn1, 521), M (313, 220) }.

Thus we have by the theorem of §2: [x,y]=F{M(x, y) } = Ff~'{ pf(x)
+af(0) } =¥ {pf(0) +af0)} W(e) = Ff-(a)).

We substitute this result into [[x, ¥], [x, ¥]]1=[[=, =], [v, ¥]]
(this follows from (iii’’)),

V(R pf(2) + af(9)}) = WRf(®) + afbf(y)).

If we write fy(z) =h(2); f(x) =u, f(y) =v we have h(pu-+gqv) =ph(u)
+gh(v). This is Jensen’s equality® and hence f(2) =h(z) =wz-+¢
(w, ¢t are constants)

Iz 3D = o{pf(®) + ¢f(0} + t = 7f(x) + sf(y) + ¢ Q.E.D.

As the M(x, ) is uniquely determined by [x, y], all functions
g(x) satisfying (16) have the form g(x) =af(x)+b. The “weights” 7, s
are defined uniquely by M (x, ) but ¢ is not. For if f~1(zf(x) +sf(y) +¢)
=g (pg(x) +ag(y)+7), w=g(2) =af(2) +b, =g *(w) =f((w—b)/a)
then arf(x)+asf(y) +at =apf(x) +bp+adf(y)+bo+7—b and thus
p=r, o=s, T=at+b(l1—p—0)=at+b(1—r—s). If r+s7#1 we can
choose b so that 7=0, namely b=at/(r+s—1). Hence for ¢(x) =f(x)
+t/(r+s—1) and for every ¥(x) =a¢(x) (and only for them):

(17 [z, 3] = ¢ {ro(x) + so(3)} (r4s#1).

If [x, y] =x o y satisfies instead of (iii’’) the stronger conditions
x0 (yoz)=(x09)ozandx o y=y o x,thatis,if x o yisan increas-
ing continuous, “associative, and commutative operation”® we have,
by putting, in (16), r=s=1, from (17), the following corollary.

COROLLARY. Every increasing, continuous, associative, and commuta-
tive operation has the form

(18) xoy = fHf(x) + f(y) + t} = ¢~ {s(x) + 6(»)}.

BupapEST, HUNGARY

? Hardy, Littlewood, Pélya, Inegualities, p. 74.
10 This associativity has naturally nothing to do with the associativity defined for
mean values by Kolmogoroff and Nagumo quoted in §1.



