A NOTE ON THE DERIVATIVES OF INTEGRAL FUNCTIONS
S. M. SHAH

1. Introduction. Let f(z) =) 5a.2* be an integral function of order
p and lower order \, and M(r) =max|,|_,[f(z)| s M (r) =max|,|_,lf’(z)l .
In a recent paper [1]! I have proved the following two theorems.

THEOREM A. If f(2) be any integral function of order p then?

.1 lim_}silp log {Mf;:)r/M(r) } =p

THEOREM B. If f(2) = D anz" be an integral function of lower order N
and a, =0 then

. dog {rM'(n)/M(r)}
lim inf
r—® log r

The condition that the coefficients a, be real and non-negative is un-
necessary. The purpose of this note is to prove the following two
theorems and to deduce a number of interesting results.

TuEOREM 1. If f(2) be an integral function of lower order N (0 SN S )
then

log {rM'(r)/ M
(1.2) lim ing B UM O/MO)
Y log r

THEOREM 2. For any integral function f(2) we have
lim inf M'(r)/M () < lim inf v(»)/r < limsupw(r)/r

T— 0 rT— % T—>®0
1.3
1.3 < lim sup M'(»)/ M (r),
lim inf MCHO(r)/ M (r) < lim inf »(r)/r = lim supw(r)/r
T—® 7> 0 70
1.4
.4 =< lim sup M0 () /M @) (r) (s=1,2,3,--.),

r—>®

where f®(z) is the sth derivative of f(z), M®(r)=max ;- |f® ()|
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! Numbers in brackets refer to the bibliography at the end of the paper.

2 A glance at the proof [1, pp. 1-2] shows that the result (1.1) holds when p is
infinite. An alternative proof of Theorem A is to employ Lemma 4 and relation (8)
of my paper [1, p. 1].
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DERIVATIVES OF INTEGRAL FUNCTIONS 1157

and v(r) is the rank of the maximum term of f(2) for |z| =7.
2. Lemmas.
LeMMA 1. Let

(2.1) F(x) be a positive nondecreasing function for x > xq,
(2.2) lim inf F(x)/x = a 0=a< w);

z—

then, corresponding to each pair of positive numbers b, ¢ satisfying the
inequalities

a <b; a/b<c<1
there is a sequence xi, X3, * - - , tending to infinity such that
F(x) < bx (cxn £ x S x,)3
Proor. For there is a sequence %y, x2 + - - such that
F(x,) < bcxy.
Hence if cx, Sx=x,
F(x) < F(%x,) < bex, = bx.
LeEMMA 2. Let (2.1) hold,
(2.3) lim supF(x)/x = ay 0 < a1 = »);

z— 0

then, corresponding to each pair of positive numbers by, ¢, sabisfying
the inequalities

b < ay; 1< e <ay/by
there is a sequence X, Xq, - - « tending to infinity such that
F{x) > bix Xa. £ 2 £ aX,).
For there is a sequence {X,} tending to infinity such that
F(X,) > biciXn.
If X,.2x=a:X,
F(x) =2 F(X,) > biciX, = bix.
LeEmMA 3 [2, p. 22]. Let (2.1) hold,

2 It is always possible to choose the sequence {#.} such that two consecutive
intervals have no common point. Similarly for the intervals of Lemmas 2, 3, and 4.
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(2.4) lim inf log F(%x)/log = « 0D=2a< =),

z—®

then, corresponding to each pair of positive numbers B, v satisfying the
inequalities

a<B; a/f<y<1
there is a sequence yi, Vs, - - - tending to infinity such that
Fx) < o (30 < x < ).
LeMMA 4. Let (2.1) hold,
(2.5) lix::s:lp log F(x)/log x = a3 0 < a; £ x);
then, corresponding to each pair of positive numbers Py, 11, satisfying the
inequalities
B1 < au; 1<m<ai/Bs
there is a sequence Y1, Yy, - - - tending to infinity such thatt
F(o) > 2™ (VoS 2< V.
For there is a sequence { Y,.} such that
log F(Y,) > Biy1log V.
If V,sx=Y
log F(x) = log F(Y,) > Bryilog ¥, = B1 log Y., 2 By log «.
3. Proof of Theorem 1. Let

00) = log {rlli’)(gr)”/M(r)} .

If \ be infinite, we have from the inequality [3]
3.1 M'(r) > (M(r) log M(r))/(rlogr); > ro = n(f)
that®

lim inf 0(r) = o,

7 ®

We therefore suppose that 0 <A< «. From the inequality (3.1)
it follows that

3.2 lim inf (r) = A,

r—> 0

4 We can deduce Lemmas 1 and 2 from Lemmas 3 and 4.
5 7o and 74 are not necessarily the same at each occurrence.



1947 DERIVATIVES OF INTEGRAL FUNCTIONS 1159

If () denotes the rank of the maximum term of f(2), then we have
[2, p. 21]

lim inf log »(7)/log r = \.
r— 0
Hence by Lemma 3, corresponding to each pair of positive numbers

B, v satisfying the inequalities N <B; N/8 <y <1, there is a sequence
Y1, Vs, * - + tending to infinity such that

vr) <1’ (n <7 = ).

Let E. denote the set of points 7 (v, <7 =v,) and E=E;+E;+ - - -.
Let F denote the set of points » which lie [4, p. 105] outside a set of
exceptional segments in which, for » > R, the variation of log 7 is less
than Kv(R/k)~1/12, Since the variation of log 7 in E, is

log ¥, — vy log ¥» = (1 — ) log Yn,

which tends to infinity with #, there are points in E, which do not
belong to the set of exceptional segments. The set EF therefore con-

tains a sequence e, e, - - - tending to infinity. At these points [4,
p. 105] e

3.3) rM'(r) ~ M(@)v(r), r = ¢,
(3.4) rM D () ~ M@ (r)v(r).

Hence® for n>n,
eaM"(e)/M(en) < 20(en) < 26h

and so lim inf,., 0(r) =B and since 8—~\ can be chosen arbitrarily
small we have

lim inf 6(r) S A

7> ®
and so lim inf, ., 8(r) =A.

4. Proof of Theorem 2. Let lim inf,..»(r)/r=a and suppose first
that ¢ < «. Then if

a<b, a/b<¢<1,

we have, by Lemma 1, »(r) <br (cx,=<r=<x,). Let E, denote the set
of points 7 (cx, <7 <x,) and E=E;+FE;+ - - - . The variation of log
in E, is log x,—log cx,=1og 1/c which is not less than Kv(R/k)~1/12
if R be large enough. The total variation of log 7 in the intervals
> ».1E, tends to infinity with #. Hence the set EF contains [4, p. 105]
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a sequence ef , e, - - - tending to infinity. For r=e, (#>n,)

(4.1) M'(n)/M(r) ~»(r)/r <,

4.2) MED)/ M@ (r) ~v(r)/r < b (s=1,2,3---).
Hence

lim inf M'(r)/M(r) < b.

700
Since b —a can be chosen arbitrarily small

lim inf M'(r)/M(r) < a

which certainly holds if a = «. Also
lim inf MGHD(@)/ M@ (r) S @ (s=1,2,---).

7

Let lim sup,.,, »(7)/7 =a: and suppose a; >0. Let b, <a;, 1 <c1<a1/b;.
If G denotes the set of points formed by the intervals of Lemma 2 the

set GF contains a sequence gi, g, * * *, gn, * * - tending to infinity.
For r=g, (n>mno)

4.3) M'(r)/M(r) ~v(r)/r > by,

4.4 MO/ MD@) ~v(n)/r >0 (s=1,2,---).

Hence lim supy.., M'(r)/ M(r) Z a1,
lim sup M D) /M (r) = a4

T ®
which hold if ¢; =0. Hence the theorem follows,

5. Applications. We have from (1.1) and (1.2)

. log v(r) . log {M’(r)/M(r)}
lim sup = p=1+limsup
Gy T loer e log 7
. log {M(a+1>(,)/M<s)(,)}
= 1 -+ lim sup ,
o log r
1 log {M'(r)/M
lim inf —& v = A =1+ lim inf g {M'()/ M)}
T—® log r r—® log r
(5.2) 1 {M(+1)( Y/ M¢ )()}
= 1+ lim inf —2 d d
Unded log r

(S=1,2,"‘).
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Let s denote any fixed positive integer and C, Ci two positive con-
stants.

(5.3) If M'(r)=CM(r) for all r>r¢ then either N\>1 or A\=1 and
lim inf, ., »(r)/r=C.

From (1.3) we have lim inf,., v(r)/r=C. Hence A > 1.

REMARK (i). This is a best possible result in the sense that there
are functions for which M’(r) 2 CM(r) and v(») ~Cr. We may take for
instance f(z) =exp (C2).

(ii) The converse—if lim inf,., »(7)/r=C then M’'(r)=CM(r) for
all » >r,—is false. For consider f(2) =cosh Cz. Here A\=1=p, »(r)~Cr.

M'(r) eCr — ¢ Cr
= <C for allr > 0,

M(r) €eCr 4 e Cr

M'(r € + ¢Cr
()=C >C forallr > 0,

M'(r) €Cr — ¢ Cr

and so on.

(5.4) If MetV(r)=2CM®D(r), r>ro, then N2=1 and lim inf, . (r) /7
=C.

(5.5) If M'(r) CiM(r), or if MED(r) SCiM®(r), for all r>r,,
then either p<1 or p=1 and lim sup,., »(r)/r = C1. This follows from
Theorem 2. If f(z) is of order 1 then [5, p. 81] it follows that
lim sup r., log M(r)/r < Ci.

Let ¢(r) be any function, nondecreasing and positive for # >7,, and
such that log ¢(r)/log  tends to zero as r tends to infinity.

(5.6) If M'(r)z(1/9(r)) M(r), or if M@V(r)=(1/¢(r)) M (r) for
a sequence of values of v tending to infinity, then p=1.

This follows from (5.1). If this hypothesis holds for all # >7, then
from (5.2) we get A=1.

5.7 If M'(r)Sd(r)M(r), or if MEtD(r) Sd(r)M@(r), for a
sequence of values of r tending to infinity, then N =1.

This follows from (5.2). If this hypothesis holds for all >, then
from (5.1) we get p=1.

(5.8) If 1/p(r) = M'(r)/ M(r) Sé(r) or if 1/¢(r) S M@V (r)/ M@ (7)
S¢(r) for all r>ro then A=p=1.

This follows from (5.6) and (5.7).

(5.9) If p<1 then

M@ > s(NM'(P) > SHOM () > -+ > {$(r)} M)

for all r>r,.
This follows® from (5.1).

8 Cf. (5.6) above.
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(5.10) If A>1 then

1
M) < — M M -
O <3y MO <™ < <Tor

M©)(r)

for all r >,

This follows? from (5.2).

(5.11) If N\=1 and lim inf,., »(r)/(r log ) >1 then® M(r) < M'(r)
<M'(r)< - -+ K<M®(r) for all r>re If lim inf,., v(r)/(r log 7)
=]>1 then since

log M(r) > f ’ {v(t)/t}ds,

lim inf log M(r)/(r log r) > 1.

Hence for all » >7,
M'(r)/M(r) > log M(r)/(r logr) > 1,
M"(r)/M'(r) > log M'(r)/(r log ) > log M(r)/(r log r) > 1,

and so on.

(5.12) If A=1 and lim inf,., v(r)/r <1 there is a sequence of num-
bers r tending to infinity for which

M) > M) > - > M0).

Let lim inf,., »(7)/r=a and ¢ <b<1. The result follows from (4.1)
and (4.2). This result does not hold if lim inf, ., »(#) /r=1. In fact for
the function f(z)=cosh 2z, »(r)~r and the sequence {M®(r)}
(n=0,1,2, - - ) is not monotonic for any »>0.

(5.13) If N<1, there is a sequence of numbers r tending to infinity for
which

M) > ¢(M'(r) > ¢* VM (r) > - - - > {$() } M)

This follows from (3.3) and (3.4).
(5.14) If p=1 and lim sup,., »(r) /7 >1, there is a sequence of num-
bers r tending to infinity for which
M@) <M@) <M'() <--- <M.
This follows from (4.3) and (4.4). It does not hold if
lim sup,., v(r)/r=1.
(5.15) If p>1, there is a sequence of numbers r tending to infinity

7 Cf. (5.7) above.
8 S. K. Bose has proved (5.11) with the hypothesis A>2.
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for which
1
M) < ——M'() < — M
O <O <O < <o

Let 1<B1<p; 1<v1<p/B1; H the set of intervals of Lemma 4.
The set FH contains a sequence of numbers 7 tending to infinity for
which the above inequality holds.

M(‘)(f)
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