
A NOTE ON THE REPLICAS OF NILPOTENT MATRICES 

HSIO-FU TUAN 

In a recent paper,1 Chevalley proved the following theorem: 

(A) If Z is a nilpotent matrix over a field K of characteristic 0, the 
only replicas Z' of Z are the matrices Zf = tZ, tÇ^K.2 

For the proof of (A), he made use of a particular case of a theorem 
due to Ado and gave a proof for the results which he needed. In the 
present note, we shall give a direct simple proof of (A) and we shall in 
fact deduce it as an immediate consequence of the stronger theorem : 

(B) If Z and Z' are two nilpotent matrices over afield K of character­
istic 0, and if q(x) and r(x) are two polynomials with coefficients in K 
and without constant terms such that Z' = q(Z) and Zo,2 — r(Zot2), then 
Z' = tZ,t<EK. 

We shall later establish corresponding results for fields K of prime 
characteristics, to be stated as theorems (C) and (D). 

That (A) is implied by (B) follows immediately from the fact that 
if Z' is a replica of Z, then Zr,« = £r,aCZr,«), where pr,s{x) are poly­
nomials in K without constant terms.3 

For the proof of (B), let n be the degree of Z and Z1 and let m be 
the least nonnegative integer such that Zm+1 = 0. Clearly O g w ^ w - l . 
The case Z = 0 is trivial; we can therefore assume l?£m^n — l. Let 
also I be the least nonnegative integer such that (Zo,2)z+1 = 0. Clearly 
Zo,2 is nilpotent and 1^/^w2 —1. We shall see that m^lS2m. 

The matrix Z can be transformed by an (w, n) matrix T with co­
efficients in the algebraic closure 2T of K into the following form : 

f 0 

zx 0 

(1) Zx « T^ZT = 

0 
2n-l 0 

where z±t • * • , zn_x are zeros and ones and not all zeros. Then for 
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1 Claude Chevalley, On a kind of new relationship between matrices, Amer. J. Math, 

vol. 65 (1943) pp. 521-531. 
2 Theorem 6, p. 530, loc. cit. 
3 Lemma 4, p. 529, loc. cit. 
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any integer i, 1 ̂ i^rn, we have 

0 

[April 

(Dl 
* —1 i 

Zi = T ZT 

0 
z.-.i 

Zi, 

Zi,«-i 0 • • • 0 

Zij — Zj • * • Zff/—i, J — 1, • • • 

Hence if we write 

(2) q(x) = gi* + • • • + gm*m, qiE K, i = 1, 

we have 

(3) Z / = T ^ Z T = T~lq(Z)T = qiT-'ZT) = ?(Zi). 

Denoting the (w, w) identity matrix by E, we have then4 

, n — *. 

w, 

(4)i (Zi)o,j = Zi © Zx = Zi ® £ + E ® Z t 

hence for an; 

r 0 

«iE 0 

" • ' 0 
Zn-lE 0 , 

Zl 1 
«i£ Zi 

' Z l 

2w_lE Zl J 

y positive integer i,6 

(Z l 

+ 
Zi 

Zi 
z j 

'We define ^ ® B = (a«)®B = (o<)B). Observe that (4®B)(C®.D)=4.B®Cr>. 
The heavy cross and heavy plus used in Chevalley's paper are here replaced by ® 
and ©. 

5 In the following, * denotes the terms in which we are not interested. 
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(CZikO = (Zi ® E + E ® Zi) 

(4)i 

= Zx ® E + X) C«.*zi '' ® ZÎ + £ ® Z\ 

ZÎ 

zi 

r(#) «= rix + • • • + rix1, fi 6 1 , i = 1, , / , 

(Ct.y being the binomial coefficients), and therefore mSl^2m. We 
may write 

(5) 

and then 

(Z/)o,2 = Zi e Zx' = Z{ ® E + E ® Zi' 

= T^ZT ® T-'ET + T~lET ® T^Z'T 

(6) = (T-1 ® T-i)(Z' ® E + E® Z')(T ® T) 

= (T ® T)-Vot2(T ®T) = (T® r)-V(Zo.2)(r <g> T) 

= r((r ® T)-V0,t(T ® T)) = r((Zi)o.«). 

Consequently the same relations originally assumed for Z and Z' now 
hold for Z\ and Z{. For simplicity in notations, we shall now just 
consider Z and Z' for Z\ and Z/ in the related formulas (l)i, (3), 
(4)«, (6). 

Now, on the one hand, 

Zi., = Z' 0 Z' = Z' <g> £ + E ® Z' = q(Z) ® E + E ® q(Z) 

= E ® q(Z) + (qiZ-\ h ?«Z-) ® E 

= E® q{Z)+Z ®qiE-\ (- Zm ® qmE 

q(Z) 

(7) | qlZlE q(Z) 

q&tE q(Z) 

q(Z) 
qiZn-iE q(Z) 

while, on the other hand, 
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(8) 

Zi,t = f(Zo.i) = riZo.i + niZ^Y + • • • + rtiZt,,*)1 

= n(z ®z) + r2(z e zy + • • • + n(z e z)« 

= ri(Z ® £ + £ ® Z) + ^(^2 ® £ + 2Z ® Z + £ ® Z2) 

H +n(zl®E+ £ z i - i ® Z * + £ ® Z ' J 

= £ ® (rxZ + r2Z* + • • • + nZl) 

+ Z ® (n£ + 2r»Z + h IriZ1'1) 

+ • • • + Zl ® nE 

= £ ® r(Z) + Z ® /(Z) + Z2 ® (l/2)r"(Z) 

H + Z ' ® (l/J!)r<»(Z) 

f K^) 
Zl/(Z) r(Z) 

w ' ( Z ) r(Z) J 

where r'(x), r"{x), • • • , r(l)(#) are the successive derivatives of r(#). 
In (7) and (8), comparing the terms (which are (n, n) matrices) on 

the main diagonal and on the first parallel just below, we obtain 

(9) 

(10) 

(9) gives 

q{Z) = f(Z), 

qiZiE = Zi/(Z); 

qiZ + + qJZ™ = nZ + • • 
and hence 

(11) Ci = rh 

(10) gives 

qiZiE = Zi(rxE +2rtZ+ --• + InZ1-1), 

by (11), 

Zi(2q2E + • • • + tnqmZ™-1 H ) = 0, 

as not all Zi (for i = l, • • • , w — 1) are zero, hence 

2q2E + • • • + rnqmZ^"1 + • • • = 0, 

i == 1, • • • , n — 1. 

+ riZ\ l J> w, 

j = 1, • • • , m. 

i = 1, • • • , n — 1, 

i = 1, • • • , n — 1, 
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and consequently 

(12) 2q2 = • • • = mqm = 0. 

Now K is of characteristic 0 ; we can therefore conclude 

(13) q2 = • • • = qm = 0. 

I t then follows that 

(14) Z' = qiZ = tZ 

with gi = /£2£, as is to be proved. 
Let us now suppose tha t K is of prime characteristic, say p. If 

p>m, which is certainly the case if pz^n, then we can still infer (13) 
from (12) and hence still have (14) as before. For the cases p'è.m, 
from (12) we can only infer tha t 

(15) qi = 0, 2 g i S m, p\i, 

and hence we can only conclude tha t Zf is necessarily of the form 

(16) Z' = qiZ + q^v + q2pZ*P + • • • + qm>PZ™'*, 

where mf = [tn/p], the largest integer not greater than m/p. In fact, 
the conclusions (13) and (14) are then no longer true in general. 

We shall first prove tha t Z' = Za with a~pa (a being any non-
negative integer) is a replica of Z. This follows from the facts: 

(17) 

= (z*)r,, = (z«) e • •. e (z«) e (z«) e • • • e (z«) 

= (-<z«) e • 
= - (*Z«) ® 

- J E ® • • • 

+ E ® • • « 

+ E ® . . « 

= (-«Z® • • 

- E ® • • -

+ £ ® • • ' 

+ E ® • • 

- (^,.)a> 

r 5 

• • e (-*z«) ez* e • • • ez* 
• • • ® E ® E ® - - - ® E - - - -

- ® (<Za) ® JE ® • • • ® E 

• ® E ® Z a ® - - - ® E + - - -

• ® E ® E ® • • • ® Z° 

• ® £ ® E ® - - - ® E — -

• ® 'Z ® E ® • • • ® £ 

• ® JE ® Z ® • • • ® £ + • • • 

• ® E ® E ® • • • ®Z)« 

because ( -"1)"= ± 1 = - 1 (mod p) for £ = 2 and ( —1)««—1 for 
pr*2. 
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We shall now prove that conversely if Z/==g(Z)=]^{l1g;tZ* with 
qi(EK is a replica of Z, then we have 

mo 

(18) Z' = q(Z) = X <Hu)ZiU\ i(J) •= pi, Km) Sm< i(m0 + 1). 

f 

We shall show more strongly that only then Zi,i = s(Zi,i)> where s(x) 
is a polynomial with coefficients in K and without the constant term. 

We can assume that Z is of the form (1); because as before, 

(Z[)ltl - {T-W'T)l%1 = ('F-* ® TyvU'T-1 ® T), 

hence Zx,i = r(Zi,i) implies also 

= stf'r-1 ® r^Zx.xCr-1 ® r» = jttZiki). 

Then, for any positive integer i, l^i^m, we have 

(Z')* = ( - ' 2 )*= ( - 1)"Z, 

f 0 • • • 0 Z,M 

(19) 

(20), 

z.-./ 

Zi.n-i 
0 

0 

Z«.) = ( - 1)*2/ • • • Z<+J-l. i = 1. ' • • » » — *, 

and further 

(ZI.I)< = (z' e z)« = (2' ® £ + £ ® zy = (- <z ® E + E ® z)* 

= ( - I)' 'Z' ® E + £ ( - 1)«-<C«.,Z*-' ® Z' + £ ® Z« 
J - l 

Z - Z l £ |* (Z* 

z I I z* 
(21), 

-z»-i£ z« 
z< 
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hence it follows as before that the least nonnegative integer k such 
that (Zi,i)fc+1 = 0 satisfies m ^ H 2 w . We can therefore write 

s(x) = six + • • ' + skx
k (si G K) 

(22) = (S!X + ' • • + SmXm) + (Sm+lX™*1 H + SkX
k) 

= s'(x) + s"(x). 

We have 

Zi.i = Z ' 0 Z = ( - fZ') ®Z = - <Z' ® E + E ® Z ' 

= - ? ( < Z ) ® E + E ® ? ( Z ) 

= E ® g(Z) + E 'Z' ® ( - g,£), 
y-i 

while, on the other hand, 

k k 

zi.i = Z *<(2i.O' = ^ *«(- >Z®E + E® zy 
1=1 *=1 

k min( i ,m) 

= ^ 5 i Z C , , , ( - ' Z ) ' ® Z H 
i== l j=max ( 0, t— m ) 

m / min(fc,mH-?') \ 

(24) = V *Z* <g> ( - 1)>( Z *C<.£W) 
j=0 \ t=max( l , ; ) / 

m m / min (it, m+j) \ 

= £ ® Z *«z< + Z 'z' ® (- l)'( Z *£<.£*-') 
t = l ; = 1 ' \ *—ƒ / 

m 

= £ ® s'(Z) + £ '2' ® */(Z), 
?=i 

where Sj(x) are polynomials with coefficients in K for j = l, • • • , m 
(observe max (0, i — w ) ^ m i n (i, fe—m)^min (i, w)). Writing the 
matrix Z[tl as given by (23) and (24) in the form of two compound 
(n, n) matrices whose elements are again (n, n) matrices and compar­
ing the terms on their main diagonals and on their m first parallels 
above the main diagonals, we can then conclude that first 

m m 

(25) q(Z) = Z q& = E 't* = s(Z), 

(26) qt = sit i = 1, • • • , m; 

and that also 

* / .* ( - ?ƒ£) = *i.hSj(Z), j » 1, • • • , w, A = 1, • • • , n - jf 
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as Z / ? y O for j = 1, • • • , m, so for each j we have at least one h, say 
h(J) ( = one of 1, • • • , n—j), such that *;,*<£ ?*0> then zj>h{j)= ± 1 , 
and hence 

m in (&, w+7*) 

min(&,m+;) 

min(Avm+j') 

(27) 0 = (1 + ( - l )05/£ + ( - 1)> £ *C<.£*-', 

(28) (1 + ( - 1)0*/ = 0, Sidj = 0 , j = 1, • • • , m; 

i = j + 1, • • • i min (£, w + j ) 6 

(observe min (&, w + j ) ^ w ) , in particular 

(29) ^Ci.y = 0 , i = 2, • - • , m; j = 1, • • • i - 1. 

Now it is easily seen tha t if i~pH' with p\i', then p\Ci,i/i',7 hence 
it follows immediately that if i ' ^ 1 , namely, i^p3' for j = l, • • • , mQ 

with ^ ° g w < | ) m o + 1
} then qi = Si = 0 for i = 2, • • • , m, as was to be 

proved. 
Summarizing our results for fields K of characteristic p 5^0, we have 

the following theorems : 

(C) If Z and Z' are two nilpotent matrices over afield K of character­
istic pï^O, and if q(x), r(x) and s(x) are three polynomials with coeffi­
cients in K and without constant terms such that Z' = g(Z), Zóf2 = r(Zo,2) 
and Z[tl = s(Zi,i), then we have 

(30) Z' = q(Z) = £ *£'«>, i(j) = p', U E K. 

(D) If Z is a nilpotent matrix over afield K of characteristic p?£0t the 
only replicas Z' of Z are the matrices (30). 

PRINCETON UNIVERSITY 

6 If k — m, then îorj — m, there is no i, j+1 ^ i ^ m i n (k, tn+j). 
7 Consider £'*=£' • • - l and* • • • ( * - £ ' + l ) - Ü > ' + £ ' ( * ' - l ) ) • • • (1+£'(* ' -1)) . 

As pv\\u (namely pv\u and pv+1\u) for u—pi\ • • • , 1 implies pv\\(u-\-p'(if — \)) be­
cause v :£,/, so £{ Cit%ii*. 


