ON STRONG SUMMABILITY OF A FOURIER SERIES
FU TRAING WANG

Let s.(x) =a/2>,-1(a, cos vx-+b, sin vx) be the partial sum of the
Fourier series of an integrable periodic function f(¢) of period 2w,
and let¢(¥) = { flx+t)+f(x—12) ——2s} /2. We shall establish the follow-
ing result (Hardy-Littlewood [1]?).

THEOREM. If
1) fo | o) | {1 + log* | ¢(w) | }du = o(®),  ast—0,

then Zf_0|s,(x)-s| 2=9(n log log n), as n— .
To prove this theorem we require the following lemmas.
LemMma 1. If

2 f ‘| o(u) l du = o(%), ast— 0,
then
iﬂl s(x) — s|t=— W) fl / ¢(u) ilfl—’ﬁu———)—du + o(n).

ProoOF. By (2), forv ==,

2 pr? sin v¢
s(x) — s = —f o(t) —— dt + o(1).
T J1n t

Hence
4
Z | s.(2) — 5|2 = — ¢(u)¢(t){ > sin vt sin m} dudt + o(n)
- w2y 1m ut
2 pb b —-
2 So() sinmu—1)
(3) oy ut u—t
2 pb ol ;
+ 2 d(u)p(#) sin n(u + ) dudi + o(n)
w2 Jymd . ut u—+¢
=J; +Jz+ 0(”).
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1 Numbers in brackets refer to the references listed at the end of the paper.
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Set ®(t) = /| ¢(u)| du. Then

o [ 1800y 180y

In

But
3 3 8 s !
f |¢()|dt l¢(u)|du=0{f Mlogntdt},
im B in % un P
and
' 1] LI ' 20
j; i log ntdt —-[ p log nt]l/”+ 2 B log nids
8 ‘I’(t) n lOg ¢
W Ty
8 dt
+ o(f —dt) = o(n).
1/n tz
Hence
(4) J2 = o(n).

By inversion of the order of integration, and the resolution of
1/t(t —u) into partial fractions, we get

2 s 13 ¢ i -
Ji=2 ¢<>d,f oy 2 =8
xSy B in w—1
1] f3 t
5) +0 ( f _‘_ﬁ)_‘ dt M du
1/n tz 1/n %
1 $ t ¢ i -1
-1 3O o [ o) 22D ko,
w2J gy B2 1/n u—1

Lemma 1 follows from (4) and (5).

LeMMA 2. If P(u) and F(u) are non-negative integrable functions in
(e, b), and Y (x) is a convex function in (0, »),

¢{fabP(u)F(u)du /fabP(u)du}
< f Pl (P} du / fabP(u)du.

This is the well known Jensen inequality (Hardy-Littlewood-
Pélya [2]).
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PROOF OF THE THEOREM. Since 1+log+|¢(u)| 21,
Llamwugﬁlum|U+my|uwHw=o@

Hence by Lemma 1 it suffices to prove that

gkal dtf o(u) Mt——t)—du = o(n log log n).
1/n

G, =
1n B2 u— i
Now
n"llog n [ $ )
G = f 0] f o) sin n(u — f) u
1/n 2 1/n u—1
0] n"! log n sin n(u — £)
R Y R L LY
(6) ~1 log n 1/n qS( ) u—1 “
¢ i -t
+f 10 dtf o) sin n(u — ) i
-1 log n t—n=1 log n u—1

=I+ I+ Is.
By (2) we have

“llogn
11=f' !T)|O(0w-dnbghgmr
1/n

)
and
8 13
(8) ]2=f [+0)] O( " t>d1=o(n).
71 log n 2 log n
Now set
Py = | Snne =9 |
u—i
t
k= f P(u)du ~ log log n,
t—n—1 log n
and ,

l o(u) | P(u)du.

h®=f
t—n-1 log n

Applying Lemma 2 with y(x) =x(14log* x), we find
{h@}<ﬂwﬂwAamH1+my|awmem
25 k

A
=
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Hence

RO
Ja.(t) S nt{l + log* P } .
If we suppose now that
9 Ja(t) = Ant/log ntk™?,

we find 14logt (J.(¢)/k)=A log (nt/k), for nt/k=log n/log log n.
Hence

(10) Ja(d) S Aant/log ntk™?,

for all values of # and ¢ such that (9) and the relation #nt=log » hold
true.
If (9) does not hold,

11) Jn(®) = Ant/log ntk™.
By (10) and (11) we have then
12) Ja(t) S Asnt/log ntk!

for all values of # and ¢ for which #ni =log n.
By (12)

s e0)| ¢ o0 "
IIal é L_l og » tz Jn(t)dt é AL—I Jog t2 log (n/log log n)

{[ ®() 1 8
< An :\
t log (nt/log log 1) 11 106 n

+ f‘ o(2) dt
allogn 82 log (nt/log log n)

s &%) dt
+j:.—x gn ¢*  (log (nt/log log n))’}

= o(n log log n).

From this inequality and (6), (7), and (8) we draw
G» = o(n log log n).

In conclusion I remark that by the above method I established in
a recent paper the following result, which is a generalization of Hardy
and Littlewood’s theorem [1].

If

f‘I ()| du = O(F) and ftqs(u)du =o0() ast—0,
0 0
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then

zn:lsv(x)—sl2=o(nlogn), as 7w — 0,

vem(
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