
THE TRANSFORMATION OF CECH 
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1. Introduction. The purpose of this paper is to give a simple con­
struction of the general transformation of Cech [l, p. 192].1 

Let the differential equations of a surface S be written in the Fubini 
canonical form [2, p. 123] 

xvv = yxu + 6vxv + qx, 6 = log (07). 

Let the differential equation defining a conjugate net N on 5 be writ­
ten in the form 

(2) dv2 - \*du* « 0. 

The ray and the associate ray intersect in the canonical point [3, p. 7] 
of N. The line joining the point x to the canonical point intersects 
the reciprocal of the Green-Fubini projective normal in a point whose 
coordinates are 

(3) W\2)xu - y\*xv. 

We shall call this point the conjugal point of N at x. 

2. Conjugal quadrics. Let the coordinates I of a point X be 
written in the form 

X = XiX + X2XU + XzXv + XiXuv 

Then with properly selected unit point, (xi, X2, Xz, x*) are the coordi­
nates of X referred to the tetrahedron (#, xUi xv, xuv)* The equation 
of the three-parameter family of quadrics each of which has second 
order contact [2, p. 142] with 5 at x is 

(4) x^xz + XA(— Xi + k2x2 + kzXz + faxt) = 0. 

The equation of any plane through the conjugal point (3) is 

(5) xi - k{y\2x2 + (j8/X2)ff3) - 2/#4 = 0. 

We shall speak of this plane as the conjugal plane of N at x. 
If we impose the condition that the polar plane of the covariant 

point (0, 0, 0, 1) with respect to the quadric (4) be the conjugal plane 
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(5), we find that the equation of the quadric (4) assumes the form 

(6) x2xz + xé[-%i + k(y\2x2 + (j8/X2)̂ 3) + lxA] = 0. 

We shall call the quadric so determined a conjugal quadric of 5 at x 
with respect to the conjugate net N. There is a two-parameter family 
of such quadrics associated with a given conjugate net. It follows 
from (6) that a given conjugal quadric may also serve as the conjugal 
quadric of the associate conjugate net of N only if it is a quadric of Dar-
boux. Such a quadric serves as the conjugal quadric of any conjugate 
net. 

Davis has defined [3, p. 12 ] a pencil of quadrics by demanding that 
the tangents to the curves of intersection of a quadric of the family 
(4) with S be apolar to the tangents to the curves of a conjugate net. 
The quadric of Davis f or the conjugate net defined by (2) is the conjugal 
quadric (6) with k~l. The quadric of Davis for the associate con­
jugate net of N is the conjugal quadric (6) with k = — 1. We may call 
this quadric the conjugate quadric of Davis. 

If one demands that a quadric of the family (4) have third order 
contact with each of the curves of Nf the quadric must be a conjugal 
quadric with k = —1/3. The quadric with k = 1/3 plays the same role 
with the associate conjugate net. 

It will be recalled [2, pp. 185, 187] that the lines joining the points 
whose general coordinates are 

Xy, —• OX) Xy "— aXf 

wherein 

(7) « « (0, + X„/X + tnp/\2)/2, b = {eu- XM/X + tny\2)/2, 

are respectively the flex-ray, ray, associate ray, principal join and as­
sociate principal join according as 

m = 0, - 1, 1, 5/3, - 5/3. 

The lines joining x to the point whose coordinates are Xuv ™~" a Xu 
— b'xv with a', V defined by 

(8) a1 = (dv + Xv/X + ^/X2)/2, V = (6V - Xw/X + ny\2)/2 

are respectively the axis, associate axis, cusp-axis, polar reciprocals 
of the principal join and associate principal join with respect to any 
quadric of Darboux according as n = lf — 1, 0, 5/3, —5/3. 

Imposing the condition that the lines determined by (7) be the 
polar lines of those defined by (8) with respect to the quadric (4) we 
find that quadric must be a conjugal quadric with 
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(9) k - (* - «0/2. 

ƒ/ follows that the conjugal quadrics may be defined as quadrics having 
second order contact with Satx with respect to which canonical [3, p. 7] 
lines of the first kind are reciprocal polars of canonical lines of the second 
kind. 

Using the various values of m and n for the well known canonical 
lines above we find interpretations for the conjugal quadrics for the 
particular values & = 0, ±1/3 , ±1/2, ±5/6, ± 1 , ±4/3 , ±5/3 . 

In particular the quadric of Davis is a quadric having second order 
contact with S at x and for which the axis of N is the polar of the ray 
of N. Thus a new characterization of this quadric is obtained. 

By means of the first characterization of the conjugal quadric with 
k = —1/3, we may give characterizations of some of the canonical 
lines associated with the net N. In particular the principal join of the 
curves of N may be characterized as the polar line of the axis of the net 
with respect to the conjugal quadric k = —1/3; or it is the reciprocal of 
the associate ray of N with respect to the quadric of Davis. 

3. The transformation of Cech. In this section we shall show how 
the conjugal quadrics (6) may be considered as inducing the general 
transformation of Cech. 

The coordinates of any point p on the tangent to the curve defined 
by dv —\du = 0 of the net N may be written in the form 

p = %u + X#v + &%• 

The polar plane of p with respect to a conjugal quadric (6) has local 
coordinates given by the formulas 

(10) ui = 0, u2 = X2, uz = X, «4 = — XM + k($ + 7X2). 

If the local coordinates of p be written in the form (peu #2, #3» 0), equa­
tions (10) assume the form 

2 2 
U\ = 0, U2 = #2#3> Uz = #2#3> 

(11) 3 3. 
U4, = — Xix2Xz + k((3x2 + 7^3) 

of general transformation of Cech. We shall say that the conjugal 
quadrics (6) induce the general transformation of Cech. In particular 
the quadrics of Darboux induce the polarity of Lie, k = 0, and the quadrics 
of Davis induce the correspondence of Segre, k = 1. 

The associate quadric of Davis may be said to induce the associate 
correspondence of Segre, k— — 1. The conjugal quadric k~—l/3 in­
duces the correspondence of Moutard. We may call the transformation 
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(11) with k = 1/3 the associate correspondence of Moutard. The quadric 
(6) with k = 1/3 induces this latter correspondence. The other particu­
lar conjugal quadrics characterized in the previous section of course 
induce the corresponding transformations of Cech. 

Lane has given [2, p. 203] certain properties of the general trans­
formation of Cech. We call attention to one additional property. We 
may easily verify that the most general linear transformation which 
leaves the form of the equations of the family of conjugal quadrics (6) 
invariant is the transformation 

<rxi = xi — bx2 — a%z — cut, 

<7#2 = # 2 — G%4>, <?%% = Xz — DX4, 0X4 = £4. 

The transformation (12) and the corresponding transformation in 
plane coordinates leave the form of each of the transformations of 
Cech (11) absolutely invariant. It follows therefore from the form of 
(12) that the transformation of the f or m (11) obtained by using any 
R-harmonic line [4, p. 584] and its reciprocal in the definition of the 
conjugal quadrics is the transformation of Cech for the same value of k* 
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