ON THE LEAST SOLUTION OF PELL'S EQUATION
LOO-KENG HUA
Let x, yo be the least positive solution of Pell's equation
x? — dy? = 4,

where d is a positive integer, not a square, congruent to 0 or 1 (mod 4).
Let €= (xo+d%y,)/2. It was proved by Schur! that

(1) e < 4
or, more precisely,
(2) log e < d'2((1/2) log d + (1/2) log log d + 1) .
He deduced (1) from (2) by the property that
d2((1/2) log d 4+ (1/2) log log d + 1) < d'2 log d

ford>244.69 - - -, and, for d £244, (1) is established by direct com-
putation. It is the object of the present note to establish a slightly
better result that

3) log e < d'/2((1/2) log d + 1).

Thus (1) follows immediately without any calculation. The method
used is that described in the preceding paper.

Let (d!r) be Kronecker’s symbol. (We extend the definition to
include negative wvalues of 7 by the relation (dlh) = (dl?’z) for
ri=r; (mod d).)

Let f denote the fundamental discriminant related to d, that is,

= mzf’
where f is not divisible by a square of odd prime and is either odd,
or congruent to 8 or congruent to 12 (mod 16).

LEMMA 1. For d >0, we have

(7)-(5)
—)={=)
Proor. Landau, Vorlesungen iiber Zahlentheorie, vol. 1, Theorem

101.

LEMMA 2. We have
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(f)er- ()

where r runs over a complete residue system, mod f.

Proor. Landau, loc. cit., Theorem 215.

250 =3 (-0

where A* is the least positive residue of A, mod f.

LeMMA 3. We have

A*+1

Proor. (See Lemma 1 of the preceding paper.) We have, by
Lemma 2,

33 (D)=2pex 3 (1)

a=1 n=1 n

£ 5 £

r

A a
__) E Z e?rim‘lf_

a=0 n=—a

Then

j‘l/2

IIA

SOl

a=1 n=1 2 r==1

a=0 n=—a

1 2 /sin (4 4 Dar/f\2

) r=1< sin wr/f )
1 L /sin (A% + Dar/

—2— rul( sin wr/f

1 f—1 Ax a

= Z Z Z g2minrlf

2 r=1 a=0 n=—a

1
=5 ((A* 4+ Df = (4* + 1)),

since

Ee2rmrlf —_ Ee2rznr/j -1 = { -1 if f*n,
= f—1 if fln

LeMMA 4. For any discriminant d >0 and A >d'/?, we have
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25()

Proor. It is well known that?
d f
(£)=() = wo.
n N/ 7| (m,n)

iz(i) -2 ( > ul)

r|(m,n)

1
< — A,
2

rlm a=1 n=1,r|n

Z#(ﬁ( )FA‘_, [af( )

r|im a=1 n=1

Then, by Lemma 2,
230 ) =52 Z %)

r|lm

A [al7]

xS (D)-Tu

a=1 n=1
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()

a=1n=1 2 m
S (E ) )
<— Zr —ﬂ” < ——Af‘”m —Adw,

rlm

since we have f1/2%r <f1?m < A4,

o e s

and

>

r|m

IIA
3

LEMMA 5. We have

= /d\1 1
Z(—)——<—10gd+1.
n 2

n=1 \ N

2 This follows from the fact that D 4eu(d) =0 or 1 according as ¢ >1 or a=1.
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Proor. For n=1 let

st = 5 5(),

a=1 m=1

and let S(0) =S(—1) =0. Then we have

d
Sm) —25(n — 1) + Sn — 2) = (———), n=1,
n
and

d

S(£)- = {5t = 256 = ) + 50— D)
n

a1\ 7 a1
éS(M(; ——j——l—+n-:-2>

25 (n)
n(n + D(n +2)

We divide the series into two parts

A-1 ©
Si=2, Si=2
n=1 n=A

Since

ECIED ) Pl

a=1 m=1 2
it follows that
A1
MJ<E——-
If 4 >d'? we have by Lemma 4
nd*!? Al
RARS> :
vy B+ 1) (n + 2) A+1
Hence
0 d 1 A—1 1 d1/2
—)=| =
E(ﬂ) nl E n+2+ +1
a1 g 1 @
=3 ——1-= +
El m + A4+1 + 441
/2
< 1 4241 '

l%w—n—7+Z+A+l
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Taking 4 = [d}/2]+1 we have
* /d\ 1
£():
n=1 n n

since d=35.

1 a4t

12 _—
=< logd + an Ty

1 1
= logd +— +———<—logd+1

ari?

THEOREM 1. We have

log e < d*2((1/2) log d + 1).

735

PRrOOF. It is known that the number %(d) of classes of non-equiva-

lent quadratic forms with determinant d >0, is given by

way = 2 i-(i)i .

logeni\n/ n
Since k(d)= 1, we have the theorem.
THEOREM 2 (Schur). We have
log e < d'/%log d.

ProOF. For d >e?, the theorem follows from Theorem 1. If d <e?,

then d=35. Evidently e=(3+45'/2)/2 and
log e < 5'%log 5.
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