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a rational function of N continuous in the interval (11).

If all the 5:0 we have ¢’ Mpq1) = — 0, ¢’(\p) = » if p>1, while
if p=1, then ¢'(— ) =1>0. Hence there exists a A in the intervals
(10) such that ¢’(\) =g=0. But then our hypothesis states that
f=¢(\)>0. By (12), and since ¢(A\) >0, we have f+Ng positive defi-
nite.

There remains the case where some b;=0. Here we may permute
the x; and change the sign of g if necessary and carry the correspond-
ing x into x;. Then f= —N\wx? +fo(xz, + + -, x,). As in the proof above
we may carry fo into (7) and have f in the form (3). But f>0 for
g=0 and as in the proof of Lemma 2 we have (5), and f+4\g is posi-
tive definite for \ as in (6).

We have proved our theorem. Notice that our reduction to the
case g non-singular together with Lemmas 1, 2 determines the range
of N\ for which f4Mg is positive definite.
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1. Introduction. It is a well known theorem of Gauss that the total
curvature of any two dimensional surface in euclidean three space is
equal to the product of the principal normal curvatures. Eisenhart]
has shown that a generalization of this theorem applies to Riemann
spaces of class one; that is, the hypersurfaces of an #-dimensional flat
space. He proves the theorem:

When the lines of curvature of a Riemann space V., of class one are
real and none of them is tangent to a null vector, the Riemannian curva-
ture at a point for the orientation determined by the direction of two lines
of curvature at the point is numerically equal to the product of the corre-
sponding normal curvatures; the sign is determined by the character of
the normal to V, in the enveloping flat V1.

* Presented to the Society, September 10, 1937,
t National Research Fellow.
1 L. P. Eisenhart, Riemannian Geomeiry, 1926, p. 199.
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This is Gauss’ theorem for a flat V,y1. The analogous theorem,
which is true of the hypersurfaces of any Riemann space, appears to
have been overlooked and is derived in §3 of this note. From this re-
sult, we establish the following theorem which is the converse of the
theorem of Gauss for a flat V,;:

Let V, be any hypersurface of @ Vny1 such that the lines of curvature
of V., are real and none of them is tangent to a null vector. Let the Rie-
mannian curvature of V, at a point for the orientation determined by
the direction of two lines of curvature at the point be numerically equal
to the corresponding normal curvatures, the sign being determined by
the character of the normal to V, in the enveloping Va1 Then Vi is a
flat space.

2. Hypersurfaces of a V.. We begin by a short summary of those
portions of the theory of hypersurfaces which are necessary in our
work. Let V,,1 be a real Riemann space with the first fundamental
form*

(1) ds? = a.pdyedyP.

Any real hypersurface V, immersed in V4, is defined by a system of
equations y*=y=(x!, x2, - - -, x"), where the rank of the Jacobian
matrix Hay“/axiH is 7. The metric induced in the hypersurface by (1)
determines the first fundamental form of V, as

(2) ds? = g;jdxidxf,
where
3) gii = Gapy i 1

We assume that real coordinate systems {y*} and {x¢} and an
open region R of the n-dimensional arithmetic number space {x*}
exist such that a@.s(y?) are real functions of class C? and y*(x%) are
real functions of class C? for x ¢ R. Since the rank of [|dy=/dx{| is
n, (2) is non-singular for x ¢ R although it may be indefinite. Under
these conditions the Gauss equations

4) Rusje = e(QuiQix — Dais) + Rapray5yy7iv’e
are satisfied for x ¢ ®. In these equations Rj;;z and Rag,s are the

* Throughout this paper, Greek indices have the range 1, 2, - - - , #41 and Latin
indices the range 1, 2, - + -, #. An index which appears twice in an expression is to be
summed over the appropriate range unless the index appears in parentheses.

+ The comma denotes covariant differentiation with respect to the tensor gs;.
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Riemann curvature tensors of V,, and V,1 respectively, and e is plus
one or minus one, being defined by

(5) € = aqpttf,

where the £ are the components of the unit normal to V,. The quan-
tities Q;; are the coefficients of the second fundamental form of V,

(6) Qi = aagt™Yois + [By, @iy,
where the brackets are the Christoffel symbols of the first kind formed
with respect to a.s and evaluated for x ¢ R. It is clear that the func-
tions Ryijx and Rasys are of class C°, Q;; of class C’, and £ of class C?
for x cR.

The directions of the lines of curvature of V, are given by the
vectors* (A which satisfy

(7 (Q; — Kpgis) oM = 0,

where K, are the principal normal curvatures and are the roots of the
determinant equation

(8) | @i — Kg,-,-l = 0.

If the elementary divisors of (8) are simple (as is always the case if
(3) is definite), there is at least one orthogonal ennuple of unit vec-
tors (»A® which satisfy (7). When the elementary divisors are not
simple, the tangents of some of the lines of curvature are null vectors.
If (2) is indefinite, the principal normal curvatures need not be real
even though V, and V,,; are both real Riemann spaces. The tangent
of a line of curvature is real when and only when the corresponding
principal normal curvature is real.}

3. The theorem of Gauss for any Riemann space V,.:.. We as-
sume that qyA? and (A¢ are two unit vectors which are tangent to real
lines of curvature at a point P corresponding to x ¢ R. If these direc-
tions and any (#—2) real unit vectors orthogonal to both @)A® and
@AM are chosen as coordinate directions, it follows from the algebraic
theory that at P,

gis=gu="'""=¢g=0, N =N == A\ =0,
) gu=gu=" = gon = 0, @M = @\ = - = A" = 0,
Qi = Kigui, Do; = Kogos.

* Here p denotes the vector and 7 the component.

t T. J. 'A. Bromwich, Quadratic Forms and their Classification by Means of In-
variant Factors, 1906, chaps. 3 and 4. Also cf. M. Bécher, Introduction to Higher
Algebra, 1929, p. 305, and Eisenhart, loc. cit., pp. 108-112,
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We denote by k,, the Riemannian curvature for the orientation de-
termined by (»A* and (»\'. By definition,

RuiityN @M M @)\
(gnigir — Enies) ON' @M N @F
From (4), (9), and (10) it follows that
Rogys ) @8 mE" 0

guger — &% ’

where (&2 = )Ny, is the component in the ¥'s of (»A%. Since, from

(3) and (9), gugem— gl = (Gayss —Gastlsy) £ EyEl s the last equa-
tion is equivalent to

(11) klz -_ ]{_?12 = €K1K2,

(10) km =

k12 = eK 1Ky +

where k,, is the Riemannian curvature of V,.; for the orientation
determined by (,&* and (£~ Since all the quantities in (11) are in-
variants, this proves the theorem of Gauss for any V,41 and is valid
at all points of V, for which x ¢ %.

Let V, be a hypersurface of @ Riemann space Vny1. Then the difference
of the Riemannian curvatures of the V., and the Va1 at a point for the
orientation determined by the directions of two real lines of curvature
of V, at the point, neither of which is tangent to a null vector, is numeri-
cally equal to the product of the corresponding normal curvatures; the
sign is given by (5) and thus is determined by the character of the normal
to Vyin V.

4. The converse of Gauss’ theorem for a flat V,y. If V,yiis a

flat space, k,,=0 and
(12) kpqy = eK,K,

for every hypersurface for which the elementary divisors of (8) are
simple. This is the theorem of Gauss for a flat V,41. To prove the
converse of this theorem, we first prove the lemma:

Given any Riemann space V.1, an arbitrary.point P of this space,
and a set of n mutually orthogonal vectors &, @&, - - -, w&* at P;
then there exists a hypersurface V, in Vi1 such that V, contains the
point P and such that the lines of curvature of V. have the directions
W& @ -, wEat P

To prove this lemma we construct the V,. Let the coordinates y*
of (1) be normal coordinates with the given point P as center so
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that the given ennuple (,&* and the vector (,41y6* normal to ()£ at P
are the coordinate directions. Then at P,

Qaa = €q, Qap = O) (Ot)ga = 1’
13) da,
®E&* = 0; [”P‘; 'Y]a =0, - = 0, a# B,
9y

where €x =gy @& E"
We define a hypersurface S by the equations
yi = g
(14) o = 1d

where the 4; are non-zero constants. It is clear that (,41)£* is normal
to S. From (3) and (13) it follows that at P

(15) gii = &, gi;i =0, 17 7.
Upon differentiating (3) with respect to x*, we have
0gii  08ap 4 « g ?’y* « 0%F
= . ,i,'+aa - .'+au R N ¢
dx*  dyv AV i.d ? dxidxk 7 i dxidxr

It follows from this equation, (13), and (14) that, for x?=0,

9g:;
16 —=7=090
(16) Py
From (6), (13), (14), and (16), we have at P
(17) Qii = e,,+1A,~, Qi,’ = 0, 1 # j.

Hence from (15) and (17) it follows that .S is a V, which has the given
vectors (&% as the directions of its lines of curvature at the
given point. This proves the lemma.

From this result, the converse of Gauss’ theorem for a flat V,y,
stated in the introduction, follows immediately. For if (12) holds for
every hypersurface in V,y1, the lemma shows that k,, must be zero
for an arbitrary orientation, hence V,4; is flat.

It is clear that a similar argument may be employed to show that if

kpe — ko = eK,K,, ko a constant,

for every hypersurface for which the elementary divisors of (8) are
simple, V,;1 has constant Riemannian curvature ko and conversely.
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