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A CERTAIN MEAN-VALUE PROBLEM IN
STATISTICS*

BY A. T. CRAIG

1. Introduction. It is the purpose of this paper to investigate,
by means of the characteristic function, the arithmetic mean
value, or mathematical expectation, of the sum of the squares
of » normally and independently distributed variables when
those variables are subject to m <# linear restrictions. For
example, if x;, xq, - - - , X, are n independent values of a variable
x which is normally distributed with mean zero and variance
a2, then the expected value of Z x? is no?. However, the
expected value of Z (x,—%)2, Where nE —Z xj, is (n—1)a2. It
is falrly obvious that the latter example could be stated: if
the x’s are subject to the linear restriction Z x;=0, the ex-
pected value of Z x? is (n—1)o% The numbers n and n—1,
which are equal respectwely to the ranks of the matrices of the
two quadratic forms, are frequently called the number of de-
grees of freedom of those quadratic forms.

Let x be subject to the normal law of error

f(x) = __~_1__ g /2®
o(2m)t/?
and let x1, xs, - - -, %X, be # independent values of x. Write

n

n n
= Zx227 Uy = Zalth oty Um = Zamixi’
1 1 1

in which the a's are real numbers. We wish to find the mathe-
matical expectation of v when %y, %,, - - - , un, are assigned values
which make the system consistent. It is well known that the
variables #i, #2, - -+, %, are normally correlated with vari-
ances and covariances given by o2 ,a;,ax.

2. The Characteristic Function. The characteristic function
of the joint distribution of v, %y, * - + , Un is
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1 n/2
d)(tl, t2, Y tm, tm-}-l) = < ) f A feodx,, o dxl,
2wa?

where

n n 1 n
6 = itlz a“-xj-l— R ttmz Ami%; + (itm+1 —_ 2—;> Z x,z,
1 1 o 1

and i =+/(—1). Throughout this paper we shall understand that
the limits of integration are — © and % unless otherwise speci-
fied. If we write

2 2 2
bin= 20 a1, ba = 2 asj, 5 bum = 2 Gmj)
b12 = b21 = Z Q1Q25, * * ° , bm—-l.m = bm,m-—-l = Z Am—1,iCmj,

and

Q= 2 butits,
7‘!"7

then

e~ "Q/2(1—2ic tm1)

¢(t17 Ty tm+1) = [

1 — 240%™

From this latter result, it is fairly obvious that the problem has
no solution unless Q is a positive definite quadratic form of
rank m. Upon writing f,41=0, we find the characteristic func-
tion of the joint distribution of the m linear forms to be

d’(lly Ty tm: 0) = e_aZQ/z‘

Moreover, if Yy =y(u1, - - -, un) is the simultaneous distribu-
tion function of these linear forms, then

1\" .
¢=<__ f fe_L“”Q”dtm”-dtl,
27

L = ity + - - - Fitnttn.

where

Since Q is positive definite of rank m, the Cayley-Hamilton
equation of the matrix B=||b;i|| of Q has m real positive roots,
say M, Nz, * - -, Am. Moreover, there exists a real orthogonal
matrix C=||¢;s|| such that
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MO O0---0

0 A0---0
C'BC = | -

0 0---0 An

If then, in the latter integral, we introduce new variables
21, * * +, 2m Dy subjecting the ¢'s to a linear homogeneous trans-
formation with matrix C, we get

V= (El_>mf . f6—isl"1_‘"_is"“'”'(’2/2)2)‘j’f2dzm <o dzy
by
1

= —S12 /2N 02—« + +—Sp2 | 2o ,
(A1 - - A)Y2(2ma?) /2
where Sp=chfui) (P=1) 2, -, m)
3. The Mathematical Expectation ofv. Let F=F(uy, + -+, Um,v)
be the simultaneous distribution function of » and the m
linear forms. Also, let 7 be the expected value of v for uy, « + - , U,

assigned. Thus

oF
7 =f—dv,
1%

in which the limits of integration on v are here and elsewhere
taken to cover all admissible values of that variable when
1, - - -, Un are regarded as assigned. Now

o1, - - ¢y bmy bmy1) = f ‘e feL+ivtm+1F dv dtty, - - - duy,

=if---fveLdedum---du1
b1 =0

F
if-”fveff?tpdvdumu-dul

if PO fﬁCL\bdum PRI dul.

and

9¢

atm+1

Thus
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. 1\" 9o
flw = pa— f o e e fe—L dtm . e dtl.
2T atm«l—l tm +1=0
But
i)
¢ = i(no? — Qot)eo'e/2,
atm—}»l tm+1=0
Accordingly,

1 m
W = (—) f . f (no® — Qot)eL—r"l2dt,, - - - diy,

2

2 %p[(l S12> + <1 Sk ) +
i 7 )\10’2 )\20’2
St
1 —
+ ( >\m0'2>] ’

and
et 3 )]
i=cln—m+——+- - +—)].
02 )\1 >\m
We now see that if each linear form is set equal to zero, the ex-
pected value of vis = (n—m)o? Thus, when u;=wus= - - - =u,

=0, we may say that we lose one degree of freedom for each
linear restriction in estimating o2 from v.

4. Independent Linear Restrictions. Of particular interest is
the case in which the variables #; are not correlated. A neces-
sary and sufficient condition for the independence of the vari-
ables u; is that

¢(t1,0,"',0,0)’¢(0,t2,0,“‘,0)"'4)(0,"',O,tm,O)
=¢(t1)"' s bmy 0);

that is, when 4,50, j=Fk, and b;;,=0, j*k. Under these condi-
tions, Y becomes

1 \m/? 1
Y = ( ) g w120 b1 -—um® 126 b
(bll :

27o? < b)) 2

and
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R e R
t=dln—m+——+- - +—)|
7 o?\bu1 bmm

Again we observe that the expected value of v is (n—m)o?
when each of the m linear forms is equated to zero. However,
if s of the m linear forms are equated to their respective stand-
ard derivations while the remaining m —s are equated to zero,
then 7= (»—m-s)a?. Finally we see that the expected value of
v, for a fixed set of #’s, is not in general an integral multiple of
a2
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ON THE PRESERVATION OF ANGLES AT A
BOUNDARY POINT IN CONFORMAL
MAPPINGT

BY S. E. WARSCHAWSKI
The object of this note is to prove the following theorem.

THEOREM. Let R be a simply connected “schlicht” region in the
w-plane whose boundary contains the point w=0. Let w=0 be
“accessible” along the Jordan curve L. Suppose that there is a
circle lw | <p such that the part of the boundary of R which is in-
side this circle lies within the angles

(1) |argw—hy| <k, Jargw—h | <k, (ho< k).

Suppose, furthermore, that L connects w =0 with a boundary point
outside |w|=p such that L divides R into two sub-regions. Let all
boundary points of one sub-region which are in [w l <p, and not on
L, be in one of the angles (1), and those of the other sub-region
which are in lw I <p, and not on L, be in the other.

Let w=w(z) map |z~—1 I <1 conformally on R in such o man-
ner that its inverse function approaches 0 as w—0 along L. Let

o= 2+ Jur G- o]
- 2+ o+ (-0
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