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SOME T H E O R E M S ON ABSTRACT SPACES 

BY R. E. A. C. PALEY* 

1. Introduction. We shall solve some of the questions which 
are left unanswered by Banach in his treatise Théorie des Opera­
tions Linéaires (Warszawa, 1932). They are taken from Chapter 
12, pp. 193-207, and we shall assume throughout this paper that 
the reader is familiar with the ideas and results of that section. 

We denote by l{k) the set of sequences {&i, a2, • • • } such that 
]C | an\k < °° » and we denote by L(k) the set of measurable func­
tions ƒ (x) defined on the interval (0, 1) for which 

C\ i 
I I f(x) I kdx < oo . 

J o 
Suppose that A and B are two vectorial spaces. We say that 

Aimi(A)^Aimi(B), if B is isomorphic with a vectorial sub-
space of A, and that Aimi{A) = dirndl?), if Aimi{A)^Aimi(B) 
anddimz(^) ^Aimi(A). Thirdly, we say that dimz(^4) >dirru(.B), 
if dim;(^4) ^Aimi(B) and if it is not true that dimi(A) =dimz(J5). 

Banach has shown (loc. cit.) that if dimj(Z(?)) ^dimi(L ( p )) 
for q>l<p, then q=p = 2, and that dimz(L^>) ^dimz(/(p))> 
p>l, where the equality sign occurs only when p — 2. He has 
also shown that the relation Aimi{l{q)) ^dinu(L ( î>)) is impossible 
if q>p>2 and q<p<2. We shall show that this relation is also 
impossible in the casesf (i) p>2>q, (ii) q>2>p, (iii) 2 <q<p. 

2. Certain Inequalities. Let us suppose that Aimi(l(q)) 
^Aimi(L(p)), (q>l <p). Then l(q) is isomorphic with a vectorial 
closed subspace of L ( p ) . Suppose that to the sequences, 
( 1 , 0 , 0 , • • • ), (o, 1,0, • • • ), (0 ,0 , 1,0, • • • ) , • • • of /<«> 
correspond functions, / i(x), /2(x), fz(x), • • • of L(p). Then to 
the sequence (#i, a2, • • • , ar, 0, 0, • • • ) corresponds 

* This note was found, in rather incomplete form, among the papers of 
the late R. E. A. C. Paley. Various modifications and corrections were needed 
in order to bring it to its present form, but an effort was made to keep as close 
to the original as possible. F . J. MURRAY. 

t We were not able to reconstruct the proof in the remaining casep<q<2, 
from the fragments contained in the manuscript. F J . M . 
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the function a,ifi(x)+a2f2(x) + * * * +arfr(x). Since the two 
spaces are isomorphic, it follows that the operation and its 
inverse are both limited and thus (see Banach, loc. cit., Theorem 
I, p. 54) the ratio 

U
» 1 I n \p \ Up ! / n \ 

]C amfm(x) \dx> / < J2 | am | \ 
0 I m=l I ' ' \ w = l ' 

1/ff 

must lie between two positive constants. 
Let 0i(/), 02(O) * * * denote Rademacher functions.* We use 

the following inequality due to Khintchine.f We have, for 
k>0, 

(1) Bk£ ( ƒ '| £ *»*»« f * ) / ( £ I *» | Y " ^ 5»; 

here and in the sequel B denotes a positive absolute constant, 
Bk denotes one which depends only on k, and so on (B,Bk, • • • 
may denote different constants in different contexts). 

Now suppose that 

BP,Q = \ I I Z) anfn(x) \Pdx > /{J^\dn\Q} q S Bp>q. 

Then we have, for every /, 

} ^ Bp,q, BP,qS { J ' l E ^ n ( 0 / n W r ^ } 1 P / { E U n | 

and thus raising to the pth power, integrating with respect to /, 
using (1), and then extracting the pt\i root, we find 

(2) [J\j:\an\2\Mx)\Y2dxJP 

Bp,q g 7 -=- 1 r-y-- ^ Bp>q. 
X I an Q l V q 

We observe that if we take am = l, an = 0, n^rn, then (2) shows 
tha t 

* See Rademacher 4, Khintchine 2, Paley and Zygmund 3, Kaczmarz and 
Steinhaus 1. 

t Khintchine 2, Paley and Zygmund 3. 
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Bp,q£ [ ƒ '| fm(x) \Pdx~ï * ̂  Bp,q. 

3. Proof for Cases (i) and (ii). First suppose that p>2>q. 
Then 

ii:\an\rl9^B*,*[f\z\an\2\fn(X)\2vl2dXY 

= Bp.t(\ I {23lfl»l | /»0) I V dx\ J 

= -Bp.a ( 23 I a» | I I ƒ»(«) r^a; j 

^ . J Z U I T 2 , 

/ p \ l / 2 

which is of course impossible. 
Suppose that q>2>p. Then 

_ R r ^ v 1 is p / 2 

* I { Z)n( I ön I / (Z)m | 0« | )) | ƒ„(#) | } * d%\ 

^ ï̂> J ( E * I a™ I ) P 5Zn( \ a n \ / (]C«» U™ I ) I |/n0*0 | ̂ ) 

This too is impossible. 

4. Proof f or Case (iii). Suppose that 2 <q<p. Let 
00 

n==2 

Then 

UP 

UP 
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ƒ i/xwr^èi^ri/.wr)^ 
-^-*/Wi/i(*)iv/,_i(f:Ki,i/-(*)i,)rf* 

5S A*-'flL*\Mx) |2 + Z | fl»|* | ƒ.(*) I2}31 dx ̂  BP,,A*. 

Thus we have 

00 9 r l — 9 2 / °° \ 2 / « 

Z ) l f l n | I | / i ( ^ ) | P \fn(oc)\dx^Bp,qlJ2\an\
q) , 

2 *̂  O \ 2 / O 

and so it follows that 

J l / iO) p" 21 fn(x) \2d% - > 0 a s r 
o 

Let N be a large finite number. Choose n\ = 1, w2, w3, • • -, »#, 
so that 

f | / l ( * ) | P ' I ƒ»*(*) l ^ * ^ " , 
•̂  0 

( i - 2 , 3 , - - - , t f ) , 

f I ƒ»,(*) T *1 /-*(*) f<*« ^ ^ . (ft - 3, 4, • • • , # ) , 
J 0 

and so on. We set fnk(x) —gk(x) and consider the integral 

J» l / N 2 V / 2 r1/ N A p / 2 

( £ I ƒ«»(*) I ) rf*= I ( EU»(* ) I ) *̂. 
o \ fc-i / J o \ fc=i / 

Let /x be the integer such that fx^p/2 </x + L Then the last 
integral does not exceed 

N N N r1 2 2 -2 

z z - - - z I u*iO)i i«*,(*)i ••• ig*mwr"<** 
N /• 1 

^ Z I I £*(*) \Pdx 
A;=*l ^ 0 

J |g*i(*) + i^+i
f f max | i gfclo) r • • • i g*Mflo) r M^« 
*i,. • •, fttf+i not all equal , ' 
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Now 
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1 1 £*i(*)i • • • i g*M+i(»r *dx 

J o 

( C l 2 p-2 ) 2 /(p-2) 

( Cl 2 p-2 1 2 /(p-2) 

( f \ |2 , ,p-2 ) (P-2/x)/(p-2) 

j J 1 £*iO) 1 1 gk,+l(x) 1 ^ V 
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and if ki, k2, • • • , ^+ i are not all equal, k\ must be different 
from one of the k2, k3, • • • , &M+i, and since each of the integrals 
in the above product is certainly bounded by a constant of the 
form BPyQ, it follows that the last expression does not exceed an 
expression of the form 

U l 2 p-2 ) (P-2M)/(p-2) 

I gk(x)\ \gk>(x)\ dx> 
where k^k'. If now k<k\ then 

f \gk(x)\*\gk'(x)\*~*dx£<r», 
J o 

whi l e i f&>&' ,£^4 , 

/
I gk(x) | | gk>(x) \P dx 

0 

U l p_2 2 \ 2/(p-2) / /.l \ (p_4)/(p-2) 

U*(*)| | £*'(*) I** f < J \gk>(x)\Pdx\ 

S BPtQe-2N'(v-v, 

and if i>^4, 

«^ o 

U l p-2 2 ) (p-2)/2 / •»! \ (4-p)/2 

U * 0 ) | | £*'(*)!<** f <M |g*(#)|Pdtf> 
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Hence the expression (3) is less than an expression of the 
form 

Bp,q{N +N^(e~N+ e-™Hp-v + *-<P-*>*72)(P-*O/(P-2>} ^ Bp,qN, 

if TV is chosen sufficiently large. This contradicts the hypothesis 

ƒ. 1 / JV \ p / 2 

i £!ƒ»*(*) I > dx^Bp,qN*i«y 
0 V A J - 1 / 

and we have shown that (iii) is impossible. 
5. Conclusion. In conclusion it might be pointed out that if 

the relation dimi(l(q)) ^dimi(L(p)) is impossible, then also 
the relation dimz(L(e)) ^dimj(L( î>)) is impossible. For if 
dimz(Z (e )) gdimj(Z,<p)), then since dim*(7(a)) <dim*(X(9)), it fol­
lows that dimz(/(5)) ^dimz(L ( î>)), a contradiction. Thus in each 
of the Cases (i), (ii), and (iii), we also have the statement of the 
impossibility of the relationship dimi(L(q)) ^ dimi(L(p)). For 
Cases (i) and (ii), these last results are given by Banach (loc. 
cit.) ; however Case (iii) is new. 
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