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N = 2(n — 2-\-2p) is the number of pinch points on a ruled sur­
face in Ss and if / = 2, then N = 3(n — 4+4£) is the number of in­
flexional tangent lines to a ruled surface in S&. We also see that 
a Vg, given by k = 3, has 2{n — 3-\-3p) pinch points if it is in 
£5 and 3(n — 6 + 6p) inflexional tangent lines if it is in Ss'f and so 
forth. 
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1. Introduction. In this paper the finiteness of the class num­
ber is established for every division algebra taken over the 
rational field. For every semi-simple algebra, the right and left 
class numbers are proved to be equal. The classical method for 
proving the finiteness of the class number in algebraic fields de­
pends upon the multiplication of ideals, but the problem is 
treated in this paper for the general case without reference to 
the concept of ideal multiplication. The finiteness of the class 
number for every algebraic field follows as a special case. 

2. Definitions and References. Algebra, domain of integrity, 
and ideal are defined as in a previous paper, f 

The norm of an ideal $ is defined to be the absolute value of 
\G |, where G is a matrix representing $t.% 

A necessary and sufficient condition that a matrix G repre­
sent a left (right) ideal is that 

GRPT = DPG, (GSP = QPG)7 (P = 1, 2, • • • , » ) , 

where Rp
r is the transpose of the first matrix of ep (Sp is the sec­

ond matrix of ep). The matrices DP(QP) are called the class 
matrices corresponding to the ideal matrix G. 

* Presented to the Society, November 28, 1931. 

t Shover and MacDuffee, this Bulletin, vol. 37 (1931), pp. 434-438. 

t MacDuffee, Transactions of this Society, vol. 31 (1929), pp. 71-90. 
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Every principal left (right) ideal may be represented by the 
second (transpose of the first) matrix of an integer of the al-
bra. Every such matrix represents a left (right) ideal. 

Two non-singular left (right) ideals $ a and ®s are said to be 
equivalent if there exist integers of the domain ai and Gi such 
that 

In matric notation, 

GJSfa) = AGeSfa), (GaST(*i) = AGfiB7(*%)), 

where \A | = ± 1. If $« and ®B are two equivalent non-singular 
left (right) ideals represented, respectively, by Ga and GB, then 
the corresponding class matrices Dap and DBP (Qap and QBP) are 
similar, that is, 

ADap = B3pA, (AQap = Q8pA), 

where \A | = ± 1 , and conversely. If Dap = DBP, (QaP = Q8V), Ga 

and GB are said to belong to the same minor class. The left 
(right) class number is the number of non-equivalent non-singu­
lar left (right) ideals in the algebra. 

I t has been shown* that if Tis the discriminant matrix of an 
algebra, the R and S matrices of a number are connected by 
the relation ST= TR. 

3. Class Number of Left Ideals. Suppose 

P = Yjbiei, ex = 1, 

is a number of the left ideal $« with basis ai, a2, • • • , otn. Then 

P = ^ninon, 

where the mu are rational integers. Multiplying by er on the 
left, we have 

erfi = J^muerai, (r). 

Since the ai form a basis for a left ideal there exist rational in­
tegers mri such that 

* MacDuffee, Transactions of this Society, vol. 33 (1931), pp. 425-432. 
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7 jOjvrGj — 7 j/ryiriU'i&v8i 

and 

7 J0{Crises == 7 J^rjO'is^s • 

Because of the linear independence of the basis numbers of the 
algebra, it follows that 

Taking matrices, we have S(j3) = MGa, where M is an integral 
matrix. 

Conversely, if S(j8) = MGa, then 

Let r = 1. Then 

We have now proved the following lemma for left ideals. 

LEMMA 1. If ^ is a number of the left ideal ®a, there exists an 
integral matrix M such that 5(/3) = MGa, and conversely. 

LEMMA 2. If /3 is any number not a divisor of zero of the non-
singular left ideal St, then the adjoint MA of M = S((3)Gl repre­
sents a left ideal and it belongs to the same minor class as G. 

Since MG is a second matrix of the algebra, it is commutative 
with the transpose of every first matrix. Hence 

MGRPT = Rp
rMG = MDVG, (p). 

Cancelling the G's in the last two members, multiplying them 
on both left and right by MA, and dividing by | M |, we have 

M*RPT = DpM*. 

LEMMA 3. The determinants \XhiSi |, where the hi are real and 
\hi I :g 1, have an upper bound in the algebra. 

The greatest number attainable for any determinant of 
order n is less than n\gn, where g is the absolute value of an ele­
ment of the determinant of maximum absolute value. But g can 
not be greater than 2 \cris | for any r, s. Hence the determinant 
is bounded for any set of i / s . 

file:///XhiSi
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LEMMA 4. The number of non-singular ideals whose norms are 
less than a given real number is finite. 

The number of ideals of any given norm g is finite. Applying 
Hermite's reduction theorem* to all matrices G = (gr8) of norm 
equal to the absolute value g of \G |, we have 

Kgrr = g, (grr > 0) . 

There are a finite number of choices for the grr. Since all the ele­
ments are positive and we have 

grs < grr, & > s), 

a n d 

grs = 0, 0 < S), 

there are a finite number of choices for all the elements in the 
matrix. Since there are a finite number of choices for norms less 
than a given real number, we have the following theorem. 

THEOREM 1. In a division algebra the left class number is finite. 

By a theorem of Minkowski,! it is possible to obtain integers 
Xi, (i = 1, 2, • • • , n), not all zero such that 

I X > ^ l ^ (I A )lln> 
where G = (a*,-) is a matrix representing the non-singular left 
ideal $« = (cei, a2, • • • , otn) and a— |G | . If ]8 = S^a i , then 

S(fi) = MGa and S (fi) = 2^û0"(^r/«). 

Since the algebra is a division algebra, S(j3) is non-singular and 
\M I T^O. Then 

| 5(0) | = ± | G | -I 5>*S<|, 

where 

Since |SA»5» | is bounded by a number &, |ikf | is also bounded 
by b and \MA | ^& n _ 1 . But MA represents a non-singular ideal 
and it belongs to the same minor class as G. Hence in every class. 

* Journal für Mathematik, vol. 41 (1851), p. 193. 
t Minkowski, Geometrie der Zahlen, Teubner, 1910, p. 104. 
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it is possible to find a non-singular ideal whose norm is less than 
a given finite number which depends only on the algebra. There­
fore the class number is finite. 

4. Equality of the Two Class Numbers. 

LEMMA 5. If G is a left ideal matrix, then GATTA is a right ideal 
matrix whose class matrices are the transposes of those of G. 

We have 

GRT = DpG, (p)9 

where the Dp are integral. Also 

SPT = TRp, or RP
T = TTSP

TTT. 

Then 

GTTSpT = DpGiy, or SpTG~r = TG^Dpr. 

Hence 

GATT*SP = DpTGATTA. 

THEOREM 2. In every semi-simple algebra the left class number 
is equal to the right class number. 

Consider the left ideal matrices Ga and G$ and the correspond­
ing right ideal matrices Ga

ATTA and GpATTA. If the Dap are (not) 
similar to the Dpp, the DaJ are (not) similar to the D^J. Hence 
the right class number is not less (greater) than the left. Hence 
the two are equal. 

Lemmas and theorems similar to those given here for left 
ideals may be proved for right ideals. 
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