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ON THE GENERALIZED VANDERMONDE DETER-
MINANT AND SYMMETRIC FUNCTIONS

BY ARNOLD DRESDEN

1. Introduction. E. R. Heineman has published* a direct
method for expressing an arbitrary symmetric polynomial in »
variables a1, a2, - - -, @, in terms of the elementary symmetric
functions E,, E,, - - -, E, of these variables. His method was
based on a combination of a formula for the general Vander-
monde determinant developed by him, with a theorem of
Muir.t In the present note we develop in a very elementary
way a simple formula for the quotient of a general Vandermonde
determinant by the simple alternant, in terms of the “homoge-
neous product sums” of weight 5.1 These homogeneous product
sums can be expressed explicitly in terms of the elementary
symmetric functions.§ The formula which is obtained gives,
therefore, by the use of Muir’s theorem, another straightfor-
ward method for the calculation of an arbitrary symmetric
polynomial.

2. A Theorem on Determinants. [t is an exercise in elementary
algebra to prove that the determinants

1 —b —c¢ bc 1 a a?
1 —¢c—a ca |and |1 b b2
1 —a —b ab 1 ¢ ¢

are equal. If, instead of evaluating each of the determinants,
we try to transform one into the other by elementary transfor-
mations,we are led to the following generalization of this simple
fact.

THEOREM 1. If a1, - - -, a, are arbitrary complex numbers and
Pri=(—1)¥>_Da, - - - ay, the sum to be extended over all products
katatimeofay, - - - ,ai_1,Qiy1, * * * ,Qn, then

* E. R. Heineman, Generalized Vandermonde determinants, Transactions of
this Society, vol. 31 (1929), p. 464.

t Muir, Theory of Determinants, vol. 4, p. 151; see also Muir and Metzler,
A Treatise on the Theory of Determinants, p. 344.

1 See, for example, MacMahon, Combinatory Analysis, vol. 1, p. 3.

§ For example, as in MacMahon, loc. cit., p. 4.
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Proor. The coefficients p, of the equation of degree #,
x"+p 4 - - - +p,=0, which has as roots the given numbers
ai, as, - - -, Gy, are related to the numbers p;; by the equation
pr=>pritaipr_1,;. If the equations obtained by writing this
relation successively for k, £k—1, -, 1, be multiplied by
1, a;, - - -, a;*Y, respectively, and the results are added, we
obtain the formula

k
(2) Pri = 2.ad prj;
j=0

here it is to be understood that po=po;=1. This formula as
derived is valid only for 0 £ k<#. But it is immediately evident
that it holds also for k=n, provided we put pr;=0, for k=n.
This will be our agreement throughout; it is in accord with the
customary convention p; =0, for 2>#n. Equation (1) is an im-
mediate consequence of (2); for if we add to the (¥+1)th column
of the Vandermonde determinant, on the right side of (1),
columns 1, 2,--., k—1, & multiplied, respectively, by py,
Pr-1, - -+, P2, P1, it reduces to the (k+1)th column of the deter-
minant on the left.

3. Transformation of the Determinants in (1). For our further
purpose it is important to inquire how the left side of (1) can be
transformed into the right side; the answer is given by solving
equations (2) for a{ in terms of p4;. This can be conveniently
done in the following indirect way.

(a) If k; represents the homogeneous product sum of degree j
(that is the sum of all symmetric polynomials of degree j), then

k
(3) 2 hipi-i =0,
=0

for k= 0. For, from the identity

fI(l — ax) = Zpix",

i=1 i=0
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since for |x| <|1/a;| we have

1 0
= 2aial,
1 — a;x j=0
and hence
1 n ® ©
— = Il Xaiai = D hjai,
H (1 _ dix) =1 j=0 7=0
i=1
it follows that, for | x| < l 1/a¢‘ ,
Zpixi thxj = 1) (1 = 1: Ty ’ﬂ).
=0 =0

Comparison of the coefficients of x* shows that (3) is valid for
any k>0, since p; =0 for £ >#n; moreover ko=1.
(b) If we write (2) in the form

k—1
4) af = pri— 2,08 pri
=0
it is easily proved that
k
(5) at = > hiipii 0= k).
=0

For k=0, this reduces to the identity 1=1; for k=1, to a;=h,
+ p15, which is immediately verifiable. Assuming now that (5)
holds for k=0, 1, - - - , m, we find by use of (4) and (3) that

i

m
AN = Pyt i — D@ puij = Pt i — 2 D hipripmiri
=0

=0 1=0

i

3

Mz

= Pmy1,i — hiipripmyi—i
1

~
]

0

<
I

m m—1
= Pmiri— 2 P1i Do hiPmi—ii
=0 =0

m+1

= Pmy1,i T Z;buhm+14 = Ehm+1~zi7u-
1=0 1=0
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This completes the proof of (§); it shows that by using the mul-
tipliers kg, ki, - - -, ha—1 the determinant on the right of (1) is
obtainable by elementary transformations from the one on the
left.

4. Transformation into Vandermonde Type. But (5) can also
be used to transform the determinant on the left of (1) into a
generalized Vandermonde determinant. We shall designate the
determinant on the left of (1) by its first row, thus |1, P11,

cee, P"—l'll‘ And we shall use the symbol (0, my, me, - - -,
mn—1) to designate the generalized Vandermonde determinant

whose 7th row consists of the elements 1, a;™, a;™, - - -, a;"n—;
we shall suppose m;<m,< - - - <m,—1. In this notation, Theo-
rem 1 takes the form | 1, b1y, - - - ,p,,_ml =(0,1,2,---,n—1).
But we see furthermore that

(6) by —"+1[ 1, pu, - - ’Pﬂ—-1:1| = (0’ 1’ 2,0 ym— 2 mn—l)
for arbitrary m,_1.* Since D ;= pjitm, ;= ai™s—1, the multipliers
By s Bmy_—1, * + +y Bm,_—ny1 applied to the successive columns

on the left transform the last column into the column of
ma—1th powers; for (5) holds with the understanding that
p;i=0for j=n. Repeated application of (5) completes the trans-
formation.

As an intermediate step in this transformation we have
therefore the equalityt

OIS — [ 1, pu, - - -, Pn—1,1| = I 1, pu, -+ -, Pn—z,ldl'"”‘ll~

We seek now to determine multipliers o, ag, @1, * * -, @u—2 such
that
ag{™ 1+ ag + oupii + 00+ opogpnai = @2,

By (5), this condition is equivalent to

Mp—1 n—2 Mp—g
a D m—ipii + 2o@ipii — Db, pipii = 0,
=0 i=0 =0

or since p;;=0forj>n—1, to

* It is to be understood that k;=0, for j<0; (6) is obviously true for
Ma_y<n—1.

1 This formula holds also if %m,_;-n1 =0, although it can then not be ob-
tained as above, because in that case a:.""‘l is a linear combination of 1,

Priy * vy Pr2yie
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(ahmn_l—n-f-l - hm,,_z—n+l)Pn—l,i
n—2
+ D (ahm i+ @i — by i) pii = 0.
=0

These multipliers are therefore uniquely determined by the
equations

ahmn_l—"+1 - hm1z—2“"+1 =0, ahmn_l—i + a; — kmn_2—i =0,
for j=0,--+,n—2, if hm_,_ny1 #0. The only one of them in
whose actual value we are interested is a,_o; for it we find

hmn_l—"'i-l hmn-—2_n+ 2 hmn_l—ﬂ-(-2 hmn_2—ﬂ+1

Qpg =

hmil—l—"+]
We find therefore from (7)

hmn_l——n-f—l hmnwg—n{—l

: 3 Pll, Ty, Pn—l,]
1 |

(8) hmn_1—n+2 hmn—Z—"+2
= l 1, Pn, s P"—3,1! al"'n—z, almn-ll s
and hence by repeated application of (5):

hmn_l—n-kl hmn_z—nH

' l 1: Py - e 7?”—1»1\

©) hoy_—ni2  Pmy_y—nie
=(0,1,2,:--,n — 3, Ma_g, Mp_1).

It is readily seen, as in the last footnote above, that (8), and
hence (9), also holds if &, ;a1 =0, and if Am,_,_ni1hm, ,—ni2
—hm,_y—ni2lm,_,—ny1=0. A straightforward induction now en-
ables us to prove the general formula foreshadowed in (6) and
(9). Nothing is involved except the determination of multipliers
and the use of (5). Hence we shall merely state the result.

THEOREM 2. The general Vandermonde determinant (0, 1, 2,

ce Ry Mgy, Mpae, o 0, Ma_y) for 0Sk=n—1 1s equal to the
determinant |1, pu, - - -, Pu—1,1| multiplied by the determinant
Mo ymntty Bompy_ynity * = 5 Bmpgymnta
)
Ry y—t—1y By g1y = * 5 Bmpy—t1

where h; represents the homogeneous product sum of degree j.*

* A proof of a theorem closely akin to this theorem and of several special
cases of it, by methods quite different from those used above, is found in
Muir and Metzler, loc. cit., pp. 329-336.
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Whilem 1, - - -, m,_1 are arbitrary positive integers, thereis
obviously only interest in the case in which they are distinct
positive integers, and m1>k-+1; in all other cases the corre-
sponding determinant vanishes.

5. Application of Muir's Theorem. We bring in now the
theorem of Muir referred to in the introduction, according to
which the product of an arbitrary symmetric polynomial in »
variables by the Vandermonde determinant (0,1,2, - - - ,z—1)
can be expressed as a sum of generalized Vandermonde deter-
minants of the type here considered. In combination with
Theorems 1 and 2, we obtain then the following result.

THEOREM 3. The arbitrary symmetric polynomial in n variables
> a1as® - - - ay%, where a; are positive integers or zero, is equal
to the sum of all determinants of the form

hmr—'H-l, hmz—n-l-l) ] hmn_l—"+1
)

hmx—l, hmz—l’ T hmn-l—l
for which the sets of indices my, ma, - - -, Ma_, are obtained from
the distinct permutations of the exponents au, oa, - - -, oy by in-
creasing their successive elements by 0, 1,2, - - -, n—1 and then
dropping the first element provided. it is 0. If this first element is
different from 0, the set mi, ms, - - -, Mn_y 1S oblained by per-

muting the modified exponents until the least among them, r, is in
first place, then diminishing all of them by r and dropping the first
one; in this case the corresponding determinant is to be multiplied
by (—1)#(a1, a9, - - -, @), where p is the number of transpositions
required to bring the least exponent in first place.

ProoF. By Muir’s theorem, the product of Y_a,*as® - - - @,
by (0,1, 2, - - -, n—1) is equal to the sum of all determinants
of the form (v, as®+1, - - - |, @, +n—1), where the num-
bers o1(®, e, - - .| @, range over the distinct permuta-
tions of ay, g, - - -, a,. If 7 is the least of all of the numbers
o, - o, D 4n—1 and if p transpositions bring it in first
place, then (™, - - -, a,W+n—~1)=(—1)*(ay, as, - + *, an)"
(0, my, - + -, Mn_y), where r,mi+r, - - -, m,_1+7 is a permuta-
tion of ay @, + - + | @, +n—1. Theorem 3 follows now mmedi-

ately from Theorems 1 and 2.
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To express the homogeneous product sums in terms of ele-
mentary symmetric functions one can use the formula given by
MacMahon and referred to in the introduction, the recursion

formula (3), or the following explicit formula readily derivable
from (3):

1) 0) ] 0’ h21
b1, 17 ) 0’ 2
ki = — 1 P by, o, 0) Ps

Di1, Pi-2y -,y D1y Pi

6. Example. To determine » a%?® in 5 variables, that is,
Za4b3c°d°e°, we have a; =4, as=3, az=ay=a3;=0. Hence there
are 20 distinct permutations. Of these, the ones which contain
any of the sequences 4 3,4 x x x 0, or 3 x x 0 give rise to sets in
which at least two elements are equal. There are left 9 permu-
tations which lead to the following sets when their elements are
increased by 01234:(41237),(05264), (0523 7),
01637),(31274),(01574),(04238), (015 328), and
(012 6 8). Of these sets the first and fifth give rise to the same
result, namely, to —ai as a3 a4 a5 h2; the remaining sets each
lead to a 4th-order determinant. Development of these deter-
minants gives

Zd4b360d060 = 2]75]12 it h]_3 /’54 + 3/¢12 hgha + 3]’212 h5 - h1h23
— 2hhohy — Shihs® — hhe + ho* hs — 3hahs + Thshy — hy.

Reduction to the p's leads, since ps=pr =0, to the result
2.a%3%c%d%" = — 3pips + 3pl paps + TpL ps — prpd
+ 2pipaps — Spipd + p’ps — Theps + Spspa.

SwWARTHMORE COLLEGE



