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{ns} of {n} such that n=m;+ny+2 is an {n—1}, the V{Z{*
isa {T—1} in {T}, for T=T'+T"+2. Hence, we have

N—rk+2=1,
or
N=k-—1,

which was to be proved.

It is about impossible to state generally any proposition con-
cerning the properties of the hypersurfaces of this type. The
properties of some of them can be obtained readily.
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Two algebras ¥ and B over the same field F are called
equivalent (or simply isomorphic) if it is possible to establish
between their quantities a (1-1) correspondence such that if
any quantities x and y of % correspond to X and Y of B, then
x4y, xy and ax correspond to X+ 7Y, XY, aX respectively for
every a of F. We shall consider two generalized quaternion
division algebrast A and B over the field of all rational numbers,
R. Let A be given by

(D) A = (e,i1,71,0151), 12 = pie, ji* = o1e, jily = — iyfs,

where e is the modulus of ¥, and p, and ¢; are in R. Without
loss of generality p; and o; may be taken to be each products of
distinct rational prime integers.

Similarly let

(2) 8= (E,I,,J\,I.J1), I = pE, J = ozE, J1\[, = — I,J,,

* Presented to the Society, February 22, 1930.
t For the definition and properties of these algebras see L. E. Dickson,
Algebren und ihre Zahlentheorie, pp. 46-49.
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where ps and o2 are each products of distinct rational prime
integers, and E is the modulus of 8. Without loss of generality
we may take g9 <0 since one of ps,cs,—p202 is negative and by
changing the roles of I, Ji, I; J, we may take o5 to be the nega-
tive number. The rank equation of U is known (loc. cit.) to be

(3) 0)2 - 20[460 + (a42 - C\’,12p1 - Ol220'1 + 0[320'1p1) = 0,
where the general quantity of U is x =as+taiti+asji+asiiji.
We have obviously the following property

Lemma 1. A quantity x which is not a rational multiple of
e has a rational multiple of e as its square if and only if

(4) x = aity + a1 + asiifi,
in which case

(5) x? = (o py + aor — adoipr)e.

Consider the form
(6) q = 011201 + atoy — Ot32tnp1 - afpz — agdos.

The signs of p1, 01 and —pyo1 are the same if and only if p; <0,
01 <0. But we have taken ¢; <0, whence —c2>0 and has a sign
different from that of p; <0. The signs of the coefficients of g are
therefore not all alike and they are all different from zero when
A and B are division algebras. But every indefinite quadratic
form in five variables is a null form* so that there exist integers
oy, -+ +, ag, not all zero, for which ¢=0. Let a1, a2, - - -+, 052
be any set of integer solutions of ¢g=0. The quantity p’=akp2
+asioe is a rational integer equal to af,p oo —alioips.
The quantities

i = alzil + a22j1 + a32i1j1, I = 0!4211 + 0t5211
have the properties that
(1) = e, (I?* = p'E.

Since g, - - +,ass are not all zero, ¢’ and I’ are not both zero
quantities. Hence p’#0. But A and B are division algebras

* A theorem of A. Meyer, Vierteljahrschrift der Naturforschenden Gesell-
schaft in Ziirich, vol. 29 (1884), pp. 209-222; see also Bachmann, Zahlentheorie,
vol. IVy, p. 266.
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so that ¢'#0e, I'#0E. If we write p’ =pn?, where p and 7 are
integers and p is a product of distinct primes, then, by replac-

ing theao(r =1, - - -, 5) by @y =2,2/7, we replace ¢’ by 1=14"/,
I' by I=I'"/7 and p’ by p.
LEMMA 2. There exist rational numbers aui, @z, * *+ *, a1 With

an, Ao, gy not all zero and au, as not both zero, such that if

©) 1= ant + aaji + asitjy, I = auli + anly,
then

(8) i =pe, I*=pE, p = alips + ahoa,
where p is a product of distinct rational prime integers.

Write J=1,J,. Then obviously JI=—1J and J*=4E, § in
R. By replacing J by a rational multiple of itself we may ob-
viously take d a product of distinct primes. If az =a3 =0, then
by writing j=j, we have ji= —1j and j2=ve with v in R. If
«g1 and ag; are not both zero, then let

9 Jj = ampif1 + awrtrj1 # Oe,
whence 2= —a1p,(al —alp1)e=7e with ¥ in R.
Using the multiplication table of A, we find
ﬁ = (Otslpljl + a21i1j1)(a11i1 + a21j1 + aaliljl)
(10) = - a31a11p1i1j1 + aziaz1p101 — a1P§1ix
. 2 .
— ag1011p1]1 + Q210181 — Q21031P1071

2 2 . . ..
(04210'1‘ - araxm)h — anagp1f1 — az3ap1tifa,

while
- ij = - (a11i1 + a21j1 + a31i1j1)(aalpxj1 + azliljl)
(11) .. . 2 . 2 .
= - (0111623117111]1 + anasipiji — a0t + 0131910‘111) .
Hence ji= —4j and in all cases j is not a polynomial in 2 with

rational coefficients. It follows that e,,j,7j are linearly inde-
pendent with respect to R and form a basis of . Similarly
E,I,J,IJ are linearly independent with respect to R and form
a basis of algebra B.
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THEOREM 1. By finding a single solution of a solvable diophan-
tine equation we may represent any pair of generalized quaternion
division algebras in the canonical form

(12) A = (e’i,j7ij): i2=p6, j2=78’ ]i= _”:
(13) 8 = (E,I,7,1J), I* = pE, J* = E, JI = — 1J,

with e and E respectively the moduli of A and B, where p, v and
8 are multiplication constants expressed in terms of the original
multiplication constants of A and B and the above solution, and
where, without loss of generality, p, vy, 6 may be taken to be pro-
ducts of distinct rational primes.

We shall now discuss a necessary and sufficient condition
that any two generalized quaternion division algebras % and
B be equivalent. We take the pair in the canonical form (12),
(13). Suppose that A and B are equivalent so that there exists
a (1-1) correspondence between the quantities of % and B
which is preserved under addition, multiplication and scalar
multiplication. The modulus e of A will correspond to the modu-
lus E of 8. Let s in U correspond to I, and ¢ correspond to J.
Then s?=pe, t?=4de and {s= —st. But, by Lemma 1,

(14) s = Mi 4 Noj + Nsif

so that

(15) s2= (A\2p + M2y — Nyple = pe,
and

(16) Mo 4+ NPy — Nyp = p,

for rational A\;, A2, N\s. Let first \,and A3 be not both zero. Then if

a7 t= Ngpj + Neij,
we have t1s= —st;, t15%0e, and
(18) t?2 = v[(\sp)? — NPp].

For we may evidently use here the proof (10), (11) by which we
showed that ji= —4j. But fs= —s¢, so that tst7' =454 and
(t)s(t ) =s. It follows that £,7' is a polynomial in s and
we may write
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(19) t = (&6 + £25)ty, (¢, and & in R).

Then de=8= (?::12 - £22p)t12 = (512 - £22p> [()\36)2 —>\22p ]’ye. Write
m=£Nsp) +£2Nep,n2=ENa+£2(Nsp), so that 9, and 5s are rational
numbers. Then we have proved that, when A, and \; are not
both zero,

(20) 6= (n? — nlp)v.

Next let Ag=A;3=0. We have s=Ni¢ and A2pe=pe so that
M=1, s=4. We then take #{;=j and have #,>=+vye. As before
t=(Eie+Ea5)t and, if we write 9, =£1, 72 =£,, we again have (20).

Conversely let (20) be true. Then U and B are equivalent
under the correspondence

(21) e + pat 4 pat + pait ~ wE + pol + psJ + plJ,

where uj, - -+, us are independent wvariables in R and
t=(me+n2)j. For 12=pe, I*=pE, t*=0de, J*=0E, ti= —il,
JI=—1J.

THEOREM 2. Let A and B be any two generalized quaternion
division algebras over R. Then they are equivalent™ if and only if,
when they are put in a canonical form (12), (13), we have

(20) 8 = (m? — nlp)y
for rational n, and 7.

Necessary and sufficient conditions that (20) be true are
known. Let the greatest common divisor of v and 8 be » so that
v8=v%, where € is a product of distinct primes. Then (20) is
true if and only if

(22) e=n -l =0

for rational 73, 7. Let the greatest common divisor of ¢ and
p be 7 so that e=¢'w, p=p’w. Then (20) is true if and only if

(23) € =md — p'nd

* Any generalized quaternion algebra ¥ is self-reciprocal under the
correspondence given by i~i, j~j, ij~ji. Hence we may add the word
“reciprocal” to the above.
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for rational ns and 74, where now ¢/,7,0” and ¢/mp’ are each pro-
ducts of distinct primes. Then (20) is true if and only if

(24) w2 — p'ezz - 6’032 =0

for integer 6, 05, 0; not all zero. For when (20) is satisfied so is
(24) when we write 7;=0,/0s, na=05/05 with integer 8y, 05, 0s.
Conversely let (24) be satisfied for integer 64, 05, 05 not all zero.
If ;=0 then 762 —p’82 =0, mp’ =p, so that (76:)2—pb2 =0 con-
trary to the hypothesis that 9 is a division algebra and hence p
is not a rational square. It follows from our definitions of
¢, m, p’ that when (23) is satisfied so is (20). But (23) is satisfied
by 75=01/03, n4=02/0;. Hence (20) can be satisfied by rational
71, N2 if and only if the form in (24) is a null form. Using a
known result of the theory of numbers*, we have the theorem:

THEOREM 3. Let v6=1% where v and € are integers and € is a
product of distinct primes. Let the greatest common divisor of € and
p be m so that p=p'w, e=¢€'w. Then two division algebras A and B
in a canonical form (12), (13) are equivalent if and only if

(25) —€'p’ is a quadratic residue of T,
(26) € is a quadratic residue of p’,
27 p is a quadratic residue of €.

As a corollary of Theorem 2 we shall establish the non-
equivalence of any two of the D, algebras of L. E. Dickson (loc. cit.,
Chapter IX) which have different t's. The D, algebras have
p=—1and y =7 taken to be a product of distinct primes of the
form 4n+3. Let D,, and D,, be two such algebras with 7:7,.
Then 725 (n# +7#)71 since otherwise we would have 7.7; ex-
pressible as a sum of two rational squares which is impossible
when 7,71 contains a prime factor 4n+3 to an odd power.
Hence, by Theorem 2, D,, and D,, are non-equivalent.

CoLuMBIA UNIVERSITY.

* See P. Bachmann, Arithmetik der Quadratischen Formen, Chapter 8.



