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4. Write Uk(m) = mk, and put 

Xk'(m) = Xk(m)/mk, Zk'(m) = Zk(rn)/m\ 

Then from the definitions of the functions, 

X.' = u-J, Z / = u^F, 

and from the associative and commutative laws, 

u_fJiF>u„vf = U-J'U_VF, 

we find Z^XJ = X / Z / , which may be written in full as 
follows : 

Zm a* d' m 5* d' ' 

Multiplying this throughout by TO**, we get (A). 
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In constructing examples of power series bounded in their 
circle of convergence and having specified convergence defects 
on the circle, it is frequently useful to consider polynomials 
of degree n — 1, such that at each of the nth roots of unity, 
the absolute value of the polynomial is less than or equal to a 
given constant M. Under these conditions, the maximum 
absolute value of the polynomial inside or on the unit circle 
is less than 4M log n.* 

I t is the purpose of this note to determine those polynomials 
where this maximum is as large as possible. The result may 
be stated in the following theorem. 

THEOREM. When the polynomial 

F(z) = a0 + aiz + • • • + an-is71-1 

* E . Landau, Bemerkungen zu einer Arbeit des Herrn Carleman, M A T H E ­
MATISCHE ZEITSCHRIFT, vol. 5 (1919), pp. 147-153. 
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has the property that 

(1) \F(ev) | < 1 (v = 0, 1, • • -,n - 1; e = «**"») 

and n > 1, then 

1 n~1 1 

(2) W l < » 5 . 2,+ l ' '" '"I- 1 ' 
81,1-ar* 

except when F(z) has the form eaif{e~~kz), where a is a real number, 
h is an integer, and 

(3) J W ~ rtï . 2» + 1 ' 

m which case the upper bound for \ F(z) \ is reached when 
z = 6k+1J2. The polynomial f(z) has all its zeros on the unit 
circle, one in each of the intervals between two consecutive nth 
roots of unity, except the interval between 1 and e, which contains 
no zero. 

The upper bound given on the right-hand side of (2) is asymp­
totically equal to 

l(logn+C+log^)+o(l), 

where C is Euler's constant, and o(l) tends to zero as n increases 
indefinitely. 

Let the absolute maximum of the absolute value of | F(z) \ 
for I z I = 1 occur between* ek and ek+1. If we write 

F(z) = F^e-h), 

a of iJFiC*)! f ° r I* 
lave for v = 0, 1, 

Fx(e
v) = Mve

av\ 0 S J f r ^ l ; 

the absolute maximum of |-FiOs)| for \z\ = 1 occurs between 
1 and e. By (1), we have for v = 0, 1, • • -, n — 1, 

and since 
zn 

g(z) = 1 + z + z2 + • • • + s71"1 = 
2 - 1 

* If it occurs at an n\h root of unity, then the maximum | F{z) \ is less 
than or equal to unity, which is less than the expression on the right in (2), 
each sine being less than unity, except the one corresponding to 
v = (n •— l)/2 when n is odd. 
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is equal to n for z = 1, and is equal to zero for z = e, e2, 
• • •, €n_1, we have, by Lagrange's interpolation formula, 

(4) 

Now 

0(€n-V*) = 
enö* - 1 

, ( • + ^ • 2 1 ) * _ x 

= 0 

/w—1 n—JW, \ . 

. nd 
sin y 

and consequently, if we write e"iln = e1/2, 

(5) nF1(e
ei) = e^e+^iX 

X Mo 

. nd 
sin-j „_j 

. 0 
S i n ; 

- Z Mple
(<v-«»v2 

. nd 
sin y 

A * = l 

For 0 < 0 < 2ir jn, all the sines in this formula are obviously 
positive, so that for any value of 0 in this interval, we have 

sin 
n|W)l 

nd 
9 w—1 

. no 
sm-5-

Sil l ; S i n 2V Ö + "^~-27rj 
where the equality sign holds when and only when we have 
ilf0 = -Mi = • • • = i^n-i = 1 and A ' = - e^'V0*, that is 
when Fi(z) = eaoî/î(z), where, by (4) and (5), 

(6) 
n - l 

(7) rçfi(eM) = «~ 
-e* 

. n_0 

. 0 „ = 1 . 1 

. nd 
sin y 

sin; 
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Since g(z) == 1 + s + • 
nfi(z) is, by (6), 

n - l 

OIXX ~ /I 

2n 

Consequently, defining f(z) by (3) and a by a = a0 + ?r/2 
— irj{2n), we find ƒ 1(2) = ie~ll4f(z), and since the absolute 
maximum of | ƒ (z) | f or | s | = 1 occurs when all terms to the 
right in (3) are positive, that is when z = €1/2 or 9 = ir/n 
(which is the midpoint of the interval from 0 to 2irln), it 
follows that the absolute maximum for \z\ = 1 of \F(z)\ is 
less than the right-hand member of (2), unless Fi(z) = eao%(z) 
= eaif(z), that is when F(z) = eaif(e-kz). 

The zeros oif(z) are evidently those of fi(z), and (7) shows 
that <p(0) = e-^Wtfiie**) is real. Since, by (6), jfi(l) = 1, 
/i(€l') = - rv'2 for v = 1, 2, . . . , n - l , it follows that 
<p(0) = 1, and<p(2v7r/n) = ( - l)""1 for v = 1, 2, • • -, n - 1, so 
that <p(0) has an odd number of zeros in each of the intervals 
2VK\U < 6 < {2v + 2)T/TI, and consequently ƒ1(2) has an odd 
number of zeros on the unit circle in each of the n — 1 inter­
vals from ev to tv+1 (v = 1, 2, • • -, n — 1). But/ i(z) being of 
degree n — 1 has exactly n — 1 zeros, all of which therefore 
lie on the unit circle, one in each of the intervals mentioned. 
To find the asymptotic value of the expression to the right in 
(2), we observe that the *>th and (n — 1 — *>)th terms in the 
sum are equal, and that for n odd, there is a middle term equal 
to unity. Hence, for n even or odd, 

IT 1 _2[w^rx 1 / i \ 

Sin —~ 7T Sin ~ 7T 

• • + zn *, the coefficient of zv in 

€-[(l/2)+v] __ €-[(l/2)+vJn 

= I J __ € - [ ( 1 / 2 ) + F ] 

€-[(1/2)+v] _|_ J 
= 1 "~ J _ €-[(l/2)+v] 

2 ^e-[(l/4)+(f/2)] 

= - ^cw+TZT! = . 2*> + 1 • 

and by the definition of a definite integral 
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Ï!£» S f . 2»+l 2^+1 ) 

I ( J dx = log - , 
J 0 \ s i n i a; / TT 

or 

» S . 2,+i - Ï 5 27^n+^log^+o(1)-

Using the familiar asymptotic formula 
m 1 1 1 

S2^Tl = 2" l ogm + 2 C + 0 ( 1 ) ' 
where C is Euler's constant, we find 

'ntr^+r = ! ( ^ n+C+logï)+ o(l). 
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T H E M I N I M U M AREA BETWEEN A CURVE 
AND ITS CAUSTIC. 

BY PROFESSOR PAUL R. R I D E R . 

(Read before the American Mathematical Society April 9, 1920.) 

If rays from a given source of light are reflected by a curve, 
the envelope of the rays after reflection is called the caustic 
of the curve. I t is an interesting problem to find the curve 
which connects two fixed points and which with its caustic 
and the rays reflected from the fixed points will enclose a 
minimum area. Euler* proposed and solved a similar problem 

* Euler, Methodus inieniendi lineas curvas maximi minimive proprietate 
gaudentes or German translation in Ostwald's Klassiker der exakten Wis­
senschaften, no. 46. See also Todhunter, Researches in the calculus of varia­
tions, chapter 13. 
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