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ON SOME BIRATIONAL TRANSFORMATIONS OF 
THE KUMMER SURFACE INTO ITSELF. 

BY DR. J . I. HUTCHINSON. 

(Read before the American Mathematical Society, December 28, 1900.) 

VERY few examples of the birational transformation of 
surfaces into themselves are as yet known in which the group 
is of infinite order. 

The case of a continuous group with a finite number of 
parameters has been fully worked out,* but for discontinu­
ous groups only two or three isolated examples f have up 
to the present time been met with. 

I t is in view of this, as well as on account of the general 
interest which attaches to the 16-nodal quartic, or Kummer, 
surfaces that I propose to show how to determine two groups 
of birational transformations of infinite order for which 
these surfaces are invariant. 

In the first place I suppose the surface to be referred to a 
tetrahedron whose vertices are four nodes so chosen that 
none of the faces of the tetrahedron are singular tangent 
planes of the surface. Using homogeneous coordinates w, 
x, y, z, take for example the tetrahedron 

, 1 x w = a#t — h%, y = aK — bK, 
J x = b&l — a&t, z = h\\ — a#l, 

where #A = $\(u, V), and 

a = c â = *à(0, 0), 6=c,2
4. 

The subscripts are here written according to the Weier-
strass notation for the theta functions. The four functions 
#A used in equations (1) form a Göpel quadruple and hence 
satify the well known Göpel biquadratic relation which I 
will indicate by 

*(*., *., *M, * J *= 0-
The left member, regarded as a function K(u, v) of u and v, 
vanishes identically. Solving (1) for #A and substituting 
in this relation, we obtain the required equation of the 

* For an interesting account of this subject see Painlevé, Théorie an­
alytique des équations différentielles, Paris, 1897. 

f See Humbert, Comptes rendus, vol. 126, pp. 394, 508 ; and Painlevé, 
ibid., p. 512. 
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Kummer surface referred to the tetrahedron w, x, y, z. 
Writing for brevity 

a = ct, t3 = ci, y = c,22, Ô = c I; 
I = afi — ^ L = lmn(a,3 -f ^<5), 

m = ay — frh M = lmn(ay -f (3d), 
7̂  = ad — /5y, iV = lmn(ad + ^ ) , 

p = (a2 + /?2 + r
2 +<?2) (pys* + «ya* + a^M' + o2py) 

- 2«/9r^(«4 + fi4 + r
4 + (54 + 4 a ^ ) , 

the required equation becomes 

Z2m2(wV + 2/V) + nH2(iv2y2 + #V) + mV(wV + # y ) 
— 2L(w# + yz) (wy + xz) + 2M(wx + yz)(wz + #y) 

-f 2N(wy + #2) (ws + xy) + 2Pwxyz = 0. 

I t is at once apparent that this equation is reproduced 
when we perform the birational transformation 

(B) w' : x' : y' : z' = --: — : - - : - . 
w x y z 

Since there are 60 tetrahedra of the kind defined by equa­
tions (1), there are 60 transformations of the same type as 
(B). These generate a group G of infinite order. A much 
smaller number of operations, however, is sufficient to gen­
erate the same group, as we now proceed to show. 

Consider the well known group Gu of linear transforma­
tions, for which the Kummer surface is invariant. These 
operations either leave the tetrahedron of reference T un­
changed or permute it with three others. Denoting these 
by Tv T2, JP3, let tv t2, ts represent linear transformations of 
GH which permute T with Tv Tv T3, respectively. Then 
t, = txtr 

If B. denotes the transformation of the same type as B 
associated with the tetrahedron Tv then, since t. is of period 
2, it is evident that 

Bt-ttBte 

I t follows from this that the 60 birational transforma­
tions of the type B can be generated by 15 of them prop­
erly chosen, together with the two linear transformations 
tx and tr 

The group G can be enlarged by combining with it the 
transformations of Gl6 which leave the tetrahedron T un-
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changed (the faces, of course, being permuted). These 
transformations can be represented by 

JL, ? , & , C C , 

and the group O is of index 4 under the enlarged group. 
I t now remains to be shown that O is of infinite order. 

Consider the tetrahedron wv xv yv zv where 

W1 — y-w -f Xx, yx = pw + <rx -f rz, 

xl = )w + *%! zA = <rw + px + ry, 
in which 

X = c0] Co;5, / = C2 C4, 

^ = — C? c i , * = — ci cjs, r = 4 , — cj . 

The transformation * 

CB.) w' : a?/ : y ' : z' : = — : — : — : —> 
v i y 1 1 * 1 1 wl xx y1 zx 

written in terms of w, x, y, z, is 

TWX + #(/>W + <™) 

<rw + px + ry 

TWx + 8(<nü+/°ff) 

jow + <x# -f rz 

In a similar manner, by using the tetrahedron 

w2 = fiw + *#, y2 = £w -j- T]X •+- Zy, 

X2= VW + fJLX, Z2 = TjW + $X + £#, 
where 

M = CÏ Coi, v = = C2 Cos, 

- — C4 C0 3 ? YJ — c 2 (»01$ ^ — C0 3 + C 0 1 , 

we obtain the transformations 

._,. , , , , a(w2+x2) + ftwx-\-y(y% — $w) 
v 2/ * dx — yw + ey 

B a(wa -+• #2) + /?W# + «(pw — ax) 
Ôw — yx >+• sz 

where 
« = ^ C 2 C4 C01 C03, /J = ( C 4 — C 2 ) ( C 0 i (*03/ j 

r = «*4(4 + «o, « = <<&(<* + et), 

* The transformation B1 here indicated is not the same as the Bl pre­
viously referred to. 
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Combining these two transformations we obtain 

/ « T,N , , , , Ay + B A'z+Bf 

where 

A = — erwx + (ôw — yx)(px + <rw), 

B = — [TWX(ÔX — yw) + a(px + <rw) (w2 + #2) 

+ fiwx(px + <rw)] , 

0 = e((TX + j°w) + rCfX — dw), 

D = {ax + pw) (ôx — yw) + ra(w2 + #z) + rpwx. 

The question of the periodicity of this transformation is 
clearly the same as that of the linear fractional transfor­
mation 

, Ay + B 
y = CyT& 

where A, B, C, D are independent of y or yf. But in order 
that this transformation may have a finite period n it is 
necessary and sufficient that * 

(2) (A + D) = 4(AZ) - BG) c o s 2 ^ 

where A is some integer relatively prime to n. I t is easily 
seen that the expressions given above for A, B, C, D can­
not satisfy such a relation as this. Hence the period of 
BXB2 is infinite. 

If (n, v) are the hyperelliptic coordinates of a point of 
the Kummer surface, the equations 

Ws=0^u, v), <c = 0a(w, v), y=0B(u, v), z = 0£u, v), 

where for brevity 0f(u, v) are written for the right mem­
bers in (1 ), express the homogeneous coordinates of a point 
of the surface in terms of the parameter coordinates of the 
same point. After the translormation B, the coordinates 
can be represented in the same form 

w' = 6^0', V ' ) , x' = 6> 2 « v')9 y' = 08(w', v'), zf = 0 4 « v'), 

where (uf, v') are the parameters of the point into which 
the point (u, v) has been transformed. 

A question arises as to what are the relations between u', 

*See Serret, Cours d'algèbre supérieure. 
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v' and u, v. These cannot be algebraic, for if they were, say 

A^u', v', u, v) = 0, A2(u'7 v'', u, v) = 0, 

then since to the point (1, 0, 0, 0) corresponds the curve of 
intersection of w' = 0 with the Kummer surface, when we 
substitute for u, v in these relations the parameter values 
for this point the two equations ought to be equivalent to 
a single algebraic relation 

A(u', i/) = 0. 

This latter should then be the equation of the curve which 
corresponds to the given point. But the equation of this 
curve is 

e^u', v') = o, 
a relation which is not algebraic but transcendental. In 
fact, the relations between u', v' and u, v are none other 
than those which at once follow from the equations of trans­
formation* (J5), viz.: 

(3) 9t(u', v')0t{u, v) = 0,(u', v')0.(u, „), [ t , i = l , 2, 3, 4 ] . 

I t would be interesting to know whether or not the group 
G is discontinuous. I t appears very likely that it is, al­
though I have not been able to fully settle this question. 
I t can be shown that, if G contains any infinitesimal trans­
formations, they belong to an invariant subgroup of G, and 
that they leave unchanged each point of the Kummer sur­
face. For any combination of the generating operations 
B. can, according to (3), be represented in the form 

where ^(V> v') ^8 a theta function of order 2n, whose form 
it is not necessary to determine. If now 

u' = u + £, v' = v + y, 

where £ and y are infinitesimals, we have, on expanding, 

&\Uj V) v OU CV 

* I t is from a similar point of view that Humbert has remarked the 
existence of birational transformations of the Kummer surface into itself. 
See LiouviMe'8 Jour., 1893, p. 466. 
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that 

Fi3(u 

F..= V 

v) = 

0. 
1 

*l 
V) 

any 1 

where 

From this follows that 

and 

From the latter condition follows that the Jacobian of 

two of the functions ~T—^—~ vanishes and hence that all 

are functions of one among them. But this is clearly im­
possible ; hence if an infinitesimal transformation occurs 
in G it leaves every point of the Kummer surface unchanged. 
The totality of operations in G for which every point of the 
surface is invariant evidently form a self-conjugate subgroup 
of G. Moreover it is clear that this subgroup cannot be a 
finite continuous group since the Kummer surface does not 
enter into the category of surfaces which admit such groups. 

Another group G' of birational transformations of the 
Kummer surface into itself is determined from the fact that 
a one to one correspondence exists between this surface and 
the Weddle surface (locus of the vertex of a quadric cone 
which passes through six fixed points). Hence a birational 
transformation of the one corresponds to the like of the 
other. If we write 

w ' x • 11 • z = ft ft ft • ft ft ft • ft ft ft • ft ft ft 

a:b:e:d= c01cuc5 : c2Zc0ic5 : c^c^ : c03c01c4, 

a : 13 : r : d = c^e^ : e^c^ : e0lcmc6 : c12c23c5, 

the equation of the Weddle surface is 

xyz w a a 
wyz x b ft 

wxz y G y 

wxy z d d 

= 0. 

This equation is unchanged for a transformation of the 
same form as (B). I will denote this transformation by C. 
Since the equation of the surface can be written in 15 dif-
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ferent ways in this form, we have 15 corresponding trans­
formations which generate a group of infinite order. For 
consider the tetrahedron wv xv yv zv where 

wl = w, (6 + a)xx = bw — ax, 

(c + a)y1 = cw — ay, (d + a)zx = dw — az. 

The associated transformation is 

, f , , 1 1 1 1 wx' : a ' : y' : s ' = — : - : - : - , 
wx xx yx zx 

or 
, . 1 bx + (a + 2b) w cy + (a + 2c)w 

w' : xf :y : z' — — : T / : — -/— 
w awx — bw awy — cw' 

dz + (a + 2c£)w 
awz — c?w2 

Denoting this transformation by Ĉ  we have for C\ C 

, , , , (a + 2b) wx + 6w2 

m : x : ?/' : z = w : = : ••• 
aw — bx 

Here x' is proportional to an expression of the form 

Ax + B 
Cx + D ' 

I t is easily seen that 
(A + D) 
AD-BC 

= 4, 

and hence the condition (2) reduces to 

cos2 — = 1. 
n 

But since 0 < k < n this relation cannot be satisfied for a 
finite value of n. Hence the transformation C,C has an in­
finite period. 

CORNELL UNIVERSITY, 

December, 1900. 


