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Hence the most general infinitesimal point transforma
tion which leaves the family of all concentric conies invari
ant is 

w= {<*& + »+ « + i}% 

PEINCKTON, N E W J E E S E Y , 
26 March, 1898. 

A SOLUTION OF THE BIQUADRATIC BY BINO
MIAL RESOLVENTS. 

BY DE. GEOEGE P. STAEKWEATHEE. 

(Read before the American Mathematical Society at the Meeting of April 
30, 1898.) 

T H E solution of a given equation 

ƒ(») = of + axx
n-" + - + a n = 0 

consists in making it depend upon a series of resolvent 
equations 

whose solution may be effected by known methods. Thus 
the general quadratic is reduced to a binomial x2 = a, the 
cubic to a quadratic and a binomial cubic, and the biquad
ratic to a cubic and three quadratic equations. In all the 
solutions of the biquadratic the writer has seen these re
solvent equations are not binomial, although Galois' theory 
shows us that they may so be taken in an infinite variety 
of ways, according to the particular system of resolvent 
functions chosen. In selecting such a system it is of course 
desirable to find one which will give as simple results as 
possible, and after some trial the set employed in the fol
lowing lines seemed to be the best. I t is hoped this solu
tion will be of interest from two points of view : 1° as 
giving a new solution of the biquadratic in which the roots 
are given explicitly, i. e., ready for calculation; 2° as 
affording an interesting application of Galois' methods. 
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Let the coefficients of 

x* + bx* + ex2 + dx + e = 0 

be independent variables. For the domain of rationality 
B, consisting of these and an imaginary cube root of unity, 
«, the group of this equation is the symmetric group Gu. 
Adjoining the square root of the discriminant à the Galois-
ian group becomes the alternate group G12. Here 

J = 4 4 ( I 3 - 2 7 J 2 ) , 

, bd c2 

where 1= e — + —, 

7 _ ce bed d2 b2e c3 

6" + Ï 8 ~ Ï 6 ~ Ï 6 ~ 2 Ï 6 " 

An invariant subgroup of G12 of index three is 

G , = [1, (12)(34), (13)(24), (14)(23)] . 

Belonging to this is 

<P± = xx x2 -f xz xv 

which for the alternate group takes on the two other values 

<P2 = xxxz + x2xv <pz = xfa + x2xr 

Form 4>x = <px + a<p2 + a\. 

We then know that 

4>* - <P* = 0 

must be a rational equation, and in fact 

^ - D + i^Uz-^J, 
where 

D = J (2c3 - 9&cd + 27<P + 2762c —72ce). 

After adjoining (j\ the group of f(x) = 0 becomes G±. The 
values of <px and ?>2 are, therefore, rationally known and we 
have 

TT TT 

_ 4>x _ <PX 
9l~~ 3 ' 92 3 ? 

where H= c2 — Sbd + 12e. 



5 2 6 SOLUTION OF THE BIQUADRATIC. [ J u l y , 

The values of <px and <p2 are obtained from the three equa
tions 

0i = 9i + a<P2 +
 aV3> 

— = ^ + a <p2 + a<p„ 

C = ?! + ?2 + SV 

An invariant subgroup of 6?4 of primeindex is 

G 2 = [1,(12) (34)] . 

Belonging to this is 

? l ' = Xl + X2 

which for (?4 takes on the other value 

92' = xz + xv 
Form 0 / = <pl — <p2

f. 

Then <P'2 - 4>f = 0 

must be a rational equation, and in fact 

^ ' 2 = b2 - 4c + 4 ? r 

Adjoin 0/ and the group becomes Gr 
G2 has an invariant subgroup of prime index, the identi

cal substitution, to which belongs 

For Cr2 this takes on the other value 

<?/ ==X2 + Xf 

As before, we form the equation 

0"2 - <pf* = 0 

where <l>" = ? / ' — <p"-

Then <j>» 2 = b2 - 4c + 4?2. 

Adjoining ^/ ' , the group becomes the identical substitu
tion, and all rational functions of the roots are accordingly 
rationally known. In fact 

Xl— A ? 
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where 
K=-b* + ébc-8d. 

This is obtained from the four equations 

Xl " T X
2 ^ 3 X4= = = ^ 1 ? 

xx — x2 + xs — xà = 0 / , 

" ^ 2 *^3 "T" Xi 

^ 1 + ^ 2 + ^3 + Xi = — &• 

#x is four-valued, for although 0/ is six-valued three values 

of it are present, namely, 0/ , $" and , ; and as the six 

values of 4'i are of the form ± J., ± B, ± 0, if we make 
.E' 

„ negative, or — J. (supposing iT to be positive), we 

can only have 
-B+C—A—b 

and 

4 

B-C-A-b 

while if we make , ., >, positive, or + A, we have 

and 

4 

_ . £ _ c + 1̂ - 6 

For convenience of reference the formulée are appended 
in the order convenient for numerical application : 

bd , c2 

ce bed d2 eb'2 â 
"6" + l 8 " " " Î 6 * ~ " Ï 6 ~ 2Ï6' 

D = K2c3 - $hed + Wd* + 27&2e - 72ce), 
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3\/3 

H=c2-3bd+ 12e, 

t. + f + e 
^ = f , 

<p2= g - * — , 

4>f = b2 - 4c + 4 ^ , 

0 / = ^ - 4 c + 4 ^ 

* = T"^-1 

As an illustration let us apply these to the equation 

x* — 2x* + a;2 + 2x — 2 = 0, 

J = - H , J=~fh> ^ = - 4 0 0 , D = 3 7 , 

^ 3 = 88.96154, ^ = 4.46410. 

(We take here the positive sign for s/A and the real value 
of the cube root. ) 

j f f = - l l , ^ = - 2 . 4 6 4 1 0 , ^ = 1 , ?2 = - 2 % / ^ T 

I taking a = - 1 + •—3 1 

2 / 

<V2 = 4, ^ 2 = _ 8 x / ^ l , ^ ' = ± 2 , 

0 / ' = db ( - 2 + 2%/ - 1), K= - 16, 

« != — 1 , a;2 = l + % / — ! , a? 8 =l , #4 = 1 — \ / — 1 . 

YALE UNIVERSITY, 
4pnZ, 1898. 


