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Abstract

We compute topological one-point functions of the chiral operator
Tr " in the maximally confining phase of U(N) supersymmetric gauge
theory. These one-point functions are polynomials in the equivariant
parameter i and the parameter of instanton expansion ¢ = A?Y and are
of particular interest from gauge/string theory correspondence, since they
are related to the Gromov-Witten theory of P'. Based on a combina-
torial identity that gives summation formula over Young diagrams of
relevant functions, we find a relation among chiral one-point functions,
which recursively determines the % expansion of the generating function
of one-point functions. Using a result from the operator formalism of the
Gromov—Witten theory, we also present a vacuum expectation value of
the loop operator Tre®®.

e-print archive: http://lanl.arXiv.org/abs/hep-th/0702125



1402 SHIGEYUKI FUJII ET AL.

1 Introduction

Recently there is a substantial progress in the instanton calculus of four-
dimensional gauge theories [1-8]. In particular, Nekrasov proposed a par-
tition function Znek(€;, ag, A) that encodes the information of the instanton
counting in four-dimensional gauge theory. In [1], integrations over the
instanton moduli space are evaluated by equivariant localization principle,
where the equivariant parameters (€1, €2) of the toric action on C? ~ R* can
be identified as those of the spacetime non-commutativity, or physically the
graviphoton background. The fixed points of the toric action are labeled by
the partitions or, in other words, the Young diagrams. Consequently the
non-perturbative partition function and correlation functions are expressed
as summations of the functions on the set of Young diagrams. We can show
that a five-dimensional lift (or “trigonometric” lift) of Nekrasov’s partition
function Zf\}]gk is nothing but the partition function of topological string

(the generating function of Gromov-Witten invariants) Zt((f)ss?tr on a local
toric Calabi—Yau 3-fold Kg, where S is an appropriate toric surface [9-13].
The correspondence of Nekrasov’s partition function and the generating
function of the Gromov—Witten invariants of local Calabi—Yau manifold,
A Zt(gl{fs)tr, is one example of gauge/string correspondence in topologi-

cal theory [14], which is expected from the idea of geometric engineering [15].

In this paper, we explore another example of gauge/string correspondence
which involves the topological one-point functions. In U (V) supersymmetric
gauge theory in four dimensions, there are chiral observables Tr ¥, where
¢ is the (Higgs) scalar field in the adjoint representation. We will present a
result on the computation of the vacuum expectation value of Tr ¢* in the
U(1) gauge theory or in the maximally confining phase of the U(N) theory,
where the effective low-energy symmetry is reduced to U(1) C U(N). In [4],
Losev et al. claimed that there is a gauge/string correspondence Tr ¢ <=
7p(w), where Tr % are generators of the chiral ring and 7,(w) is the p-th
gravitational descendant of the Kihler class w of P!. Thus it is expected that
the correlation functions of chiral ring elements are related to the Gromov—
Witten invariants of P! developed by Okounkov and Pandharipande [16,17).

The one-point functions (Trp?) are polynomials in the parameter of
instanton expansion ¢ := A%V and the equivariant parameter of the toric
action i =e€; = —ey. In the gauge/string correspondence, these parame-
ters play complementary roles. For example, Nekrasov’s partition function
allows the following two kinds of expansions:

ZNek(h, ayg, A) = Z AZN'ka(h, ag) = exp (— Z h2T72FT((J,g, A)) . (1.1)

k=0 r=0
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In gauge theory, we primarily want to sum up the instanton expansion in
A, which is achieved for example in the Seiberg-Witten theory. On the
other hand the expansion in % is identified with the genus expansion in the
corresponding (topological) string theory. The genus zero part Fy(ag, A)
gives the prepotential of the Seiberg—Witten theory and higher order terms
are expected to represent gravitational corrections [1,11,18-20].

In this paper, we first take the viewpoint of gauge theory and the one-
point functions (Tr¢?) are defined not for each fixed instanton number
but by summing up all the instanton numbers. We emphasize this point,
since the partition function Zy;(;) that appears in the definition of one-point
functions contains the contributions from all the instanton numbers. We
show that the chiral one-point functions (Tr ¢*) satisfy the relation

2r)!
Er!))2q

which is one of the main results in the paper. The coefficients cg are

defined by H;;é(gg? —j%) = > im1 c§x2j or a specialization of the elementary

SR Ty = g, (1.2)
j=1

symmetric functions e, (z); ¢} = (—1)"Je,—j(12,2% ..., (r — 1)%). From the
above linear relations (1.2) among one-point functions, we can compute
the expansion in h? of the generating function T'(z) of one-point functions
(Tr %), order by order. Technically, our proof of the relation (1.2) is based
on combinatorial identities, which we obtain by considering the power sums
of Jucys—Murphy elements in the class algebras of symmetric groups.

Complementary to the above computation is the computation of the
Gromov—Witten invariants in [16, 17] by operator method, which gives all
genus results for each fixed instanton number on the gauge theory side. In
this sense, the operator formalism naturally provides the generating func-
tion of the identities (1.2) for each instanton sector. Summing up all the
instanton numbers, we can calculate the vacuum expectation value of the
loop operator without difficulty. Our final result is

(Tr %) = Iy(2\/qsh(ith)/h), (1.3)

with sh(z) = e*/? — e=(*/2) and I,,(z) being the modified Bessel functions.
It is remarkable that the modified Bessel functions appear frequently in the
computation of the correlation functions of the loop operator [21-24]. In
our case (Tre'¥) = Iy(2i,/qt) when h — 0 and the effect of the equivariant
deformation by A is taken care of simply by renormalizing the parameter ¢
as it — sh(ith)/h.

The paper is organized as follows. In Section 2, we review the basic tools
in instanton calculus; the ADHM construction of the instanton moduli space
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and localization formula concerning the toric action on the moduli space. In
Section 3, we consider the one-point function (Tr %) and derive (1.2). The
genus expansion of the generating function 7'(z) is worked out in Section 4.
Computation in the operator formalism and comparison with the Gromov—
Witten theory are made in Section 5. The generating function of the relation
(1.2) is naturally related to the loop operator and we calculate its vacuum
expectation value in Section 6. Finally we prove a crucial combinatorial
formula in Appendix.

It has been argued that the generating function of the Gromov—Witten
invariants of P! is a tau-function of Toda lattice hierarchy [16,17]. In this
paper, we have obtained the /i expansion of the generating function 7'(z) of
chiral one-point functions. It is interesting to clarify a relation of this genus
expansion to integrable hierarchy and matrix models. For a recent paper in
this direction, see [25].

2 ADHM construction and localization formula

For describing the moduli space of instantons, there is a strong tool called
ADHM construction. The instanton moduli space My, of U(N) gauge the-

ory on C? with instanton number k is constructed by introducing matrices’
By, By € Mc(k,k), J € Mc(N,k)and I € Mc(k,N)on C. Combining these
matrices and coordinates (z1, 22) of C2, we define an (N + 2k) x 2k matrix

J It
A:=|B -z -Bl+zm]. (2.1)
By — 29 BI—Zil

We construct an (N + 2k) x N matrix U, whose column vectors consist of
a basis of the kernel of A, i.e., a matrix U that satisfies ATU = 0. A U(N)
connection A is defined by A := UT(z)dc2U(z). Then from the self-duality
of A and the normalization condition on U, we obtain ADHM equations,
pc = [B1, Bo] + IJ =0,
t t : ; (2.2)
pR = [B1,B{] + [B2,By| + 11" — JTJ = 0.

Elements in pg'(0) N up'(0) give k-instantons of the U(N) gauge theory
on C2.

! Mc(m,n) denotes the set of m x n complex matrices.
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Since ADHM equations (2.2) are invariant under the action
(B1, By, J, 1) = (T 1BlT¢,T 1By Ty, JTy, T, 'n, (2.3)
of Ty = exp(i¢) € U(k), we may consider the quotient
My = 1z (0) N g (0)/U (), (2.4)

which is isomorphic to the moduli space of k-instantons of the U (V) gauge
theory. However, in general, M?V,k is singular and we consider a smooth
manifold
—1 —1
M= g (0) Nz (/U (),
instead, as a resolution of M?\,’k. We note that there are several view-

points on the manifold M?Vk Each viewpoint has its own advantages.
Firstly, it can be regarded as the moduli space of instantons on the non-
commutative C2, where ¢ corresponds to the non-commutative parameter,
[21,71] = —(/2,[22,%2] = —(/2. One can also regard M?\/k as the moduli
space of framed torsion-free sheaves (F, ®) on P2, where F is a torsion-free
sheaf of rank N with (c2(E), [P?]) = k and locally free at a neighborhood of
lso (the line at infinity) and ® is an isomorphism ¢ : E|;  — O;EON , called
framing operator. Finally, if we set the rank N of gauge group to 1, M%k

and M% ., are isomorphic to the symmetric product S*(C?) of C? and the
Hilbert schemes of points (C2)[¥l on €2, respectively.

In four-dimensional gauge theory with the gauge group U(N), we can
consider the two kinds of toric action:

e {2 action on (21,22) € C? defined by (z1,22) — (€121, €2 2).
Physically, this introduces a constant (electro-magnetic) flux on C2
and makes it non-commutative. This is called “Q2 background” of

Nekrasov. In the following, we often put i =e; = —ey (this is the
self-duality or “Calabi-Yau” condition).
e The action of the maximal torus (e!,..., e) c U(1)Y on U(N).

In NV = 2 supersymmetric gauge theory, the correspondmg equivariant
parameters ay are identified as vacuum expectation values of the Higgs
scalar in the vector multiplet.

These toric actions induce the following action of T' = U(1)? x U(1)¥
the instanton moduli space ME\/ 1» Which allows us to employ a powerful tool
of localization formula:

§:(B1,Ba,1,J)— (T, By, T, BQ,IT_I T.T.,T,J), (2.5)

where T, :=ei* € U(1) and T, := diag (e'®,...,e") € U(1)N. Let &
denote the vector field associated with the torlc actlon. The equivariant
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differential operator d¢ := de2 + dag — te on Q°*(C? x M?Vk,) ® C|[g] satisfies
dg = —L¢, where L¢ is the Lie derivative associated to the action §. We
define A := UTd¢U and F = d¢(UTd¢U). Mathematically, A defines a con-
nection on a rank N vector bundle £ on C? x M§V i called universal bun-

dle, and F is the curvature of A. This identification was first provided in
topological gauge theory [26,27]. Since t¢U = 0, we obtain the following

decomposition concerning the direct product C? x M?Vk
A=UldeU + Utdp U =: A+ C,
F =de2(UTde2U) + de2 (UTdpU) + dpg(UTd2U)

+ (dmUN(dpU) = UTLeU (2.6)
= Fdatde” + {\ndz™ + mdz™ } + {(dpU N (dU) — UT LU}
=F+U 4+

In A = 1 supersymmetric Yang—Mills theory, the components A, F, \,,,dz™,
Ymdz™ and ¢ are identified with the gauge connection, the field strength
(curvature), gaugino, chiral matter field and scalar field, respectively [8].
We can see easily that it is only the scalar ¢ that depends on &.

The topological partition function and correlation functions are defined
by the equivariant integration on M?V  and they are Laurent series in the
equivariant parameters ¢; and ay. Namely, the correlator (O) of an operator

O is defined by
© =75 [ { L o} exp(~Sn—1), 27

where the action for N' = 1 supersymmetric gauge theory Sy—; is defined
by that of N'= 2 theory Syr—2 perturbed by a superpotential W(®). The
correlator (O) is normalized by the volume V of the non-commutative C?
and the partition function Z := [ 1 ©XP(—=Sn=1). The integral is over M :=

I_Ik./\/l%[ i that is, when we compute the correlation function, we take a sum
over the instanton number k. Since they are computed by the instanton
calculus that employs the equivariant cohomology and the localization for-
mula for the equivariant integral, let us first review the localization formula
briefly.

Let M be a smooth manifold of dimension 2/ acted by a compact Lie
group G. The vector field associated to the G-action is denoted by £. For
the G-fixed point set QP (M)¢ := {0 € QP(M)|L¢o = 0} of p-forms on M, an
element of Q°*(M)* ® Clg] is called equivariant differential form associated
to the vector field &, where g is the Lie algebra of G. Then we can define
the cohomology H g (M), which is called equivariant de Rham cohomology,
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for equivariant differential forms using the differential operator d¢ := d — ¢¢.
An equivariant differential form p € QP(M)¢ @ Clg] is called equivariantly
exact (resp. closed), if u is written as d¢v using an equivariant form v €
QP (M)¢ ® Clg] (resp. depu = 0). The integral of equivariant forms on M

/M . Q* (M) @ Clg] — Clg] (2.8)

defines a homomorphism and is called equivariant integral. For calculating
the equivariant integral, we can use a very powerful formula of localization

[28,29];

Theorem (Localization formula). If all fized points of the G-action on
M are isolated, the integral of an equivariantly closed form p is given by

to(s)
/M'u ( ) SGZM:G det!/? Le(s) (29)
where L¢ is the homomorphism Egi =0 /0x7 : TsM — TM, g is the
zero-form part of u and MC is the G-fized points set on M.

When the group G is U(1)", det!/? Le(s) = [1,(ki(s) - €), where (ki(s), ...,
ki(s)) € (Z")! are the weights of the representation of U( )" at s € M and €
is the generator of g. Instanton part Zt ;= >"2° g% [ ME 1 of Nekrasov’s
partition function Zyex for N'= 2 super Yang—Mills theory can be obtained
by the equivariant integration of “1” on the moduli space M of instantons
on C2. By the work of Nakajima [30], the fixed points of U(1)? x U(1)V
action on /\/l%,k are in one-to-one correspondence with N-tuples of Young
diagrams whose total number of boxes is equal to k. Let Py (k) be the set
of such N-tuples of Young diagrams. Using localization formula, we have
the explicit form of Nekrasov’s partition functions as follows:

2t (e1 ey, & q) Z 3 3k , (2.10)

k=0YecPn(k )H B= 1nag(617627 )

where
"%,5(61, €2,0) = H (=ly,(s)er + (ay,(s) + D)e2 + apg — aq)
SE€EYq
< [ (v () + Der —ay, (e +ap —aa), (211
tGYB

ly (s) :=v; — 1, aY( Ji=pi—j for s=(i,j) €Y =(u >p2>---) and
YV = (vy > vp > ---) is the transpose of the Young diagram.
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We can compute the correlation function (O) using the localization for-
mula, if we can find an extension of the operator O to a &-equivariantly
closed form. In the following, we set € = —ea = h for simplicity. The action
of U(1) on C? is defined by &c2 := ih(2'0,0 — 220,2 — h.c.). We find the
following forms are invariant under {c2-action and closed with respect to
dfc? =d— Leo namely they are {r2-equivariantly closed forms [§],

04(070) = ].,
Q(a,0) = dz' A dz? 4 ihzt 22,
) = dz' NdZ* — ihz'F,

06(272) = 04(2’0) A 06(072).

(2.12)

In terms of the curvature F on the universal sheaf £ over C? x M?V o We
have the ¢-equivariant extension Tr 7 — a2 N Ir F J. Tt is equivariantly

closed, since F = dg(Ung ) is exact. Hence, the equivariant extension of
scalar correlator is given by

1
(Tre’) = o= / / 29y N Tr F exp[—Sy1]. (2.13)
M JC2

These correlation functions should be regarded as equivariant integral (2.8),
which one can compute by the localization formula. These equivariant inte-
grals are Laurent series in i and ay from which we can obtain the original
correlator (2.7) in the limit 4 — 0. We note the scalar correlators (Tr ”)
are independent of the superpotential W (p) and the same as N' = 2 calcu-
lation [8].

3 One-point function in maximally confining phase

Chiral operators O in supersymmetric field theories are, by definition [31],
annihilated by the fermionic charges Q,, of one chirality; [Q, O]+ = 0, con-
sidered modulo Q-exact operators; O ~ O + [Q,, A]+. From the supersym-
metry algebra in four dimensions, [Qq, Q4]+ = 0% Py, We can see that the
correlation functions of chiral operators are “topological” in the sense that
they are independent of the positions of operators. Especially, topological
one-point functions characterize the vacuum structure (phase) of the theory.

As we have seen in Section 2, the computation of one-point function
(Tr ") involves the Chern class Tr 2" of a universal sheaf & on C? x M.
Over the instanton moduli space ./\/lgv  We have two vector bundles W and
V of rank N and k, which naturalfy arise in the ADHM construction.
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The ADHM data are identified as B, By € Hom(V,V) and J,IT € Hom
(W,V).2 Roughly speaking, the vector bundle W comes from a local triv-
ialization of the instanton at infinity,> while V is the bundle of Dirac zero
modes. The fiber of V' is the space of (normalizable) solutions to the Dirac
equation in the instanton background. The Riemann—Roch theorem tells us
that the number of Dirac zero modes is just the instanton number k. From
vector bundles F; on C? and F5 on M?\/,k’ we can construct an (exter-
nal) tensor product bundle £y X Ey := piE; ® p5Fs on C? x M?V > Where
p; denotes the projection to the i-th component. Then as an element of the
equivariant K-cohomology group, the universal sheaf is isomorphic to the
virtual vector bundle [4, 32]:

ExOnRWa (S -STHRYV, (3.1)

where ST are positive and negative spinor bundles on C2. Their characters
are

Ch(S*)(t) = 1+ et Ch(S§7)(t) = e + eitez, (3.2)
According to [4,32], at a fixed point of the toric action labeled by N-tuples
of Young diagrams Y, the Chern character of £ is given by

N

Ch(E)y (t) = D et — (1 —efter)(1 — e'te2)

a=1

N
XZ Z gitaatiter (k—1)+itea(—1) (3.3)

a=1 (k,0)EYy

and we have

Ch(&)(t)= > Ch(&)y(d). (3.4)

YePn (k)
The n-th Chern class ¢, (£) is defined by the expansion
— (it)"
cne =y

n=0

p cn(E)y. (3.5)

Since we identify F as a curvature on the universal bundle £, we have
Tr F* = ¢ (€).

In the following, we consider U(1) theory (N = 1) and we put ¢, = a =0
for simplicity. The fixed points are labeled by a single Young diagram Y

2In the description of ADHM construction in terms of D-branes in type IIB theory, V/
and W are the Chan—Paton bundles for D(—1)-branes and D3-branes, respectively.

3The moduli space Mg\, i is defined by the quotient by the gauge transformations that
fix the “framing” at infinity.
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and the contribution to the character is

Ch(g)Y =1— (1 _ e’it€1)(1 _ eitEQ) Z eitq(mfl)Jriteg(@fl). (36)
(m)ey

It is known that the moduli space of instantons M j, for U(1) case is nothing
but the Hilbert scheme of k-points on C2, (C?)¥ and that there is a natural
vector bundle V on (C?)!*! of rank k, called tautological vector bundle. One

can show that the (equivariant) character of V is the same as the vector
bundle V' [30,33]:

Z Z giter(m—1)+itez((~1) (3.7)

Y |=k (m,0)eY

Putting €; = —e2 = h and comparing (3.5) and (3.6), we find Trp3 =
con(€)y, (n > 0), is given by:

Trodf =1 > (k=4 1)+ (k= 0= 1) —2(k — )]

(k,0)eYy
n—1 m

=h" Y 2<2m) > @, (3.8)
m=0 OeY

where ¢(0) := (¢ — k) is the content at 0= (k,¢). On the other hand, com-
puting geometric series, we have

Z (1 o eiel)(l o eieg)ei(k—l)ﬁl—i-i(f—l)ez
(k0)ey

NZ
_ 151 _eieg)ei(k—l)el—l—i(ﬂ—l)ez

(3.9)
k:l

(ei(61u5+62€) - ei(qufreg(éfl)) - eieg@ + 662(£71)>7

M= 1=

Y
Il
—

where d is the number of rows of Y and u, is the number of boxes in the
¢-th row. Hence, we obtain another expression of (3.8):

d

Trof = A" Y (e — (€= 1)) = (e = 0" = (£ = 1" + ], (3.10)
(=1

which we often find in the literature.
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The partition function of U(1) gauge theory is

o0

1
Zo = 2. 2 T Pt (8.11)

k=0 Y |=k

where h(D) is the hook length at 0 and ¢ = A? is the parameter of instanton
expansion. The weight p(Y)? = [Jocy (h(0)) 2 defining Zp 1y is called the
Plancherel measure on the space of (random) partitions. The Plancherel
measure is regarded as a discretization of the Vandermonde measure on
random matrix. It is a classical result in representation theory that

d1m SY
11— h o (3.12)
Oey ’

where SY is the irreducible representation of the symmetric group labeled
by a Young diagram Y. By the Plancherel formula Zm:k(dim SY)2 = k!,

we obtain
S e = % (3.13)

|Y|=kOeY

Hence, we find that the summation over the instanton number % in (3.11)
is organized into a simple form [4]:

Zy(1) = exp (%) . (3.14)

The correlation functions of our interest are
2n
Tr oy k

q-.
n2k 2
) e 11V =k HDeY h(D)

(Tr "

(3.15)

Substituting formula (3.8), we have

(Tr ®) exp (%) - 27121 < )ism k) R2—R) gk (3.16)

=1

where we have introduced

> ey €O n

Sn(k) = 2 m.

(3.17)

Thus the computation of (Tr p?") is equivalent to giving summation formula
for S, (k) over Young diagrams. For example, a “trivial” formula Sy(k) =
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1/(k — 1)! implies (Tr ¢?) = 2¢. Looking at the instanton expansion of lower
degree explicitly, we find
(6¢° + 2R%q)erz = Y (2S0(k) + 1285 (k))ri 24t
k=1
(204 + 3012¢% + 2hq)enz = Y (280(k) + 30S2(k)
k=1
+ 308, (k)) RS2k, (3.18)
(70q* + 280K2¢> + 126h% > + 218q)es =Y (2So(k) + 5652(k)
k=1
+ 1408, (k) + 56S¢ (k)RS 2kg".

In Appendix, we prove the following formula:

2n)! 1
D Sjlh) = ((n(—|- 3)1)2 i—n—1) (3:19)

where ¢ are defined by*

n—1 n
Pon(z) = 2™ - 2 = H 2 — j?) Zc x4, (3.20)
7=0 7j=1

We note that in terms of a specialization of the elementary symmetric func-
tions e (), the coefficient ¢ is given by

C? = (_1)n7jen—j(12v 227 R (77, - 1)2)' (3.21)

The formula implies, for example,

11 11 2 1
Sa(k) = 2= S4(k):§(k_2)!+§(k—3)!’
1 1 10 1 5 1
Se(k) = Sl T3 Ao (3.22)

and we find an agreement with (3.18).

4The functions 2™ and z™ are natural power functions in the calculus of difference.
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In general, based on the combinatorial formula (3.19), we can derive the
following relation among topological one-point functions valid in the maxi-
mally confining phase:

S ¢ R (T ) = Ei:“));qr. (3.23)

In other words, the linear combination on the left hand side with extra terms
of the coefficients ¢} is a “good” combination without quantum corrections.
Before embarking a proof of (3.23), let us take a look at some examples first.
From (3.18) it is easy to find that®

=1

(Tr¢?) = 2q,
(Tr (¢* — *p%)) = 647, (3.24)
(Tr (o5 — 5h2* + 4htp?)) = 2043, ‘
(Tr (% — 14h2° 4+ 491 p* — 361°¢?)) = 704%,

and we recognize the coefficients 7 in the linear combinations of (Tr %),

For the proof of (3.23), we first plug formula (3.8) into the definition
(3.15) of (Tr %) to obtain

> G TINTe %) Zy
j=1

Y (L kilcgzgeyw(mm)?f—2<c<m>fj+<c<m>—1)%
=

k=1|Y|=k h? [zey h(@)
N 4 \F 2pey [Per(c(©) + 1) = 2Po,(¢(0)) + Par(c(0) — 1)]
=h kZ:1 D;k K2 HDEY h(D)2

"N k Yoy [Tj=5(c© — 7°)
e 5 (1) Bl

k=1Y|=k

(3.25)

where in the last line we have used the following relation satisfied by Pa,, (z):°

APy (2) i= Pop(x + 1) — 2P2n(2) + Pan(z — 1) = 2n(2n — 1)Pap_a(z).
(3.26)

5These one-point functions in the limit % — 0 were computed in [8].
5This formula is a discrete version of %xm‘ =2n(2n — 1)z®" 2.
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Finally as is shown in Appendix, formula (3.19) is equivalent to

Z > ey H;;S(C(D)z - 7% C@r-1) 1

o . (3.27)
pime loey MOP (2 )
which allows us to factorize the partition function ZU(1) as follows:
QT)' k—r
"2 DTy 7 ( q
JZlC < 1"80 > u() = (T')Qq Z —7’ (h2>
_ (@ )
BRGIE <h2> (3.28)

Dividing both sides by the partition function Zy (1), we obtain (3.23).

4 Genus expansion

From the relation (3.23) derived in Section 3, we can compute the expansion
of the generating function

T(z) = <Tr ! > - iz_"_l(Tr o, (4.1)

S n=0

in h? iteratively. The expansion should be compared with the genus expan-
sion of topological strings and/or matrix models. Recall that the coefficients

c; are defined by

r—1 T
1" -5 =) ca*. (4.2)
j=0 j=1
We find
. = Z] r(r—1)(2r —1). (4.3)
Substituting these to the relatlon (3.23), we obtain
(2r)! h? 2r—2)! ., 4
Tr 2" T—|——rr—1 2r —1)—=¢" +O(h
(Tro™) = 5 (=1 =) (1)
!
(QT) T (21”) qr—l + O(h4) (44)

2t T2 (7‘ “ ) —2)!

Hence
o0

—on—1(2n o1 P 2n .
T(z):zoz2 1En)) +Z ? 112(71_%(21_2),(1 L+omh).




INSTANTON CALCULUS 1415

We note that the Taylor expansion

1 2n)! 1
Nierria n;) En!))ﬂ oz < = (4.6)

implies . .
T(z) = = , h—0. (4.7)

/1 (dg/22) /22—

Combining the expansion (4.6) and its derivatives, we find

rtl) v o)l .
(1—495)7/2_222(711)(712)”j E (4.8)

which implies the generating function 7'(z) up to genus one:

1 2 2q(q + 2%)

_ 1 2q(q + 2°)
/22 4g <1 o 240 O(h4)> ' (49)

Similarly, the relation (3.23) implies the genus two part of (Tr ¢?") is
(2r —4)!

O AT C:—z)mqr_z- (4.10)
From the definition of Cl, we find
1
Ty = 357 = D= 1(r = 2)(r = 1)(2r = 3), (4.11)
and
r—2 r—1 1 r—2
Cr_o = 2% =l Th — BZzsz—Fl (20 +1)
i=1 j=i+1 =1
1
= c;_lcﬁé 360 r(5r —11)(r — 1)(r — 2)(2r — 1)(2r — 3).  (4.12)
Hence, the genus two part of the generating function T'(z) is given by
R (2n)! q\"2
53" (50 — 11 (7) . 413
1440° Z( e s A (4.13)

From the Taylor expansion (4.8) which we have used for genus one part, we
further obtain

28802 (2723 + 11822 + 372 +1) (2n)! L
=) (Gn-11 n
(1 42)13/2 ;3( =2 =3

(4.14)
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In summary, the generating function up to genus two is
1 2q(q + 2%)
T(2) = ——— 1+ P
()= <o (1A
2¢(27¢3 + 118¢%2% + 3724 + 25
q(27q q q ) 4 oY) .

h4
- (22 —4q)°

(4.15)

5 Computations in operator formalism

Due to the correspondence of Young diagrams (or Maya diagrams) and
fermion Fock states with neutral charge, operator formalism is very pow-
erful for computations of summations over functions on the set of Young
diagrams. Let us introduce a pair of charged (NS) free fermions

e S i N € = N N GR Y

reZ+(1/2) s€Z+(1/2)
with the anti-commutation relation
{r, ¥} = 0pys0, 1T, SEL+ % (5.2)
The Fock vacuum |0) is defined by
¥p0) = %0) =0, 7,5>0. (5.3)

Using the Young/Maya diagram correspondence, for each partition A, we
have a state |[A\) in the charge zero sector of the fermion Fock space, which
is given by

sz —1/2)10)), (5.4)

with
Y5]|0)) =0, Vs. (5.5)
Recall the standard bosonization rule

J(Z) = ¢(Z)¢*(Z) = Z aninilv JIn = Z : 1/’7“1”;77« 5

ne reZ+1
J(z) =10¢(2), ¢(z)=: e'?2) P (z) =: e 00 (5.6)
where : : means the normal ordering. Now a crucial point is the following
formula:
exp( ) Z Z NG (5.7)
k= 0 IN=k oex

which is equation (5.29) of [5]. In the language of symmetric functions, the
corresponding formula is given in [34].
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It is instructive to compute J_1|0), J2,]|0), J3,]0), J*,|0),. .., iteratively.
One can recognize that the action of

Jo1 = V120l y Vo300 0 + 5205 g + Vgp2th5 0 +
— Y5001y — Vg5 0ts2 — Vg o5 e (5.8)

on the fermion Fock states is to move “black ball” to the right by one unit
whenever possible, if the vacuum is identified as the Maya diagram whose
negative positions are completely filled with “black balls”. The combina-
torics of this procedure gives

TE0y =" = ) (dimSM[A) . (5.9)
A= kHDE/\ h(o ) I\=k
It is easy to compute
2 2
(0l /hel=1/R|0) = (0]el/1T=1V/P|0) = e!/h Z h%k, (5.10)
On the other hand,
1 1
(0]e”/e1/M0) = 3"l : A)
% ¥ Tl hO) WP ey h(O)
1
= , (5.11)
; R [gex M(O)?

where we have used (u|\) = 0, ». Comparing the coefficients of =¥ of both
sides, we recover the identity (3.13). Recall that what we want to compute is
Sp(k) defined by (3.17). Let us introduce the generating function of Sy, (k):

Ch] Z >_oex exp(2c(0)) _ i 2" S (k) (5.12)

A loeh®? = et

where we have used the fact that ¢(0) is odd under the transpose of the
Young diagram. This generating function gives the Chern character of
the tautological vector bundle over (C?)I¥l considered in [33]. The sum in
the numerator is

d(\) A AN 2(0—i+(1/2)) _ o2(—j+(1/2))
z € ! — 6
Z exp ZC Z Z € 6z/2 672/2 . (513)
OeA j=1i=1 g=1

Following Okounkov and Pandharipande [16,17], we consider the operator

En(z) =Y g, (5.14)
reZ+(1/2)
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where E, s :=: 1,1} : is the standard basis of gl(co) acting on the fermion
Fock space.” We can see that &,(z) satisfies the commutation relation

shn(z + w)

[En(2), Em(w)] = sh(nw — m2)Epim(z +w) + 5n+m,0m

, (5.15)
where sh(z) := e*/? — e=%/2. We have &,(0) = J,, with .J,, being the modes
of the standard U(1) current of fermions. We also find an important relation

Eo(2)|\) = Z(eZ(Ai—iJr(l/?)) — *((1/2=0)|
=1
d())
= 3 (eFCimH1/2) _ g0/
i=1
=sh(z) ) exp(zc(m)|). (5.16)

OeX
The second term comes from &y(2)||0)) = —(sh(z))~1(|0)), which can be cal-
culated directly from the definition of ||0)) or the consistency &y(z)|0) = 0.

By formula (5.9), the generating function of S, (k) is expressed in operator
formalism as follows:

(kN2sh(2)Ch[k](z) = (0|JFEy(2)J",]0). (5.17)

The right hand side can be computed by the commutation relation (5.15),
which implies
k

k _
Tfo(z) =) ( £>shé(z)6’g(z)Jf £ (5.18)
£=0
We also use
n 7k k! k—n
JI'JZ10) = m‘]—l 0) (n<k), (5.19)

which is derived from e*/1e®/-1|0) = e[z‘]l’w‘]—l]ew‘]—lez‘]1]0> = e*We/-1|0).
By these formulae, we obtain
k k
k k! sh(z)?~!
0|JFE(2)J10) = he(2)(01E(2) = J54]0) = (K2 ——
0175 E0(2)7%410) ;@ 018 410 = 00* Y Gy
(5.20)

"Originally the definition in [16,17] has the constant term jh"—'o

(2)
central extension term in the commutation relation (5.15). Note also that our convention
of the anti-commutation relation (5.2) is different from the original one in [16, 17], where
the right hand side is 6, s.

, which eliminates the
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The contribution from ¢ = 0 is simply zero because (0/£y(z)|0) = 0. Thus
we find®

=1

We note that the constant term of (5.21) gives

Ch[k](0) = 1) (5.22)
which is consistent with N
So(k) = 77 (5.23)

derived from (3.13). We have computed the Taylor expansion of Ch[k](z)
for each fixed £ and found exact agreements with the results of formula
(3.19) proved in Appendix. Note that formula (3.19) rather gives S, (k) as
a function of k for each fixed n.

6 Loop operator

In this section,” let us consider the vacuum expectation value of the loop
operator

(mretey = 3 U gy gy, (6.1)

n!
n=0
Note that the loop operator is related to the resolvent operator simply by
the Laplace transformation:

T(z) = <Tr - ! S0> _ /0 ~ dle™ (Tr e19). (6.2)

Plugging (3.15) with (3.8) into (6.1), we find the loop operator (Tre®#)
can be expressed as (z = ith)

i _ 1 q*
() —1= Zy) ; [ﬁz}

D) 4 @) _geae@yy  (63)

ey (€
> HD@A E)E ’

Y=k

8From the Lascoux-Thibon formula used in Appendix, we see that Ch[k](z) =

k
Dt 00m) (2) gy

9We thank Amihay Hanany and Hiroyuki Ochiai for sharing the ideas that led us to
make the following computations.



1420 SHIGEYUKI FUJII ET AL.

which can further be put into

I'€it — 1= ! 3 i kS 2 z z
(Tres) —1= 1;1 5] sh?(z)Cnik](2), (6.4)

using the function Ch[k](z) defined in (5.12). Since we have already evalu-
ated Ch[k](z), let us plug the final expression of Ch[k](z) in (5.21) into (6.4):

it 1 g1k sh(z)*
(Tre™) - 1= 2.0 [ﬁ] (2(k — 0)!

1 = ko sh(z)
= Zom 222 ) (E!)Q((k)— Ik (6:5)

where in the last equation we have exchanged the k£ summation and the /¢
summation. If we perform the k& summation first,

> (k - 0! &) - i;. IR

k=¢ k=0

we find finally the loop operator is given as
) 1 q ¢ )
it 2 _
(Tre"™) =1+ ;:1 e {hz sh (z)} = Ip(2y/qsh(ith)/h), (6.7)

with I,,(z) being the modified Bessel functions. It is interesting that we can
perform the instanton sum of the loop operator in a closed form and obtain
the exact result (6.7) in the parameter h.

Finally we can also obtain an exact result on 7'(z) from (6.7). The Laplace
transformation (6.2) implies

T(z) = i n1!)2 (%)” / " dle="= sh2 (1h)

0
2n)! g\ n (—1)n—m 1
(n!)? (ﬁ> m;n (n—m)!(n+m)lz—mh’ (6.8)

By computing the residue at z = mh(—n < m < n), we have the partial
fraction expansion!©

1 —on —1)n—m 1
Il == 2 (n—(m)!)(n—l-m)!z—mh’ (6.9)

We note that the same formula has been used in the proof of (A.3).
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which gives

< @2n) 1 @) e T o= (mh\
T(z)zg)in!))gq 1:1 z—mh:z:%gn!))?qz2 11_:[1;—[)(2> :

(6.10)
This is a rather simple answer to the / dependent of 7'(z), which is consistent
with the % expansion (up to genus two) presented in Section 4.
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Appendix A Proof of the combinatorial identity

The aim of this appendix is to give a proof to the following theorem.

Theorem A.1l.
Yeerlico(e(@)’ =) (2r)! ik —14)
/\EF; [Lex i(z)? T ((r+ 1)1)2 ol ; (A.1)

where A runs over all partitions of k, i.e., the Young diagrams with k bozes.

We put

_ er)\ C(x)Qr o Z:):E/\ H:;&(C(x)z - 7‘2)
0= Ak [Loex P(2)?” T = ; [Loex h()? ’

and denote by e; and h; the i-th elementary and complete symmetric poly-
nomial, respectively. Then we have

r

To(k) =) (1) Pe,p(1%,2%, ..., (r — 1)%)Sp(k).

p=1
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Since the matrices

(1Y "eji(m1, ..., x5))o<ijen  and  (hj_i(z1, ..., Tis1))o<ij<n

are inverses to each other, we see that
'
Se(k) = hep(12,2%,... . p*)T, (k).
p=1

Thus the identity (A.1) is equivalent to

- (2p)!  kEEL
Sr(k) :ZhTfp(127227"'>p2) ’
= (p+1)H)2 !

(A.2)

p+1

where k2= denotes the falling factorial

Bl — k(k—1)---(k —p).

We prove the identity (A.2) by using the Jucys—Murphy elements L; (1 <
i < k) in the group ring C[&y] of the symmetric group & and the Lascoux—
Thibon formula for them. The Jucys—Murphy elements [36, 38| are defined
to be the sum of transpositions

Li=1,i)+ (2,4) 4+ -+ (i — 1,49).

Note that L; = 0, but it is convenient to include this case. A key property
of Jucys—Murphy elements is the following.

Proposition A.2. 1. The Jucys—Murphy elements Li,...,L; are

commutative.
2. On the irreducible representation S* of &, corresponding to a partition
A, the operators L1, ..., Ly are simultaneously diagonalizable and the

eigenvalues of L; are the contents {c(x) : x € A} of A.

Proposition A.3. Let f(z) be a polynomial. Then the quantity

2zer fle(x))
k! =
% Hme)\ h(:l))2

is equal to the coefficient of the identity element in f(L1) 4+ ---+ f(L).
Proof. Since f(L1)+---+ f(Lg) is symmetric in Lq,..., Lk, we see that

f(L1) 4 -+ f(Ly) acts on S* as the scalar multiplication by >, f(c(z)).
Hence, the trace of the operator f(Li)+---+ f(Lz) on S* is equal to
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A3 ,en f(c(z)), where f* is the dimension of S*. Since the left regular
representation of S on C[Gy] is decomposed as

(C[Gk] ~ @(S)‘)@fA,
AR
the trace of f(L1)+---+ f(Ly) on C[Sg] is given by
>aen /(@)
2PV flelw)) = (R)* > F1= e

AFE TEA Ak
because f* = k!/ [\ k().

On the other hand, the trace of the operator g € & on C[Gy] is equal to
k! if g is the identity element and 0 otherwise. Hence, we see that

D pen fle(x))
P! ST e L)
; [Locr h(2)?

is the coefficient of the identity element in f(L1) + -+ f(Lg). O

Now we recall the Lascoux—Thibon formula, which expresses the power-
sums of Jucys—Murphy elements as linear combinations of the class sums
Cy. For a partition p, we denote by C), the sum of all permutations with
cycle type p and put z, = [[,~; "™m;!, where m; is the multiplicity of ¢
in p.

Theorem A.4 (Lascoux—Thibon [37, §4]). Given a partition k of m, we
define a formal power series ¢ (t) = >, ~q Gurt" /7! by substituting g = €' in

(L= )" ' Llg™ = 1)

mlz, qg—1
Then we have
i . r+1 (k)
Li+--+ L= Z Z ¢ﬁr ( —m)! TChuh—m)-
l(n)gtmm+2

Corollary A.5. If r > 1, then the coefficient of the identity element in
L3+ .-+ L2 is given by

r

2p 2r
E S E
((p+ 12 (27"1,27'2,...,27"p>7

p=1 ritetrp=r
T15,Tp >0
where the inner sum is taken over all p-tuples of positive integers (r1,...,1p)

with ry +---+1rp =7, and ( s the multinomial coefficient.

2r )
2r1,2r2,...,21p
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Proof. We consider the coefficient of C'(;xy in the Lascoux—Thibon formula.
If k= (1), then ¢y =1 and ¢y, =0 for r > 1. If k = (1"™) with m > 2,
then

= — (e —2+e )yl

and
2m71

¢(1m)72r = <m|)2

Z 2r
27’1, 27‘2, ce 727'm—1 ’

1+ F+rm—_1=r
1o Pn—1>0

where the sum is taken over all (m — 1)-tuples of positive integers (ri,...,
Tm—1) With ri + -+ 4+ 1rp_1 = 7. O

Now the proof of (A.2) is completed by showing the following lemma.

Lemma A.6. If r > p, then we have

2v 3 ( 2r ) = he—p(12,22,... p?). (A.3)

|
(2p)! T 2r1,2r9,...,2m,
T1,5e.,Tp>0

Proof. First we simplify the summation on the left hand side of (A.3).
We put

My(r)= ) <2T1,.2.7:,2Tp>’

ri+-Frp=r
T1,..,7p>0

Np(r) = > <2r1, 2T : 2?“p> '

r1+t+rp=r
T15e.,Tp>0

(We define My(r) = No(r) =0.) It follows from the multinomial theorem
that

Z (e121 + -+ +exp)®”

(e1,....ep)E{1,—1}P

= X ()7 ) e G ),

S Tyow- ,Tp
where the sum is taken over all p-tuples (r1,...,r,) of non-negative integers
with 7 + -+ 7, = r. Substituting 1 = --- = x, = 1, we obtain

0-35 (o

1=
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By applying the principle of inclusion—exclusion, we have

Nyr) =3 (1) (%)t

J=0

z | [ [T

1)/2] )
e 222i+1 p p—2i—1
Py P 21+ 1 k—1

x((p—2k — 1) + (—p + 2k + 1)*)

By using the Chu—Vandermonde formula (see e.g., [35, Cor. 2.2.3]), we see
that

it 0 <2k < 2p,
k kK 7
2221 p p 21 Z:Z (p— k)'k* 2p
pare 2i k! = il (1—1/2)t 2k )’

if0<2k+1<2p,

par Zit 1)\ ki B i+ 1/2)E

_( %
C\2k+1)°
Therefore, we conclude that

Now we are in position to complete the proof of (A.3) by using generating
functions. The generating function of the right hand sides is

2 T—p _ - L - _1)p—t 2p j2r | P
> ot = 3 oo (e (7))

P i 2i2p 1
=2 (-1 p—)lp+i)l—i’
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By considering the partial fraction expansion, we see that

part (p—)lp+i)1—i?z  Ll1—72

2

which is the generating function > 222 h,y—p(1%,.. ., p?)2"~P. This completes
the proof of (A.3). O

References

1]
2]

N. Nekrasov, Seiberg—Witten prepotential from instanton counting, Adv.
Theor. Math. Phys. 7 (2004). 831, arXiv:hep-th/0206161.

R. Flume and R. Poghossian, An algorithm for the microscopic evalua-
tion of the coefficients of the Seiberg—Witten prepotential, Int. J. Mod.
Phys. A 18 (2003), 2541, arXiv:hep-th/0208176.

U. Bruzzo, F. Fucito, J.M. Morales and A. Tanzini, Multi-instanton cal-
culus and equivariant cohomology, JHEP 05 (2003), 054, arXiv:hep-th/
0211108.

A. Losev, A. Marshakov and N. Nekrasov, Small instantons, little
strings and free fermions, arXiv:hep-th/0302191.

N. Nekrasov and A. Okounkov, Seiberg—Witten prepotential and random
partitions, in ‘The Unity of Mathematics’, Birkhauser, Boston, Progr.
Math. 244, (2006), 525-596, arXiv:hep-th/0306238.

H. Nakajima and K. Yoshioka, Instanton counting on blowup I, Invent.
Math 162(2) (2005), 313-355, arXiv:math.AG/0306198.

R. Flume, F. Fucito, J.M. Morales and R. Poghossian, Matone’s rela-
tion in the presence of gravitational couplings, JHEP 04 (2004), 008,
arXiv:hep-th/0403057.

F. Fucito, J.M. Morales, R. Poghossian and A. Tanzini, N' =1 super-
potentials from multi-instanton calculus, JHEP 01 (2006), 031, arXiv:
hep-th /0510173.

A. Igbal and A.-K. Kashani-Poor, Instanton counting and Chern—
Simons theory, Adv. Theor. Math. Phys. 7 (2004), 457, arXiv:hep-th/
0212279.

, SU(N) geometries and topological string amplitudes, Adv.
Theor. Math. Phys. 10(1) (2006), 1-32, arXiv:hep-th/0306032.

T. Eguchi and H. Kanno, Topological strings and Nekrasov’s formulas,
JHEP 12 (2003), 006, arXiv:hep-th/0310235.




INSTANTON CALCULUS 1427

[12]

[13]
[14]
[15]

[16]

[17]

[18]

,  Geometric transitions, Chern—-Simons gauge theory and
Veneziano type amplitudes, Phys. Lett. B 585 (2004), 163-172,
arXiv:hep-th/0312234.

J. Zhou, Curve counting and instanton counting, arXiv:math.AG/
0311237.

R. Gopakumar and C. Vafa, On the gauge theory/geometry correspon-
dence, Adv. Theor. Math. Phys. 3 (1999), 1415, arXiv:hep-th/9811131.

S. Katz, A. Klemm and C. Vafa, Geometric engineering of quantum
field theories, Nucl. Phys. B 497 (1997), 173, arXiv:hep-th/9609239.

A. Okounkov and R. Pandharipande, Gromov—Witten theory, Hurwitz
theory and completed cycles, Ann. Math. 163 (2) (2006), 517-560,
arXiv:math.AG/0204305.

, The equivariant Gromov—Witten theory of P!, Ann. Math. 163
(2) (2006), 561-605, arXiv:math.AG/0207233.

A. Klemm, M. Marinio and S. Theisen, Gravitational corrections in
supersymmetric gauge theory and matriz models, JHEP 03 (2003), 051,
arXiv:hep-th/0211216.

R. Dijkgraaf, A. Sinkovics and M. Temiirhan, Matriz models and grav-
itational corrections, Adv. Theor. Math. Phys. 7 (2004), 1155-1176,
arXiv:hep-th/0211241.

M. Bill6, M. Frau, F. Fucito and A. Lerda, Instanton calculus in R — R
background and the topological string, JHEP 11 (2006), 012, arXiv:hep-
th/0606013.

G.W. Moore, N. Seiberg and M. Staudacher, From loops to states in
2-D quantum gravity, Nucl. Phys. B 362 (1991), 665.

J.K. Erickson, G.W. Semenoff and K. Zarembo, Wilson loops in N =
4 supersymmetric Yang—Mills theory, Nucl. Phys. B 582 (2000), 155,
arXiv:hep-th/0003055.

N. Drukker and D.J. Gross, An exact prediction of N =4 SUSYM
theory for string theory, J. Math. Phys. 42 (2001), 2896, arXiv:hep-
th/0010274.

G. Bertoldi and T.J. Hollowood, Large N gauge theories and topological
cigars, arXiv:hep-th/0611016.

A. Marshakov and N. Nekrasov, Fxtended Seiberg—Witten theory and
integrable hierarchy, arXiv:hep-th/0612019.

L. Baulieu and .M. Singer, Topological Yang—Mills symmetry, Nucl.
Phys. Proc. Suppl. 5B (1988), 12-19.

H. Kanno, Weil algebra structure and geometrical meaning of BRST
transformation in topological quantum field theory, Z. Phys. C43
(1989), 477-484.




1428
[28]
[29]
[30]

[31]

32]

SHIGEYUKI FUJII ET AL.

N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac operators,
Springer-Verlag, 1996.

V.W. Guillemin and S. Sternberg, Supersymmetry and equivariant de
Rham theory, Springer-Verlag, 1999.

H. Nakajima, Lectures on Hilbert schemes of points on surfaces,
University Lecture Series, 18, American Mathematical Society, 1999.

F. Cachazo, M.R. Douglas, N. Seiberg and E. Witten, Chiral rings
and anomalies in supersymmetric gauge theory, JHEP 12 (2002), 071,
arXiv:hep-th/0211170.

H. Nakajima and K. Yoshioka, Lectures on instanton counting, in ‘Alge-
braic Structures and Moduli Spaces’, CRM Proc. Lecture Notes, 38,
Amer. Math. Soc. (2004), 31-101.

W.-P. Li, Z. Qin and W. Wang, Hilbert schemes, integrable hierarchies
and Gromov-Witten theory, Internat. Math. Res. Notices 40 (2004),
2085-2104, arXiv:math.AG/0302211.

1.G. MacDonald, Symmetric functions and hall polynomials, Second
Edition, Oxford University Press, 1995, [Chap. 1.4, Example 3].

G.E. Andrews, R. Askey and R. Roy, Special functions, Cambridge
Univ. Press, 1999.

A.-A.A. Jucys, Symmetric polynomials and the center of the symmetric
group ring, Rep. Math. Phys. 5 (1974), 107-112.

A. Lascoux and J.-Y. Thibon, Vertexr operators and the class alge-
bras of symmetric groups, J. Math. Sci. (N.Y.) 121 (2004), 2380-2392,
arXiv:math.CO/0102041.

G.E. Murphy, A new construction of Young’s seminormal representa-
tion of the symmetric groups, J. Algebra 69 (1981), 287-297.



