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Abstract.

In this paper, we show that the family of moduli spaces of a’-
stable (t, A)-parabolic ¢-connections of rank 2 over P! with 4-regular
singular points and the fixed determinant bundle of degree —1 is
isomorphic to the family of Okamoto—Painlevé pairs introduced by
Okamoto [O1] and [STT]. We also discuss about the generalization of
our theory to the case where the rank of the connections and genus
of the base curve are arbitrary. Defining isomonodromic flows on
the family of moduli space of stable parabolic connections via the
Riemann-Hilbert correspondences, we will show that a property of
the Riemann-Hilbert correspondences implies the Painlevé property
of isomonodromic flows.

§1. Introduction

In part I [IIS1], we established a complete geometric background
for Painlevé equations of type VI or more generally for Garnier systems
from view points of moduli spaces of rank 2 stable parabolic connections,
moduli spaces of S Lo-representations of w1 (P!\ D(t)) and the Riemann-
Hilbert correspondences between them.

In this formulation, Painlevé equations of type VI or Garnier sys-
tems are vector fields or systems of vector fields on each correspond-
ing family of moduli spaces of stable parabolic connections arising from
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isomonodromic deformations of linear connections. Most notably, we
can give a complete geometric proof of the Painlevé property of Painlevé
equations of type VI and Garnier systems by proving that the Riemann-
Hilbert correspondences are bimeromorphic proper surjective holomor-
phic maps. Moreover, one can prove that the Riemann-Hilbert corre-
spondences give analytic resolutions of singularities of moduli spaces of
the SLo-representations. Then on the inverse image of each singular
point, which is a family of compact subvarieties in the family of moduli
spaces of connections, the vector fields admit classical solutions such as
Riccati solutions in Painlevé VI case. See [Iwl], [Iw2], [SUJ, [IISO0], [STe]
and [IIS3], for further applications of our approach to explicit dynamics
of the Painlevé VI equations such as the classification of Riccati solutions
and rational solutions, nonlinear monodromy, and Béklund transforma-
tions as well as the relation with the former results [Miwal, [Mal] on the
Painlevé property.

In this paper, with the notation in §3, we study in detail the moduli
space M£'(t, X, —1) of a’-stable (t, \)-parabolic ¢-connections of rank
2 over P! with the fixed determinant bundle of degree —1 as well as the
moduli space Mg (t, X, —1) of corresponding a-stable (t, A)-parabolic
connections of rank 2 over P!. From a general result ([Theorem 1.1,
[IIS1]} or [Theorem 5.1, §3]) which is also valid for n > 5, we can show
that

e M (t, A, —1) is a projective surface,

o MX(t,\,—1) is a smooth irreducible algebraic surface with a
holomorphic symplectic structure and

e there exists a natural embedding M (t, A, —1) — M (t, X, —1).

In Theorem 4.1, which is the main theorem in this paper, we will
show that the moduli space M{'(t,A, —1) is isomorphic to a smooth
projective rational surface St ». Moreover we can show that there exists
a unique effective anti-canonical divisor Y, » € | — Kgm| of 3t7 a such
that Sgx \ Vearea = ME(t, A, —1). Moreover (Sy a,Y: ) is a non-
fibered rational Okamoto—Painlevé pairs of type Dil) which is defined
in [STT] (cf. [Sakai]). Note that St \ Vi red is isomorphic to the
space of initial conditions for Painlevé equations of type VI constructed
by Okamoto [O1].

We should mention here that an algebraic moduli space of parabolic
connections without stability conditions was essentially considered by
D. Arinlin and 8. Lysenco in [AL1], [AL2] and [A] and they constructed
a nice moduli space for generic A. However for special A, we should
consider certain stability condition to construct a nice moduli space.
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There are also different approaches [N], [Ni] for constructions of moduli
spaces of logarithmic connections with or without parabolic structures.

The rough plan of this paper is as follows. In §2, we will explain
about motivation of this paper and the theory of Okamoto-Painlevé
pairs in [STa] and [STT]. In §3, we review results in part I [IIS1]. In
84, we will state Theorem 4.1 and the rest of the section will be devoted
to show this theorem. In §5, we give a formulation of moduli theory of
stable parabolic connection with regular singularities of any rank over
any smooth curve. We also define the moduli space of representations
of the fundamental group of n-punctured curve of genus g. Then we
state the existence theorem of moduli space due to Inaba [Ina] without
proof. In §6, we define the Riemann-Hilbert correspondence and state,
also without proof, Theorem 6.1 which says that the Riemann—Hilbert
correspondence is a proper surjective bimeromorphic analytic morphism.
In §7, we will define isomonodromic flows on the family of the moduli
spaces of a-stable parabolic connections. Assuming that Theorem 6.1 is
true, we will show that isomonodromic flows satisfy the Painlevé prop-
erty. (Note that, if rank r = 2 and over P!, a proof of Theorem 6.1 is
found in [IIS1}).

Throughout in this paper, we will work over the field C of complex
numbers.

§2. Motivation—Painlevé equations of type VI and Okamoto—
Painlevé pairs

Let us recall the theory of space of initial conditions of Painlevé
equation of type VI. Fix A = (Ar,---,\) € Ay = C* and consider
the following ordinary differential equation of Painlevé VI type Py ()
parameterized by A:

1)

Pyr(X):

d2z 1/1 1 1 dz\?

@ 5(;+z_1 x_t)(az -
1 1 1 dz z(zx —1)(z —t)
(z*r_—ﬁ%t)(a) 217 1
[2(,\4—%)2 2X4{%+2A§( _11)2+ % 2)3 (i_t))QJ.
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It is known that this algebraic differential equation Py () is equivalent
to the following nonautonomous Hamiltonian system:

dr _ OHyg

dt ~— oy’
(2) (Hy1(N)) : y

dy _ O0Hy;

dt ox ’

where the Hamiltonian is given as follows.

Hy1(z,y.1) Ttl—_n [o(z — 1)(z — )y® — {2(z — 1)@ — 1)

+2Xex(x —t) + (2A3 — V)z(z — 1)}y + A(z — t))

(A = {(Al Ao+ da —1/2)2 = (g — %)2})

Let us set T = C\ {0,1} and consider the following algebraic vector
fields on S(® = C? x T x Ay 3 (z,y,t, \)
0 O0Hy; 0 0OHyr 0

(3) Y=%"1 5y 9z oz oy

Taking a relative compactification 3(0) = %o x T x Ag of S© where
Yo = P! x P! and setting D = 35O \ S we obtain the commutative
diagram:

s ., 39 L po

(4) N L 7O
T % A4.

We can extend the vector field v in (3) on S(® to a rational vector field
(5) e H'SY, 040 (xD®)).

In general, the rational vector field ¥ has accessible singularities at the
boundary divisor D®. In [01], Okamoto gave explicit resolutions of ac-
cessible singularities by successive blowings-up at points on the boundary
divisor. Then finally, we obtain a smooth family of smooth projective
rational surfaces

S o S <& D

(6) Nl S
TXA4.
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such that D := S\ S is a reduced normal crossing divisor and S contains
S©) as a Zariski open set. Moreover one can show that

(7) 7 € H(S, 05(~ log D)(D)),

where ©z(—log D) denotes the sheaf of germs of regular vector fields
with logarithmic zero along D (cf. [STT]). The extended rational vector
field ¥ on S has poles of order 1 along D and is regular on S = S \ D.

For each fixed (t,A) € T x A4, the fiber _“1((t A)) = Sia has a
unique effective anti-canonical divisor Y, x € | — | with the irre-
ducible decomposition

Yiax=2Dg+ Dy + Dy + D3 + Dy

such that YVt x red = Zz oDi = Dt - Moreover it satisfies the following
numerical conditions

(8) Yix- Dy = deg(~Ksz, ,p,) =0fori=0,....4.

In [STT], we give the following

Definition 2.1. (Cf. [STT], [STa], [Sakai]). A pair (S,Y) of a
smooth projective rational surface with an anti-canonical divisor Y €
| — Kg| with the irreducible decomposition ¥ = 3~ m;Y; is called a
rational Okamoto—Painlevé pair if it satisfies the condition

9) Y .Y, =deg(—Kg, ,|y,) =0 for all i.

A rational Okamoto—Painlevé pair (S,Y) is called of fibered-type if there
exists an elliptic fibration f : S — P! such that f*(c0) = nY for some
n > 1.

It is easy to see that for a rational Okamoto-Painlevé pair the con-
figuration of Y is in the list of degenerate fibers of elliptic surfaces due
to Kodaira, which was classified by affine Dynkin diagrams. Therefore,
we have a classification of rational Okamoto—Painlevé pairs (S,Y) by
the Dynkin diagram of Y. For the case of Painlevé VI, we can say that
the pair (St.x,V:a) appeared in a fiber of the family (6) is a rational
Okamoto—Painlevé pair of type D‘(ll). The family of the complement
of the divisor D in (6) & — T x A4, where the rational vector field
¥ is regular, should be the family of the space of initial conditions of
Painlevé equations of type VI or the phase space of the vector field .
Note that S — T x A4 contains the original family S(© — T x A4
as a proper Zariski open subset, that is, S(©) C S. Here we recall the
following technical lemma proved in [Proposition 1.3, [STT]].
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Lemma 2.1. Let (S,Y) be a rational Okamoto—Painlevé pair. Then
the following conditions are equivalent to each other.
(1) (S,Y) is non-fibered type.
(2) A regular algebraic functions on the complement S\ Yreq must
be a constant function.

In particular, for a non-fibered rational Okamoto—Painlevé pair (S,Y),
the complement S\ Yyeq is never an affine variety.

Since one can show that an Okamoto—Painlevé pair (S x, Vi) which
appeared in a fiber of 7 in (6) is non-fibered type, we obtain the following

Corollary 2.1. As for the family (6) for Painlevé equations of type
VI constructed by Okamoto [O1], each fiber S¢ x = Si.a \ Dy, is not an
affine variety.

In Theorem 4.1, we will show that the family (6) S — T x A4
constructed by Okamoto in [O1] is isomorphic to the family of moduli
spaces

M (—1) — Ty x A4

of a’-stable parabolic ¢-connections of rank 2 over P! with 4 regular
singular points. (In order to identify, we need to normalize 4 points
(tl, tz, t3, t4) to (0, 1, t, OO))

In [IIS1], for a = (ay,--- ,a4) € Ay ~ C*%, we can also consider the
moduli space R(Py.¢)a of SL2(C)-representations p of w1 (P1\ D(t)) with
the conditions Tr[p(y;)] = a;. Then we can define the Riemann-Hilbert
correspondence

(10) Rth)\ . St,A >~ Mf(t, A, —1) — R(’P4’t)a

where a; = 2 cos2m\;.

Note that the Riemann—Hilbert correspondence is a highly transcen-
dental analytic morphism, which is never an algebraic morphism. From
results in [IIS1], we can show the following Theorem, which shows highly
transcendental nature of the Riemann-Hilbert correspondence RH, .

Proposition 2.1. (Cf. [Theorem 1.4, Theorem 1.3, [IIS1]] )

(1) For all (¢,A) € T x Ay, the Riemann—Hilbert correspondence
RH; » is a bimeromorphic proper surjective analytic morphism.
If X € Ay is generic, RH,  is an analytic isomorphism.

(2) For all a € Ay, R(Pst)a is an affine variety, while Sy ~
MX(t,X,—1) is not an affine variety. Hence if A € Ay is
generic, RH; » gives an analytic isomorphism between a non-
affine variety Sy x ~ M(t, A\, —1) and an affine variety R(Pa.¢)a-
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(3) For a generic X € Ay, Se n ~ MQ(t, A, —1) is a Stein manifold,
but not an affine variety.

In §4, in order to obtain Okamoto-Painlevé pairs (gt, 2 Vi,a), We use
a process of blowings-up which is a little bit different from Okamoto’s in
[O1]. The process can be explained as follows. Take 33 = P(Op:(2) &
Op1) — P!, which is the Hirzebruch surface of degree 2. Let Dy
denote the unique infinite section with D2 = —2 and take the fibers F;
over t; for ¢ = 1,...,4. From the data );, we can determine two points
b} and b on F,. (See §4 for precise definition of bfc) By blowing-
up of Xy at 8-points {bf}2_,, we obtain the rational surface Sy x and
the unique effective anti-canonical divisor Y, can be given by V¢ x =
2Dy + D1+ Dy + D3+ Dy where D; denotes the proper transform of F;,
(see Fig. 1).

Dy Dy Ds Dy oo-section
Do
. . A .
‘\\ ‘\“ ‘\“ \\‘
_ Q. o. ?.. R
S t, A \\ \‘ ., N \\
"" "" "" ""
Y S
”’ g 4 ”’
™
1 1 L L
p! T T = =T
t1 to t3 t4

Fig. 1. Okamoto—Painlevé pair of type Dil)

§3. Moduli spaces of rank 2 stable parabolic connections on
P! and their compactifications. A review of Part I.

In this section, we reproduce basic notation and definition in part I
[IIS1] for reader’s convenience.
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3.1. Parabolic connections on P1.
Let n > 3 and set

(11) To={(t1,-..,ta) € PY" | ti#t;,(i # )},

(12) An={Xx=(\,...,\n) €C"}.

Fixing a data (t,A) = (t1,...,tn, A1,.-.,An) € T x Ay, we define a
reduced divisor on P! as

(13) D) =ty + -+t

Moreover we fix a line bundle L on P! with a logarithmic connection
Vi :L — L®QL (D(t)).

Definition 3.1. A (rank 2) (t, \)-parabolic connection on P! with
the determinant (L, Vy,) is a quadruplet (E, V, ¢, {l;}1<i<n) which con-
sists of

(1) arank 2 vector bundle E on P,

(2) alogarithmic connection V : E — E ® Qp, (D(t))

(3)  a bundle isomorphism ¢ : A2E = L

(4) one dimensional subspace [; of the fiber E;, of E at t;, l; C E,,

t=1,...,n, such that
(a) for any local sections s1, s3 of E,

Y ®1d(Vs1 A sa+ s1AVsa) = Vi(p(s1 A s2)),

(b) 1 C Ker(res,(V) — X;), that is, A; is an eigenvalue of
the residue res¢, (V) of V at t; and [; is a one-dimensional
eigensubspace of res;, (V).

Definition 3.2. Two (t, A)-parabolic connections
(Elivh‘pv {li}ISiSn)v (E27v27(p/7{l£}1fi§n)
on P! with the determinant (L, V) are isomorphic to each other if there

is an isomorphism o : E; — E5 and ¢ € C* such that the diagrams

2 "4
B, —Y B ® QL. (D(t)) NE —— L

(14) Ulé gla@id /\Zal% clg

'

Ey —2 E,® 0L, (D(t)) NE —2— L

commute and (o), (I;) =l fori=1,...,n.
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3.2. The set of local exponents A € A,

Note that a data A = (A1,...,A;) € A, ~ C" specifies the set of
eigenvalues of the residue matrix of a connection V at t = (¢1,...,t,),
which will be called a set of local exponents of V.

Definition 3.3. A set of local exponents A = (A1,...,\p) € A, is
called special if

(1) A is resonant, that is, for some 1 < i < n,
(15) 22X\, € Z,

(2) or A is reducible, that is, for some (eq,...,€,) € {£1}"

(16) 261)\1 eZ.
=1

If A € A, is not special, A is said to be generic.

3.3. Parabolic degrees and a-stability

Let us fix a series of positive rational numbers a = (a3, ag, . .., az,),
which is called a weight, such that

(17) 0o <ap < <oy < <agp < agptr = 1.

For a (t, A)-parabolic connection on P! with the determinant (L, V),
we can define the parabolic degree of E = (E,V, ¢,l) with respect to
the weight o by

(18) pardegy E = degE+ Y (0mi—1dim Ey, /l; + agidiml;)

i=1

n
= degL + Z(a2i~1 + ag).

=1

Let F C E be a rank 1 subbundle of E such that VF C F ® QL. (D(t)).
We define the parabolic degree of (F, V|r) by
(19)

n
pardeg, F = deg F + Z (agi—1 dim Fy, /l; N Fy, + ag;diml; N F) .

i=1

Definition 3.4. Fix a weight a. A (t, A)-parabolic connection
(E,V,p,1) on P! with the determinant (L, V) is said to be a-stable
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(resp. «-semistable ) if for every rank-1 subbundle F with V(F) C
F®Qp.(D(t))

pardeg, F
2 b

pardeg, E

(20) pardeg, F < (resp. pardeg,, F' < 5 )

(For simplicity, “a-stable” will be abbreviated to “stable”).
We define the coarse moduli space by

(21)
an a-stable (t, A)-parabolic
M2, N\, L) =< (E,V,p,l); connection with /isom.
the determinant (L, V)

3.4. Stable parabolic ¢-connections

If n > 4, the moduli space M2 (t, A, L) never becomes projective
nor complete. In order to obtain a compactification of the moduli
space M2 (t, A, L), we will introduce the notion of a stable parabolic
¢-connection, or equivalently, a stable parabolic A-triple. Again, let
us fix (t,A) € T, x A, and a line bundle L on P! with a connection
Vi:L— L®OQL (D).

Definition 3.5. The data (E1, Ea, ¢, V, ¢, {l;} ) is said to be a
(t, A)-parabolic ¢-connection of rank 2 with the determinant (L, V) if
E,, E; are rank 2 vector bundles on P! with deg B} = degL, ¢ : E; —
E3,V : Ey — E»®QL,(D(t)) are morphisms of sheaves, ¢ : N E, 5 L
is an isomorphism and [; C (E}):, are one dimensional subspaces for
t=1,...,n such that

(1) ¢(f<g = f¢(a) and V(fa) = ¢(a) ® df + fV(a) for f € Ops,
a € by,

(2)  (p®id)(V(s1)Ag(s2) +d(s1) AV(s2)) = VL(p(d(s1) Ap(52)))
for s1,82 € E1 and

(3) (resti (V) — Ai(z)ti) I, = 0 for i = ]., ey L

Definition 3.6.
Two (t, A) parabolic ¢-connections

(Br, E2,6,V,0,{L}), (E1, B3¢, V', ¢/, {li})
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are said to be isomorphic to each other if there are isomorphisms oy :
E, =5 E}, 09 : Ey = E} and c € C )\ {0} such that the diagrams

E ' E By —Y— B ® Qb (D(t))
Gllg Eldz U]l%’ glaz@id
B — . B Ef —Y— B39k (D(t))

/\2E2 %) L

/\2021&‘ cl%
NEB, —— L
commute and (oi)ti (y=ULfori=1,...,n.

Remark 3.1. Assume that two vector bundles E;, E» and mor-
phisms ¢ : By — Es, V : By — E, ® QL,(D(t)) satisfying ¢(fa) =
fola), V(fa) = ¢(a) @ df + fV(a) for f € Op1, a € E; are given. If ¢
is an isomorphism, then (¢ ®id) "' oV : E; — E; ® Qp:(D(t)) becomes
a connection on Fj.

Fix rational numbers o}, o5, ..., a5, a5, | satisfying
’ ’ ' ’ _
0o <ay < - <ay, <ag,; =1

and positive integers (1, B2. Setting o’ = (af,...,a5,),8 = (b1, B2),
we obtain a weight (o', 3) for parabolic ¢-connections.

Definition 3.7. Fix a sufficiently large integer v. Let

(Ela E27 ¢7 V7 2 {ll}?=1)

be a parabolic ¢-connection. For any subbundles Fy C Ey, F> C Es
satisfying ¢(F1) C Fa, V(F1) C F> ® Qb (D(t)), we define

1
1 rank(Fy) + B2 rank(Fy)

u(F1, F2))arp = (B1(deg F1(-D(t)))

+ B2(deg Fy — yrank(Fy)) + Y _ Bi(ah,_ydai1(Fy) + og,dai(F1))
i=1
where dgi_l(F) = dll’I’l((F‘l)tz /lz N (Fl)ti)y dgl(Fl) = dll’n((F‘l)tz n ll)
A parabolic ¢-connection (E1, Ea, ¢, V, ¢, {l;}_,) is said to be (&, B)-
stable (resp. (a’,3)-semistable) if for any subbundles Fi C Fq, F» C
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E, satisfying ¢(F1) C Fa, V(F1) C F» ® Qp,(D(t)) and (Fy, F2) #
(E1, E2);(0,0), the inequality

(22) p((F1, F2))arp < u((E1, E2))arss
(resp.  p((F1,F2))ag < p((E1, E2))a's.)

We define the coarse moduli space of (@', 3)-stable (t, A)-parabolic
¢-connections with the determinant (L, V1) by

(23) MZP(t,A, L) := {(E1, E2,¢,V, ¢, {l;})} /isom.

For a given weight (a’, 3) and 1 < i < 2n, define a rational number o
by

ﬂl !
24 a; = 0.
(24) R
Then a = («;) satisfies the condition
By
25 <o <ar< - <ag, < —— <1,
(%) o< < B+ )

hence a defines a weight for parabolic connections. It is easy to see
that if we take v sufficiently large (E,V, ¢, {l;}) is a-stable if and only
if the associated parabolic ¢-connection (E, E,idg,V, ¢, {l;}) is stable
with respect to (@', 3). Therefore we see that the natural map

(26) (Evvaso7 {lz}) = (EaE? idg, V, @ {lz})

induces an injection
(27) M2(t,A, L) — MZP(t, A, L).

Conversely, assuming that 8 = (81, 82) are given, for a weight o = (o)
satisfying the condition (25), we can define o = ai% for1 <4< 2n.

Since 0 < o <ah < -+ < ah, = agn% < 1, (a’, B) give a weight
for parabolic ¢-connections.
Moreover, considering the relative setting over T;, X A,,, we can define

two families of the moduli spaces
(28) T : MEP(L) — Ty x Ap, mn: ME(L) — Ty, X Ay

such that the following diagram comimnutes;

L

ML) S MEP(L)

(29) ﬁnl lm

T, x A, ——— T, X A,,.
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Here the fibers of 7, and 7, over (t,\) € T}, x A,, are
(30)  mt(t,A) = M4, L), T, A) = MYB(t, A L).

3.5. The existence of moduli spaces and their properties

The following theorem was proved in [IIS1].

Theorem 3.1. ( [Theorem 2.1, [IIS1]]).
(1) Fiz a weight 8 = ($1,02). For a generic weight o',

T MEP(L) — Th x Ay

is a projective morphism. In particular, the moduli space
Me'B(t, X\ L) is a projective algebraic scheme for all (t,A) €
Tn X A,,.

(2) For a generic weight o, 7 : MS(L) — T, x Ay, is a smooth
morphism of relative dimension 2n — 6 with irreducible closed
fibers. Therefore, the moduli space MS(t, X, L) is a smooth,
irreducible algebraic variety of dimension 2n—6 for all (t,A) €
T, x Ay,.

Remark 3.2. (1) The structures of moduli spaces M (L) and

'B(L) may depend on the weights a, (o', 8) and deg L.

(2) The moduli spaces M2(L) is a fine moduli space. In fact, we
have the universal families over these moduli spaces.

(3) The moduli space M(t, A, L) admits a natural holomorphic
symplectic structure. (See [Proposition 6.2, [IIS1]). This fact
is a part of the reason why Painlevé VI and Garnier systems
can be written in nonautonomous Hamiltonian systems.

(4) In case of n = 4, we can show that M2P(t,\, L) is smooth
(cf. Proposition 4.3 ). However we do not know whether

fl’l'a(t, A, L) is smooth or not for n > 5.

When we describe the explicit algebraic or geometric structure of the

moduli spaces M,%(L) and MZ'P(L), it is convenient to fix a determinant
line bundle (L, V). As a typical example of the determinant bundle is

(31) (L, VL) = (Op1(~tn),d)

where the connection is given by

dz
z—tn

(32) Vi(z—ty)=d(z—t,) =(z—tn) ®
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Here z is an inhomogeneous coordinate of P! = Spec C[z] U {oc}. For
this (L, V) = (Opi(—tn),d), we set

M2(t, A, —1) = M2(t, A\, L), (resp. M2P(t, A, —1) = MZP(t,\, L) ).

§4. Explicit construction of moduli spaces for the case of n =4
(Painlevé VI case).

In this section, we will deal with the case of n = 4 in detail. Let us
fix a sufficiently large integer v and take a weight (a’, 3) for parabolic
¢-connections where o’ = (af,...,0§), B8 = (61,02),7 and fix (t,) =
(tl,..‘,t4,)\1,...,)\4) € Ty x Ay.

Then the corresponding weight a = (e, . .., as) for parabolic con-
nections can be given by

/ ﬁl

Q; = oy ISZS
B1 + B2

For simplicity, we will assume that 8; = B3 = 1, hence a = a’/2. We
also assume (L, V) = (Op1(—t,),d) and set

Mg (6,2, —1) = M{P(6,A, L), Mg (-1) = M P(L).
From Theorem 3.1, we can obtain the commutative diagram:

Mg(-1) < ME(-1)

(33) 7"41 l74

Ty x Ay Ty x Ay,

such that w72 ((t,A)) ~ MZ(t,\,—1) and 7z (t,A) ~ M (t, A, —1).
(Note that & = a'/2). From Theorem 3.1, we see that for a generic
weight a’, T4 is a projective morphism and 74 is a smooth morphism of
relative dimension 2.

4.1. Main Theorem (Explicit description for n = 4 case).

Putting 81 = B2 = 1, we further assume that |a| < 1 for 1 =
1,...,8. Let f1,...,t4 C P1 x Ayq x Ty be the pull-back of the universal
sections on P! x Ty over Ty. Put D(t) :=t; + --- + t4 and consider the
projective bundle

m: P <Q%91XT4><A4/T4XA4(D(E)) ® OPIxT4xA4) — P! x Ty X Ag.
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Note that since (%, (D(t)) ~ Op1(2) the fiber of pa3 o 7 over (t,A) €
T4 x Ay is isomorphic to

P(Opl (2) & Opl) ~ Y9

where 34 is the Hirzebruch surface of degree 2.
Let D; C P <Qé,1xT4xA4/T4XA4 (D(t)) @ (’)ple4XA4) be the inverse

image of t;. Since the residue map induces an isomorphism
1 ~ ~
QPIXT4XA4/T4XA4(D(t))|£i - Ofﬂ

we have a canonical isomorphism ﬁl 5 P x Ty x Ay, Let l~)z+ C Di
(resp. b; C D;) be the inverse image of [\] : 1] € P! x Ty x A4 (resp.
[A\; : 1] ¢ P! x Ty x A4). We denote by BT (resp. B™) the reduced
induced structure on b U---UbJ (resp. by U---Ub;) and we consider
the reduced induced structure on B = Bt U B~. Let

9:Z—P (Q%Jle4xA4/T4xA4(D(E)) & OPle4xA4)

be the blow-up along Bt and S be the blow-up of Z along the closure of
g Y B~ \(BTNB™)). (It is easy to see that S — Ty X A4 is isomorphic
to the family constructed by Okamoto [O1]). Note that Z is isomorphic
to the blow-up of Z along g~!(B).

The main purpose of this section is to prove the following theorem:

Theorem 4.1. Take o' = (&f)i<i<on, B = (B1,02) and v such
that 1 = B2 =1, v > 0, |of| < 1 for 1 < i < 2n, oy, —ah;_ ¢ <
> jwilon; —ah;_q) for 1 < i <n and that any (¢, B)-semistable para-
bolic ¢-connection is (o, 3)-stable.

(1) There exists an isomorphism

(34) Mg (Opi(~f5)) = S

over T4 X A4.
(2) Let Y be the closed subscheme of M (Opi(—t4)) defined by
the condition N2¢p = 0. Then

(35) Mg (0p1 () = Mg (Op1 (—10)) \ V.
(3) For each (t,\) € Ty x Ay, the fiber V¢ ») is the anti-canonical
divisor of M§' (t, A, Op1(—t4)) and the pair
(36) (Mfl (tv)‘voPl(-f‘l))vy(t,)\))

is an Okamoto-Painlevé pair of type Dfll).
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4.2. Construction of the morphism W(t, A, =1) — 3

We assume that (o;) satisfies the condition of Lemma 4.2 below.

Take any point (Ei, Eq,¢,V,p,{li}) € J\_/I;f?(t,/\, —1). There are
unique trivial subbundles Lﬁ‘” C Ei, Lg)) C Es, whose existence is
confirmed by Proposition 4.1 bellow. Since the composite

Op1 2L & By 25 By — By /LY = Opi(—1)

is zero, the composite
(37)
w: L o By ¥ By @ QL (D(t)) — E2/LY) ® QL,(D(t)) = Op1(1)

becomes a homomorphism. By Proposition 4.1 bellow, there is a unique
point ¢ € P! satisfying u(q) = 0. Put Lgﬂl) = El/Lgo), Lé_l) =
Eg/Lgo) and let p; : E; — Lg-—l) be the projection for j = 1,2. We
define a homomorphism B : E; — Lg’l) ® Qp: (D(t)) by B(a) := (p2 ®
id)V(a) — d(p2#(a)) for a € E;, where d is the canonical connection
on Lé_l) = Opi(—t4). Since u, = 0, B, induces a homomorphism
hy s (LYY, - (Lg—l) ® Q},I(D(t))) which makes the diagram
q

0— (L") — (En)q —  (L{Y)y -0
| 2q=0 By | 3k
(25 @ 9h (D(1))
q

commute. On the other hand, ¢ induces the following commutative
diagram

0 Lgo) E; L(l—l) — 0
¢1l ¢l d’zl
0 Ly E; sV —— .

We put hy := ¢2(q). Then hy, hy determine a homomorphism
(38)
(g — (L7 @b (D) @ L) i ar (~hi(@) ha(a).

By Proposition 4.2, ¢ is injective and the inclusion

v (L) = (L5D)g ® (b1(D(t)) @ Opr),
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determines a point p(E1, Ea, ¢, V, ¢, {I;}) of P.. (2%, (D(t))®Op:1 ), where
P.(Q5:(D(t)) ® Op1) means Proj S((Qp. (D(t)) & Op1)Y). So we can
define a morphism

) p: Mt A -1  — P.(Qbhi(D(t) & Op1);
(E17E2’¢av,<pv{li}) — p(E17E2’¢ava(pv{li})'

Proposition 4.1. For any member
(Ela EQa ¢7 v7 @, {ll}) S Mf/ (tv )\7 _1)7

we have
E1 & Eg [ OPI @Opl(—l).

Proof. Take decompositions

FEy = 0Op: (dl) (&} Opl(—dl - 1) (d1 > 0)
Es = Op1 (dg) 5 Opl(—dQ — ].) (d2 > 0)

Assume that di + d2 > 1. Then we have ¢(Opi(d1)) C Opi(da).
The composite

Opi(d1) = B1 % E:8051(D(t)) — Opi (~da=1)@%:1 (D(t)) = Opi (1-d2)

becomes a homomorphism and must be zero since H®(Op1(1 — (d; +

dz2))) = 0. So we have V(Op1(d1)) C Op1(d2)@Q(D(t)). Then the sub-

bundles (Op1(d1), Op1(dz)) breaks the stability of (E1, E2, ¢, V, @, {l;}).
If d; = 1 and da = 0, then ¢(Op1(1)) = 0 and the composite

f:0pi(1) > Ey — B> ® Qb1 (D(t))

becomes a homomorphism.

Put L := (Im f) @ Q*(D(t))V. Then L is a vector bundle and either
L = 0 or L is a line bundle with degL > —1. Then the subsheaves
(Op1(1), L) breaks the stability of (E1, Ea, ¢, V, @, {l;}).

If di = 0 and dy = 1, then the composite F; 4, E; — Op1(—2)

must be zero and the composite f : B 5 E, ®QL. (D(t)) — Op1(—2)®
Qb1 (D(t)) becomes a homomorphism. Put L := ker f. Then we have
either . = E; or L is a line bundle such that deg L > —1. Then the

subbundles (L, Op1(1)) breaks the stability of (E1, F2, 9, V, ¢, {l;}).
Hence we have d; = d» = 0 and E; & Ey = Op1 & Opi(-1).
Q.E.D.
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Lemma 4.1. For any (E1, E2,6,V,0,{l;}) € MY (t,\,—1), the
homomorphism u defined in (87) is injective.

Proof. Assume that v = 0. Then the subbundles (Lgo), Lgo)) breaks

the stability of (E1, E3,¢,V,¢,{l;}). Thus u # 0 and u is injective.
Q.E.D.

Lemma 4.2. Assume ay;, — ah,_1 < ) . (ah; — ah;_q) for any
1 < i <n. Then the homomorphism ¢ defined above is injective.

Proof. If ¢ is isomorphic, then A, : (Lg_l))q — (Lg-l))q is isomor-
phic, and so ¢ is injective. So we assume that ¢ is not isomorphic, that
is, A2¢ = 0.

First consider the case rank¢ = 1. Take decompositions E; =
Op1 @ Op1(-1), E3 = Op1 & Op1(—1). Then the homomorphism ¢ can
be represented by a matrix

(% &) (0r0ne #2000 € HOm )

where the composite F; 4, Ey 23 Op1 (—1) is represented by (0, ¢3) and

E1 % B, — Opi by (¢1, ¢3)-

Now assume that ps 0o ¢ = 0. Then ¢2 = 0. If moreover ¢; =
0, then ¢3 # 0 since rank¢ = 1. Take local bases e; of Op:1 C Ej
and ez of Op1(—1) C E;. Then the condition V(e1) A ¢(e2) + ¢(er) A
V(e2) = 0 implies that V(e1) € Op1 @ Qp1(D(t)), which contradicts the
result of Lemma 4.1. Thus we have ¢; # 0. Then, by multiplying an
automorphism of F; given by

(‘301 zz) (c1,c2 € H(OF,),c3 € H(Op1(1))),

the matrix representing ¢ changes into the form

(¢1 ¢3> (61 03) _ (01¢1 3y +02¢3)

0 O 0 c 0 0 )

For a suitable choice of ¢y, ¢o and c3, we have c;¢1 = 1 and c3¢1 +cogp3 =

0. So we may assume without loss of generality that ¢3 = 0 and ¢; = 1.
The homomorphism B : By — LSV ®@0L, (D(t)) = QL (D(t))(-1)

defined by B(a) := (p2 ® id)V(a) — d(p2¢(a)) for a € Ey can be rep-

resented by a matrix (ws,ws) where wz € HO(Qp,(D(t))(—1)) and

wy € H°(Q),(D(t))). Define a homomorphism A : E; — QbL,(D(t))

by A(a) := (g2 ® id)V(a) — d(g2¢(a)) for a € E;, where g> : E3 — Op:
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is the projection with respect to the given decomposition of E5 and d
is the trivial connection on Op1. Then A can be represented by a ma-

trix (wi,ws), where wy € H°(Qp,(D(t))) and we € H°(Q4, (D(t))(1)).
Roughly speaking V is represented by the matrix

w1 Wa
w3 w4 )
Since ¢(e2) = 0 and ¢(e1) € Op:, the condition V(e1) A ¢(e2) + d(e1) A

V(ez) = 0 implies that V(e2) € Op1 ®Qp. (D(t)). Thus we have wy = 0.
Take a nonzero vector v(¥ € l; C (E})s,. Then we must have

(40) (resti v)(,v(z)) = Ald)tz (U(l) )

Since E; = Op1 @ Op1(—1), we can write v(*) = ( U%i) ) with v() €

(Op1), and véi) € (Op1(—1))t;. Then we have

(’t) resg, (w1)v; o+ rest. (w2)v( ¥
i b
(res, V)( () ) < resy, (w3)v Y) |

v{ ()
o) ()

Thus the equality (40) is equivalent to the equalities

resy, (wl)vg) + resy, (wz)vé) = /\ivgi), res, (wg)’()§i) =

Since u is injective by Lemma 4.1, w3 # 0. So there is at most one point
t; which satisfies res;,(w3) = 0, because w3 € HO(QL,(D(t))(-1))
H%Op1(1)). Thus, for some i, we have res;, (w3) # 0 for j # i. Then
we have vﬁj) = 0 for j # i. So we have [; C (Op1(—1))¢; for j # i.
Recall that the image of V|p_, (1) is contained in Op: ® QL (D(t))
because wy = 0. Let F.(FE1) be the filtration of E; corresponding to
{l;}. Then (Op1(—1),Op1,®|o,, (-1), Fx(E1) N Opi(—1)) is a parabolic
¢-subconnection of (Ei1, Ez, @, Fi(E1)). Since 2(ah;_1 + D0 4, 0;) >
E?zl aj by the assumption of the lemma, we have

p((Op1(-1),0p1, @|o,, (-1), Fx(E1) N Op1(—1)))
> —-1-4-1— 'y+ozzz 1+ZL£L(12]

—2_8-2— 4 ) ;
> 2 8-2 2’Y+zzl,:1(012]—1+0¢2]) _ M((E17E27¢7F*(E1))),
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which breaks the stability of (Ey, E, ®, F«(E1)). Therefore poo ¢ # 0
and the homomorphism Lg_l) — Lg_l) induced by ¢ is an isomorphism.
Hence hy : (L(lﬁl))q — (Lg_l))q is bijective and so ¢ is injective.

Next consider the case ¢ = 0. In this case, V : E; — E2@Q%,: (D(t))
is a homomorphism. If we choose a decomposition F1 = Op1®Op1(-1),
E; = Op1 @ Op1(—1), V is represented by a matrix

o w Wi,wq € HO(Q%n (D(t)))7
( 1 2) wy € HO(QL, (D(t))(1)),
w3 W4 w3 € HY(QL:(D(t))(-1)).

Notice that w3 corresponds to the homomorphism u : Lgo) — Ey/ Léo) ®
Qp1(D(t)) and so w3 # 0. Let ¢ be the point of P! satisfying w3(q) = 0.
Assume that ws(g) = 0. Multiplying an automorphism of F; given by

(3 9) (@eem O BOnW),

the matrix representing V changes into the form

w1 Wy c1 c3\ _ [cawr c3wy+ cows
w3 w4 0 c2 Ciw3 C3w3 + Cowyq )
For a suitable choice of ¢q,c3, we have czws + cowy = 0. So we may

assume without loss of generality that ws = 0. Take a nonzero element
) ) @ )

v of I; C (E1)t,. We can write v = ( Zb) ) with vﬁ“ € (Op1)y,

2

and vgi) € (Opi(—1))¢,. Then we have

o)

_ [ rese (wl)vf) + res;, (wg)véi)
resy, (ws)v}”

(ress, V)(0) = (res;, V) ( u )

Since (res;, V)(v®) = Xy, (D) = 0, we have resti(wg)vgi) = 0 for
i = 1,...,4. There is at most one i satisfying res;,(w3) = 0 because
w3z € H%(Qp,(D(t))(—1)). So we may assume that for some i, w3 (t;) # 0
for j # i. Then we have v”) = 0 for j # i and I; C Op1(—1);, for j # i.
Since wy = 0, V(Op1(-1)) C Op1 ® Ok, (D(t)). If F.(E)) is the filtra-
tion of E; corresponding to {l;}, then (Op:(~1), Op1, ®|o,, (-1), Fx(E1)N
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Op1(—1)) is a parabolic ¢-subconnection of (Ey, Ez, ®, F,(F1)) and

l“((DPl (_1)7 OPi, Qlopl (—1)» F*(El) N OPI(_l))
> —1-d—l-vytah, (+3 ;. ay;

2
_9_R_9_ 4 ’ ’
> 2B t®h) — U(Ey, B, @, F.(EY)

which contradicts the stability of (E1, Eq, ®, Fi(E1)). Therefore we have
w4(q) # 0, which means that h, is bijective and so ¢ is injective. Q.E.D.

4.3. Smoothness of M (t, A, —1)

Let Y be the closed subscheme of M (—1) defined by the condition
A%¢ =0 and Y (t,\) be the fiber of Y over (t, \).

Proposition 4.2. Under the assumption of Lemma 4.2, the restric-
tion Y (t, \) 2P, (Q%,l (D(t)) ® Opl) of the morphism p defined above
1§ injective.

Proof. Let Do be the section of P, (Qp:(D(t)) ® Op1) over P!
defined by the injection Qb (D(t)) — Qp.(D(t)) ® Op:. Take any
point (E1, Eq, ¢, V,¢,{l;}) € Y(t,A). From the proof of Eemma 4.2, we
can see that p((E1, E2,$,V,¢,{l;}) € Dy if and only if ¢ = 0.

First assume that rank¢ = 1. As in the proof of Lemma 4.2, We
take decompositions E; = Op1 @& Op1(—1), E2 = Op1 & Op1(—1) and
represent ¢ by a matrix

(¢1 ¢3) (¢1, 2 € H°(Op1), 3 € H*(Op1(1))).

0 ¢
By the proof of Lemma 4.2, ¢, # 0. Multiplying a certain auto-
morphism of F3, we may assume that ¢35 = 0 and ¢ = 1. Since

rank ¢ = 1, we have ¢; = 0. Consider the homomorphism B : E; —
Opi1(—1) ® Qp. (D(t)) defined by B(a) = p2V(a) — d(p2¢(a)). Let
(w3, wq) (w3 € HOYQL:(D(t))(—1)),ws € H°(QL,(D(t)))) be the ma-
trix which represents B. Since ¢; = 0, ¢3 = 0, the composite E; AA
E> ® Qb (t) 28, Op: @ QL. (t) becomes a homomorphism, which
can be represented by a matrix (wi,ws) with wy € HO(Qp:(t)), w2 €
HO%(Qp.: (t)(1)). Roughly speaking, V is represented by the matrix

W1 Wo

w3z wa)’
We use the same notation as in the proof of Lemma 4.2. Then we
have V(e1) A ¢(e2) + ¢(e1) A V(ez2) = 0. Since ¢(e1) = 0 and ¢(e2) €
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Opi1(—1), we have V(e1) € Op1(—1) ® Q5. (D(t)) and so w; = 0. Take

‘ (9
a nonzero element v() of I; C (E;);, and write v{¥ = < U%i) > where
Vg

) e (Op1)s, and Ugi) € Op1(—1)¢,. Then we have

(Z)
(resy, V)(v®) = (rest, V) (z) )

rest, (w2)v5
= O] (9) (4)
resy, (w3)vy  + resy, (wq)vy +resy, (% t4 Vg

¢tz‘( ) b1, ( (:; ) ( Ugi) )

Since (res;, V)(v)) = Xigy, (v®), we have
(

resti(w2)vgi) =0,
resg; (W3)U§i) —+ rese, (w4)vé’) + resy, ( ) (7) _ )\ ’U

1

If wa(t;) = O for any i, then wy = 0 because wy € H(Qh, (D(t))(1))
H°(Op1(3)) and there is a decomposition

(Eh E27 ¢7 V, {ll}) = (E17 OPl(_l)v ¢7 v7 {ll}) §2] (07 Op1,0, 0, {0})»

which contradicts the stability of (B, Es,¢,V,¢,{l;}). On the other

hand, if wa(t;) # 0, then v{” = 0, v{") # 0 and ws(t;) = 0. How-
ever, there is at most one ¢ which satisfies w3(t;) = 0 because w3 €
H°(QL,(D(t))(-1)) & H°(Op1(1)). Therefore there is only one i which
satisfies wa(t;) # 0. In this case, ws(t;) = 0 and so ¢ = t;, which means
that the image p(E1, E2, ¢, V, ¢, {l;}) is contained in the fiber D; of
P, (Q5.(D(t)) ® Op1) over t;. Applying certain automorphisms of E;
and E; represented by a matrix of the form

0
(6 3) Ccmop),
we may assume that

Lz —ts — ¢
Wy = Higéz( ])dZ z i

Hj:l(z_tj) 7 wg:H?ﬂ(z—tj)

where z is a fixed inhomogeneous coordinate of P1. Then giving a value
resy, (wq) is equivalent to giving a point p(E1, E2, ¢, V,¢,{l;}) in the

dz,
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fiber D;. Applying an automorphism of E; represented by a matrix of
the form

1 ¢
(6 1) Cer©Onm),
we may assume that wy is of the form

adz
Wy = 1

Hj:l (z —t;)

with a¢ € C. a is determined by the value res;, (ws). Thus the matrices
representing ¢ and V are determined uniquely, up to automorphisms of
E; and Ej, by the point p(E1, E2, ¢, V,9,{l;}). Recall that v?) # 0,
véz) = 0 and res;; (LU3)'U§J) + resq, (w4)v§j )+ res, ;d_—iz)véj) = A8 for
j # i. Since res;, (w3) # 0 for j # 4, every v (including v¥)) is uniquely
determined up to a scalar multiplication. Thus the parabolic structure is
determined by ¢, V. Hence (E1, Ea, ¢, V, ¢, {l;}) is uniquely determined
by the point p(E1, E2, ¢, V, ¢, {l;}).

Next we assume that ¢ = 0. Let

wi,ws € H Q) (D(t))),

<w1 W2) , { wp € HOQL,(D(t))(1)),
w3 W4 w3 € HO(Q%)I (D(t))(—l))

be a matrix representing V. Let g be the point of P! satisfying w3(q) = 0.
We may assume without loss of generality that g # ¢; fori = 1,2, 3. From
the proof of Lemma 4.2, we have wy4(q) # 0. Applying an automorphism
of E;, we may assume

(z—tl)(z—tg)dz e — z—q
H_‘;:l(z —t;) 7 H?=1(Z i)

For a nonzero element v() € I;, we have (res;, V)(v®) = X\igy, (v?) = 0
for i = 1,...,4. Thus det(Vy,) = wi(t:)wa(ti) — wa(t;)ws(t;) = 0 for
i1 =1,...,4. Since w3(t;) # 0 for i = 1,2, we have wa(t;) = 0 for i =1, 2.
We write

Wy = dz.

_ (E=t)(z —ta)u
H;=1(z —t;)

with u a polynomial in z of degree less than or equal to 1. Applying a
certain automorphism of E5 of the form

dz

w2

(Col 012> (c1 € HY(O%,),c2 € H(Op1(1))),
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we may assume that © = 2z — t3. Note that V is of the form

_dz (a  (z-t1)(z—t2)(2 —t3) o e H(Ou
Ij_1(z—t;) (Z—q (z—t1)(z — t2) ) (a € H'(Op1(2)))

Since det(V:,) = 0, we have a(ts) = 0. The condition det(V:,) = 0
implies that « is of the form a = (z — t3)(c(z — t1) + t4 — q), where
c € C. If c =1, we have V(E;) C Opi(-1) ® QL,(D(t)) after
applying a certain automorphism of FE;. Then there is a decomposi-
tion (El, Ez, ¢, V, {l@}) = (El, Opl(—l), ¢, V, {lz}) @ (0, OPI,O, 0, {O}),
which contradicts the stability of (E1, Es, ¢, V, ¢, {l;}). Thus we have
¢ # 1. Applying a certain automorphism of E5 of the form

(8 (1- t)gz - tz)) (t € H(0g,)),

we may assume that ¢ = 0. Since Vi, # 0, ker(Vy,) = [; for ¢ =
1,...,4. Hence (E1, E2,9,V, ¢, {l;}) is uniquely determined by ¢ and it
is determined by the point p(E1, E3, ¢, V, ¢, {l;}). Q.E.D.

Proposition 4.3. Under the assumption of Lemma 4.2, Mg (—1)
is smooth over Ty X Ay4.

Proof. Let A be an artinian local ring over Ty X A4 with residue
field A/m = k and I be an ideal of A such that mI = 0. It is sufficient
to show that .

Mg (=1)(A) — M (-1)(A/T)

is surjective. Take any member
(Er, E2,¢,V, ¢, {Li}) € Mg (—1)(A/T).

Note that F; = Op}”l @ Opi‘/l(—l) and Ep = OP}4/I ® OP}‘“ (~1).
Then the homomorphism ¢ : F; — FE5 can be represented by a matrix
of the form

(%1 ii) (b1, 92 € A/L ¢3 € HO(OP%/I(l)))'

As in the proof of Proposition 4.2, we may assume that ¢3 €¢ m ®
HO(OPL/[(I)). Put

Ai=(2®1)oV—dogo¢: B — Opy  ® Qp1(D(t)) = Opy, (2),
Bi=(m®l)oV—dopog: Br — Opy  (-1)® Qp1(D(t) = Opy (1),
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where g3 : Ey — OP};/:’ p2 : By — Opi‘/[(—l) are projections with

respect to the decomposition of E;. Let (w1,w2) and (ws,ws) be the
matrices representing A and B, respectively. We can see that the con-
dition

(e ® 1)(V(s1) A ¢(s2) + ¢(s1) A V(s2)) = d(p(d(s1) A d(s2))) (51,52 € En)

is equivalent to the equality

wig2 — w3Ps + wapr = 0.

Let (t1,...,ts) € PY(A) x --- x PY(A), (A\1,...,A4) € Ax---x A be

the data corresponding to the structure morphism Spec A — Ty x Ay.
()

Let v(Y be a basis of l;. Then we can write v(9 = ( U%l) ) with

Ug

vgi) € OP}L‘“ ¢, and Uéi) € Op}“/[(—l)hi We must find lifts
o (l)
¢17¢27 ¢37G}1)®27&37Q47 (7,)
=1 4

(z)
over A of ¢1, ¢2, ¢3,w1, w2, ws, w4, ( ) ) satisfying the follow-
i=1,...,4

=1,...

ing conditions:
@1¢2 — D33 + @4431 =0,
(rest, (@1) — X)dy” + (ress, (@2) — A (t:))33 =
resti(wg,)v1 (resti (w4) + (resti (Z o ) ) )

fort=1,...,4

Since we have already proved the smoothness of M;* / ?(~1) over
T4 x A4, we may assume that A2¢ € mA/I.

Assume that ¢; € mA/I and ¢y € (A/I)*. Still we may assume
that ¢3 = 0. In this case we can see from the proof of Proposition 4.2
that res;, (w3) € mA/I and res;, (w2) € (A/I)* for some i. Take lifts
@) € Oy (D) (Ve @1 € HO(Qh, (D(1)), 1 € A and ¢y € A of
wa(t;), wa, ¢1 and ¢g, respectively. Put & := —@4(/31{;’32_1. Then we can
find a lift @3 € HO(Q%,L (D(t))(—1)) of w3 satistying

(res (@1) — M) (reste(@1) + (rese, (32) — Xi) 62)

— resy, (G);i)) resy, (W3) = 0.
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Let @3 be the element of H%(Qy,, (D(t))(1)) satisfying
A

(ress, (@1) — ,\]—¢31) (reSt,- (0q) + (reStj (i@) - /\j> ¢~52>

—resy, (W) resg, (W3) = 0

for j # i and Oa(t;) = wél). For j = 1,...,4, we can take lifts 65” €
Opy, It s vz ) e 0P1 (=1)]¢, of vgj),véj) satisfying

(resti (‘I) ) l¢l) + resg, (WQ)ﬁél) =0.

and

res;, (W3)v; 57 + (rest]. (W) + (restj (z dzt ) - /\j) &2) z“)gj) =0.
— 14

for .7 # i. Put ¢3 = 0. Then ¢1,¢2,¢3,0J1,L¢)2,UJ3,UJ4, (’U§ )7 (]))J 1 are
desired lifts.

Next assume that ¢2 € m/I. In this case, we can see from the proof
of Proposition 4.2 that ¢; € m/I and ¢, € mHO(OPk”(l)). Take a lift

3 € HO(Q;Q(D(t))(-l)) of w3 and let ¢ € P(A) be the zero point of
@3. There exists ¢ € {1,...,4} such that res;, (@3) € A* for j # i. Ap-
plying a certain auotomorphism of E;, we may assume that res;, (wy) €
(A/I)*. Take lifts @4 € HO(QPh(D(t))), w2 € Qp1 (D(t)(1)), and
(52 € A of wy, wa(t;) and ¢q, respectively. We can see from Lemma
4.2 that @4(q) is a basis of Q%,}Q(D(t))|q. Then we can find an element

o € HO(Q%,A(D(t))) such that

(resti (@1)@a(q) + Aiwl(q)qéz) (resti (@4) + (resti <Z ‘fZM) - Ai) éz)

= resy, (@s) resy, (@54 (q) — As (resti (@1)P2da(q) — resy, (@4)‘31@)@32) .

We can take an element 1 of A such that ¢o@(q) + ¢1@4(q) = 0. Then
there is an element ¢3 € HO(OP}4 (1)) such that

@12 — D3¢3 + Dady = 0.
Let @s be the element of HO(Q%)}4 (D(t))(1)) satisfying @a(t;) = @S

(ress, (@1) — )\j¢~51) (restj (w4) + (rest]. (;1—2) — /\j) q?)g)

= res;; (Qg)(rest]. (@) — )\jQ;?)(tj))
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for j # i. We can take lifts f}y) € Op1 |y, f/éj) € Op1 (1), of vg),véj)
such that

resy, (@3) vy 79 4 <rest]. (@4) + (restj (—di) )¢2) D=0
z—1y4

for j =1,...,4. Then ¢1, b2, ¢3, @1, @2, D3, Da, (7 59, (J))] , are desired
lifts. Q.E.D.
4.4. Proof of Theorem 4.1
We put )\:r =XMfori=1,...,4, A7 := =X fori=1,...,3 and

Ay :=1—Xg. Let D; be the fiber of P, (Qp: (D(t)) & Op1) over t; € P?
and b (resp. b;) be the point of D; corresponding to A} (resp. A;).
Put Z := {b},...,bF,b7,...,b7 }.

Proposition 4.4. Under the above notatibn,
(41) Mgt -1)\pH(2) = Pu(Qp(D(t) ® Op1) \ Z

is an isomorphism.

Proof. Let Dg be the section of P,(Qh:(D(t)) & Op1) over P!
defined by the injection QL (D(t)) — QL. (D(t)) & Op:. First we will
show that

4 4
(42) Mg D\ |Jp 1 (D) — Pu(@p2(D(t) @ Op1) \ | D

=0 =0
is an isomorphism. Fix a section
72 (M) ({1 (D(t))|a) — (m2)« (7] Qps (D(t)))
of the canonical homomorphism
(12)« (17 Qp1 (D(t))) — (m2)«(7{ Qb1 (D(t))]a),
where
7 : PLx (PY\ D(t)) » P!, m:Plx (P!\D(t)) — P\ D(t)

are projections and A C P! x (P'\ D(t)) is the diagonal. Take a point
s of P,(Qp:(D(t)) & Op1) \ U;‘zo D;, which is given by ¢ € P! and an
injection (—hi, hs) : C — QL. (D(t))|q ® Op1|s. We may assume that
hy = 1. We put

wa = 7g(h1) € H*(Qp: (D(1))),
= ) 9% € H' Qe (D())(-1)),
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where z is a fixed inhomogeneous coordinate of P1. Let ws be the
element of H°(Qp:(D(t))(1)) determined by

(rese, (wa) + Ai) <restz. (wa) + resy, (z_qu) — )\i) + res;, (w2) resg,; (w3) =0
—ts

for i = 1,...,4. Define a rational connection V on Op1 @& Op1(—1) by

V( fiy._ ([ dh +< —fiws + fawz )

f2 ) df2 fiws + faws

for fi € Op: and f; € Opi(—1). Then s — (Op1 @& Op1(—1),V)
determines a morphism

4
P, (b (D(t) & Op1) \ | Di — Mg7(t, A, 1)\ | p~ (D),
1=0 1=0

which is just the inverse of the morphism (42). Then the morphism (41)
is surjective, since it is proper and dominant. The morphism (41) is also
injective by the above argument and Proposition 4.2. Thus, by Zariski’s
Main Theorem, the morphism (41) is an isomorphism. Q.E.D.

Proposition 4.5. If A\ # A\, then p~1(b]) = P!, p~1(b;) = P!
and these are (—1)-curves.

Proof. We can see that p~1(b]") is just the moduli space of (t,\)-
parabolic ¢-connections (Op: & Op1(—1),0p1 & Op1(-1),6,V,,{l;})
satisfying ’

s1\ _ [ d181
o(8)-(%)
’\?_ njii(ti’tj)
s1\ _ [ 1,1 i s191 T, (z—t) dz + Sawo
- (z—t;)dz A Hj;éi(ti—tj)dz

S2
S — S
I G—t) ~ "2 I, (e—t5)

S2

for s1 € Op1 and s € Op1(—1), where ¢; € C, I; = ker(ress, (V) —
A;r¢|tj) for j=1,...,4 and wp € H°(QL,(D(t))(1)) satisfies the condi-
tion

FT. L (b —ts FT. L (bt
4 (,estk (Aﬁnlfliﬂ_udz) _ A;) (restk (;34 _ i‘%}iﬁudz) _ A;)

j=1(z_tj) j=1(z_tj)

—resy, (ﬁ%) resy, (w2) = 0.

j=1
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for k # 4. Then we can define a mapping
“(6f) — P
(Opl @Opl(—l),OPl @Opl(—l)a¢7v7¢7{lj}) s [¢1 : I’eSti (wz)]

which is an isomorphism.
Similarly we can see that p~1(b;) = P!. Since M'(t, A, —1) and
P.(Q}:(D(t))®0p1) are smooth, p~1(b}), p~1(b; ) must be (—1)-curves.
- Q.E.D.

Proposition 4.6. Assume that A} = A\ . Put

C1 o= {(B1, B2, 6.V, 0, {3} € p7 (67) [t = L), }
CZ = {(ElvEQa ¢7, va ©, {lj}) € p—l(b;l—)‘ resg; (V) = Ai¢ti} .

Then Cy = Pl, Cy = Pl, C1 N Cy = {one point}, C1 NY(t,A) =
{one point}, Co C MZ(t, A, —1), (C1)? = =1, (C2)? = -2 andp~ 1 (b}) =
CiU .

Proof. p~1(b}) is the moduli space of the objects
(0P1 S2) Opl (_1)7 OPI S OPI (_1)7 ¢, v1 ©, {lj})

satisfying

S s
¢( . ) :( o )
V( 81 ): ( @pdsq )+ 31¢1——4-Lf(—z(17——dz+32w2

dSQ (z— t)dz s ’\ Hnél(tz t])d

S
SIS (b))~ 2 (e 5y)

for s; € Op1 and sz € Opi1(—1), where ¢; € C, Il = ker(resy, (V) —
Akt ) for k # ¢ and w, satisfies the condition

ALy (b —t5) T
i i 7 )t _\r
é1 (rest,c (ﬁLszl(z_tj) dz ) = X{ ) { ress, | 225 —J—;nj 2o dz ) - N
—resy, (ﬁ%) resy, (wz) = 0.

F=1\*"

(1) ;
for k #i. If v® = ( v%i) ) is a basis of [;, resy, (wz) = 0. Thus we
Vs
have

P () = ({08 = 0} np7 (61)) U ({walts) = 0} o7 (67)
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We can see that {vgl) =0}Np~1(b]) = Cy and {w(t;) = 0}Np~1(d}) =
Cs. From the proof of Proposition 4.2, we can see that the objects of Cy
satisfies the condition ¢; # 0. Thus we have Co NY (t,A) = 0. We can
also see that C; N Cs consists of one point corresponding to the object
of p~1(b)) satisfying wa(t;) = 0, ¢1 = 1 and [; = L§°) £ C1NY(t,A)
consists of one point corresponding to the object of C; satisfying ¢1 = 0.
We have C; = P! by the same proof as Proposition 4.5. ¢,V, ¢ and
ly for k # i are all constant on C3. So C; is just the moduli of lines
l; C Op1li, ® Op1(—1)|s,, which is isomorphic to P*.
Let N4(t,A,—1) be the moduli space of rank 2 bundles E with

a connection V : E — E ® Qf,,(D(t)) and a horizontal isomorphism
E /\2 E 5 Opi1(—z4) satisfying

(1) det(res:, (V) — Aiidg),,) =0 fori=1,...,4 and

(2) (E,V) is stable in the sense of Simpson [Sim].

Then there is a canonical morphism

MZ(t, A, —1) — Na(t, A, -1),

which is obtained by forgetting parabolic structure. We can see that the
image of Cy in Ny(t, A, —1) is a singular point with A;-singularity. Thus
C5 is a (—2)-curve and we can see that C} is a (—1)-curve. Q.E.D.

The morphism p : Mg (£, X, Op1(—ts)) — P(QL:(D(t)) & Op1)
defined in (39) extends to the morphism

p: Mfl(OPle4xA4(_t~4)) —P (Q£1XT4XA4/T4XA4(D(E)) ® Op1 xT4xA4) .

We can check that the inverse image p~!(B™) is a Cartier divisor on
M (t, X, Op1(—t4)). Since Z is a blow up of

P (9{31 xT4xA4/T4xA4(D(E)) ® Op1 ><T4><A4)
along BT, p induces a morphism
[ M (t,\,Op1(~t4)) — Z.

We can also check that f~1(g=!(B)) = p~}(B) is a Cartier divisor on
W(t, X, Opi(—t4)). Since S is a blow up of Z along g~*(B), f induces
a morphism

f e M (t, A, Op1(—t4)) — S.
We can see by Proposition 4.4, Proposition 4.5 and Proposition 4.6 that
each fiber of f’ over Ty x A4 is an isomorphism. Thus f’ is an isomor-
phism and Theorem 4.1 (1) is proved.
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Theorem 4.1 (2) is easy. It is well-known that Kgs = —(2Dg +

D1+ Da+ D3+ Dy). So it is sufficient to prove the following proposition
in order to prove Theorem 4.1 (3).

Proposition 4.7. ) is a Cartier divisor on ]\_/IF(—l) flat over Ty x
Ay and the divisor Y (t,A) on W(t, A, ~Op1(—t4)) has multiplicity 2
along (ply(e.xy)~"(Do) and 1 along (plye.x))~"(Dy) fori = 1,..., 4.

Proof. Let (£1,&2,6,V,,{l;}) be a universal family on P! xW(—l).
Then ¢ : £&; — &, determines a section f of (mpe )« (det(E1) "L ®det(E2)),
whose zero scheme is Y. Since (2 )« (det(€1) ! ®det(£2)) is a line bun-
dle on E"T(—l), Y is a Cartier divisor on Mg’ (—1). Y (t, ) is also a
Cartier divisor on M2 (t,A, —1) and so Y is flat over Ty x Ay4.

Let U; be the open subscheme of Y (t, A) whose underlying space is
(p|y(ty>\))"1(Di \ (Do N Dy)). Then U; is just the moduli space of the
objects (Op1 @ Op1(—1),0p1 @ Op:(—1),,V, ¢, {l;}) satisfying

(2)-(%)

fi 0 P
v ( ) - ( ) + (‘Z:.lt’)dZ] dz
f2 df2 flI—I4 1(;_ +f21—[§=a

t;) 1(z—t5)

Jj=

for fi € Op1 and f> € Opi(—1), where a € C and I; = ker(res;, (V) —
Aj¢y,) for j=1,...,4. Thus U; = A and U; is reduced.

Let Uy be the open subscheme of Y (t,A) such that p(Up) = Dy \
U?zl D; as sets. Up is the moduli space of the objects (Op1 & Op1(—1),
Op1 @ Op1(—1),¢,V, p,{l;}) satisfying

¢< f1 ) _ ( figr + fags )
f2 f2¢2
V(fl ):(¢1df1+¢3df2 )+(w1f1 )
f2 $2df2 w3f1 + wafo
for fi € Op1 and fa € Op:1(—1) with the conditions ¢1¢p2 = 0 and

w12 — w3d3 +wads = 0, where ¢ € P\ {t1,..., ta}, l; = ker(res; (V) —
Ajde,) for j=1,...,4 and

o = k(2 = te + (b — 1) (tk — t2) M) o e = (z — q)dz
H?=1(Z ~t;) ’ (ts —q) H;:l(‘z — ;)
wa = [Ti_,(z — te + (tx — ta)(tk — t4))\k¢2)dz'

H?:1(z = t;)
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¢2 and ¢3 are determined by ¢; and the conditions

wi(q)p2 +wa(q)p1 =0, ws(ty)ds(t;) = wi(tj)p2 +waltj)er (1 =1,2)

and ¢, must satisfy the condition ¢2 = 0. Thus Uy = P!\ {t1,...,t4} x
Spec C[¢1]/(¢?) and Y (t,A) has multiplicity 2 along (ply,x)) " (Do).
Q.ED.

§5. Moduli of stable parabolic connections in general case

In this section, we will formulate the general moduli theory of a-
stable parabolic connections over a curve and state the existence theorem
of the coarse moduli scheme due to Inaba [Ina]. We fix integers g,d,r,n
with g > 0,7 > 0,n > 0 and let (C,t) = (C,#1,...,t,) be an n-pointed
smooth projective curve of genus g, which consists of a smooth projective
curve C and a set of n-distinct points t = {t;}1<i<n on C. We denote
by D(t) = t; + --- + t, the divisor associated to t. Define the set of

exponents as
(43)

Ard) =S A= e | d+ Y AP =0
1<i<n, 0<j<r—1
Definition 5.1. A (t, )\) -parabolic connection of rank r on C is a
collection of data (E, V, {l }1<1<n) consisting of:

(1) a vector bundle E of rank r on C,
(2) a logarithmic connection V: E — E® Qlc(D(t))7
(3) andafiltration I{” : B, =1 51 ... 51, 519 =0 for
each 4,1 < i < n such that dlm(l(z /l]+1) =1 and (res, (V) —
)\;l))(lg- ) C l§:_1 for j=0,1,---,r— 1.
We set deg E = deg (A"E) as usual.

Take a sequence of rational numbers o = (« (1))}; " such that
(44) 0<al? <ol < <ald <1

fori = 1,...,n and ai #afl for (1, j)#(",j’) We choose a =

(o () ) suﬂic1ently generic. Let (F,V, {l }1<1<n) be a (t, A)-parabolic
connectlon and F C E a nonzero subbundle satisfying V(F) C F ®
QL(D(t)). We define integers len(F); @ by

(45) len(F){" = dim(Fl,, 0 1{,)/(Fls, 01{7).



Moduli of stable parabolic connections 419

Note that len(E);i) = dim(l}ill/lj(.i)) =1lforl1<j<r.

Definition 5.2. A parabolic connection (E,V, {le’}lSiSn) is a-
stable if for any proper nonzero subbundle F g E satisfying V(F) C
F® QL(D(t)), the inequality

(46)
deg F+ Y7, 57 ol len(F)Y  degE+ Y7, Y7 ol len(E)\Y
<
rank F’ rank £
holds.

For a fixed (C,t) and A, let us define the coarse moduli space by
(47)
MGopn(rn.d) = ble (&, )-posabol
(D an a-stable (t, A)-parabolic connection -
{(E V. {l."h<i<n) | of rank r and degree d over C 3=
Varying (C,t) and A, we can also consider the moduli space in rel-
ative setting. Let M, ,, be the coarse moduli space of n-pointed curves
of genus g. Here we assume that every point of M, , corresponds to
an n-pointed smooth curve (C,t) such that t = (t1,...,t,) is a set of
n-distinct points on C. We consider a finite covering Mg, — Mgn
where My . is the coarse moduli space of n-pointed curves of genus g
with a suitable level structure so that there exists the universal family
(C,t) = (C,t1,...,t,) of n-pointed curves (with a level structure). From

now on, for simplicity, we set

(48) T= M;,n
and let
(49) (C,E) — T = M'gyn

be the universal family.
We can show the existence theorem of moduli space as a smooth
quasi-projective algebraic scheme (cf. [IIS1], [Ina]).

Theorem 5.1. (Cf. [1IS1], [Ina]). Assume that r,n,d are positive
integers. There ezists a relative moduli scheme
(50) Prn,d - Mt(xc,{)/T(rv n»d) — T x Aq("n) (d)
of ae-stable parabolic connections of rank r and degree d, which is smooth
and quasi-projective over Tx A{™ (d). Moreover the fiber Mo (ryn,d)
of @rm.a over ((C,t),A) € T x A (d) is the moduli space of a-stable
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(t, A)-parabolic connections over C, which is a smooth algebraic scheme
and

(51) dim Mg ¢ 2y (r,n,d) = 2r3(g — 1) + nr(r — 1) + 2.
Remark 5.1.

(1) When C = P! and r = 2, Theorem 5.1 is proved in [IIS1].
(2) Inaba [Ina] showed that the moduli space M) 5 (77, d) is
irreducible in the following cases:
(a') ) 2 27” Z 17
(b) g=1,n>2,
(¢) g=0,r>2,rn—2r—2>0

5.1. The moduli space of representations

For each n-pointed curve (C,t) = (C,t1,--- ,tn) € T = M, (9 >
0,n > 1), set D(t) =¢; + --- + t,. By abuse of notation, we denote by
m1(C \ D(t)x) the fundamental group of C \ {t1, - ,tn}. The set

(52) Hom(m1(C'\ D(t), ¥), GL,(C))

of GL,(C)-representations of m1(C \ D(t),*) is an affine variety, and
GL,(C) naturally acts on this space by the adjoint action.
We define the moduli space by

(63)  RP{c,) =Hom(m(C\ D(t), %), GL,(C))//Ad(GL(C)).

Here the quotient // means the categorical quotient ([Mum]). More
precisely, it is known that m1(C \ D(t),*) is generated by (2g + n)-
elements a4, ...,04,01,...,08¢,71,--.,Yn With one relation

g

H[ai,ﬂi]’)’l coyp =L

i=1

Therefore if we denote by R the ring of invariants of the simultaneous
adjoint action of GL,.(C) on the coordinate ring of GL,(C)29t"~1, then
we have an isomorphism

(54) ) R'P(C,t) ~ SpeC(R).

Hence the moduli space RP{¢ ) becomes an affine algebraic scheme.
Furthermore, each closed point of R’Pfat) corresponds to a Jordan
equivalence class of a representation (cf. [Section 4, [IIS1]]).
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Let us set

(55) A = {a= (@352, € € |af e - af” = (-1} .

For eacha = (a§i)) e A andi,1 <i<n,weseta® = (af”,---  al?))
and define
(56) Xawr (s) =" +a? sm 4 40l

Moreover we define a morphism
(57) Ploye) RPcwy — Aﬁn)
by the relation
(58) det(sIr — p(1:)) = Xaw (8)

where [p] € RP{¢ ) and ; is a counterclockwise loop around ¢;.

For a = (a;i)) e A" we denote by RP{ct),a the fiber of ¢fc
over a, that is,
(59)
RIP(C,t),a = {[P] € 7€’,PEnC,t)|det(SI7‘ - P('Yz)) = Xa(i)(s)v 1<:< ’I’L}

For any covering 17’ — T, we can define a relative moduli space
RPL1 = ctyer RP(cy) of representations with the natural mor-
phism

(60) RPL 1 — T

As in Section 4, [IIS1], there exists a finite covering T — T with
the morphism

(61) ¢ RPLp — T x A,

such that
(¢n) ' ((C,t),a) = RP{cy4) a-

§6. The Riemann-Hilbert correspondence

Next we define the Riemann-Hilbert correspondence from the mod-
uli space of a-stable parabolic connections to the moduli space of the
representations. .

Let us fix positive integers r,d, a = (ay)) as in (44), and (C,t) €
T = Mg,. For simplicity, we set M) 5y = M) (T, d) (cf.

(47)).
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We define a morphism

(62) rh: A™Md) — A™, rh(A)=a

by the relation

r—1
(63) H(s - exp(—27r\/—1/\§-’))) =s"+ ai’lls’—l +- a((,z).
3=0

For each member (E,V, {l;l)}) € M‘("C’t), »» the solution subsheaf of
EG/"L

(64) ker(V“”|C\D(t)) c E°"
becomes a local system on C'\ D(t) and corresponds to a representation
(65) p:m(C\ {t},¥) — GL,(C).

Since the eigenvalues of the residue matrix of V%™ at ¢; are )\y), 0<
j < r —1, considering the local fundamental solutions of V" = 0 near
t;, the monodromy matrix of p(7y;) has eigenvalues exp(—27r\/—_1)\§i)),
0 < j <r—1. Hence under the relation (63), or a = rh(A), we can
define a morphism

(66) RH(ct)x : M{cen) — RPc)a-

Replacing T = Mg ,, by a certain finite étale covering u : 7" — T
and varying ((C,t),A) € T' x Ag")(d) we can define a morphism

(67) RH : M )7/ (r;n,d) — RP, 1

which makes the diagram

RH

MZ:,E)/T/ (7‘, n, d) — RP’Z,T’
(68) ) ‘pr,n,dl ‘ ld);
T x Ag")(d) ddxrh pr o A

commute. The following result is proved in [Ina).

Theorem 6.1. ([Theorem 2.2, [Ina]] ). Assume that a is so generic
that ac-stable < a-semistable. Moreover we assume thatr > 2,rn—2r—
2>0ifg=0,n>2ifg=1andn>1if g>2. Then the morphism

(69) RH : M% ¢ 7 (1,0, d) — RPp 0 X o ATV
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induced by (67) is a proper surjective bimeromorphic analytic morphism.
In particular, for each ((C,t),A) € T’ x Ag")(d), the restricted morphism

(70) RH((ct)n) : M{ct),0) (0 d) — RP(cy)a

gives an analytic resolution of singularities of R’P’("C’t),a where a =
rh(X).

Remark 6.1. Take A € A"™ such that rh(\) = a. A representation
p such that [p] € RP(c ) . is said to be resonant if

(71) dim(ker(p(v;) — exp(—27r\/—1)\;-i)))) > 2 for some 1, j.

The singular locus of RP{c ) . is given by the set

p is reducible or
resonant ’

sing
(72) (Rpfc,t),a) = {[P] € RP(ct),a

Moreover we denote the smooth part of RP{¢ ¢ . by

(73) (RPlcwa)’ = RPlcua\ (RPlcwa) -

Theorem 6.1 implies that the restriction

#

b~ i,
(74) RH((c,o,x)l(M?'c.t)gx)” : (M?C‘t)’*) - (Rp(c’t)’a)

is an analytic isomorphism, where
i i §
(M(ac,t),x) = RH((c,t),A)(<R'PfC,t),a) )-

§7. Isomonodromic flows and Differential systems of Painlevé
type

Consider the family of the moduli spaces of a-stable parabolic con-
nections

(75) Prnd i M ¢y p(r,d,n) — T x AlM(d)

where T' = Mg ,, as in (48).

Fix ((Co,to0), Ao) € T X A (d) and take an a-stable parabolic con-
nection x = (E,V, {l£"’}195n) € M{c,t0)n)(mdin). Let A = {t €
C||t| < 1} be the unit disc and let A : A — T be a holomorphic
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embedding such that A(0) = (Cy,ts). Then pulling back the univer-
sal family, we obtain the family of n-pointed curves f : (C,t) — A
with the central fiber f=1(0) = (Cy,to). An a-stable parabolic connec-
tion (£,V,!) on the family of n-pointed curves (C,t) over A is called a
(1-parameter) deformation of (E,V, {l,(f)}lgign) if we have an isomor-
phism (&, V, D)ooy = (B, V,{I}1<icn). Restricting the a-stable
parabolic connection (£, V,!) to each fiber (Ct,t:), we have a family of
a-stable parabolic connections (&, Vi, l;) over (Cy,t;) which are auto-
matically flat in the direction of each fiber. If the connection V on &
is flat on the total space C, which means that the curvature 2-form
of V vanishes over the total space C, the associated representations
pt s 1 (Ce \ {t¢},*) — GL,(C) is constant with respect to t € A. More-
over the converse is also true. Therefore such a deformation (£,V,I)
over C — A is called an isomonodromic deformation of a a-stable
parabolic connection. Under an isomonodromic deformation, local ex-
ponents A; of the connection (&, V¢, !;) are also constant, so we have
At = Xo. Therefore an isomonodromic deformation determines a holo-
morphic map h : A — M(o‘c,t),AO/T(r, d,n) whichisaliftof h: A — T

such that h(0) = x € MGy 0),00) (T o 10).-

Mf’c’t))‘o/T(r, n,d)

iL / l Pr,n,d, Ao
A D T x {Xo}

Next we will define a global foliation ZF on the total space of
M. /T(r, d,n) from isomonodromic deformations of the a-stable par-
abolic connections. We mean that a foliation ZF is a subsheaf of the
tangent sheaf © M o) (rdin)- We will show that the global foliation Z.F
coming from isomonodromic deformations has the Painlevé property,
whose precise meaning will be defined in Theorem 7.1.

Let us consider the universal coveringmapu: T — T = M;’n. Note
that u factors thorough the morphism v’ : 7 — T”. Pulling back the
fibration ¢}, : RP;, pn — T'x A™ in (61) by »’, we obtain the fibration
RP1 X1 T — T, which becomes a trivial fibration as explained in
Section 4 in [IIS1]. This means that if we fix a point (Cp, to) € T there
exists an isomorphism

(76) T R,P:L,T’ X T i) RPE‘CO,‘?O) X T



Moduli of stable parabolic connections 425

which makes the following diagram commute.
RPn x0T —— RP{g, ) X T
(77) 7| [Pexotco o
TxA™ — TxA™.

Fixing a € A™ | we set RP. 12 = (¢7)"" (T x {a}). From the mor-
phisms (57) and (61), we also have the following commutative diagram:

R,P:L,T’,a X T T: ,R"cho,t(,),a x T

(78) df;l lpz

T X {a} —:——> T.

By using the isomorphism (78) we can define the smooth part of
RP. 110 X1 T by

(RPp v xr T) = ( (RPloimra) » T)

#
where (Rpfc(,,to),a) is the smooth locus of RP{¢, 1, (cf. (73)). Note

that for generic a the variety RP?CO,tO),a is non-singular, but for special
a, RP{cy to),a does have singularities (cf. [(72), Remark 6.1]).
We also have the following commutative diagram

T b
.(RP;T’,&, X T) — (RP?Co,tg),a) xT

(79) | |

~ ~

T x {a} — T

(n)
-

By using this isomorphism, for any fixed a € A;"’, we define the set of

constant sections
(80)

Isomd(7, (RPZ‘T,’a X T)u) = {0 T — (RP;,T',a X T)u ,constant} .

Note that by using the isomorphism (79), we have a natural isomorphism

(81) tsomd(T, (RP, v 4 X" T)”) ~ (Rpfco,to),a)u .
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- ~\ B
A section o € Isomd(T, (RPZ’T,,a X T) ) is called an isomonodromic

section by trivial reason and its image o(7T') is called an isomonodromic

flow. ~
Next, considering the pullback of ¢, 4 in (50) by T — T, we can
obtain the family of moduli spaces of a-stable parabolic connections

(82) Prn,d * MEJ([I,t)/T — T x A,(ﬂn) (d).

Fixing A € A such that rh(A) = a, we also obtain the restricted family
over T x {A}

(83) Prn,d,X - Mac,t),)\)/f‘ — T X {A}

Restricting the Riemann-Hilbert correspondence (68) to this space, we
obtain the following commutative diagram

RH - -

&C,E))\)/T(r’ n, d) 2 RPn,T,a xp T
(84) wfn\,d/,xl l(ﬁ“s
T x {A} Taxrh o fa)

Note that by Theorem 6.1 the morphism RH), gives an analytic resolu-
tion of singularities. Set

f _ i .
(85) ( (OEC,E)»)\)/T(T7 n, d))) = RHAI((RPn,T,a XT T)u)7
and
[2 sing — r 77\ 811
(86) (M((c,a),x)/f(ﬂ n, d))) =RH;'((RP}, 1,0 X7 T)°").
(Cf. (72), (73)). Then we have an analytic isomorphism
t - -
(RHR) s (MEe g 5 2(m ) = (R 10 <1 T)E

Now we define:
(87)

~ ’ ~ _
Isomd(T,( & ooy (T n,d))) ) = RH; ! (Isomd(T', (RP}, 7.0 x2T))).

- #
Each section ¢ € Isomd(T, (ME’EC b A)/T(T’ n, d)) ) is called an isomon-

#
odromic section on (MO‘ ) /T(r, n, d)) and its image

((C, ),

& f
o) ( (coynyFmm d))
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is called an isomonodromic flow. Note that since the Riemann-Hilbert
correspondence (RHy)# is a highly non-trivial analytic isomorphism,
isomonodromic flows {o(T)} are not constant any more and it is known
that they define highly transcendental analytic functions.

#
. . o
From the morphism (83) restricted to ( (Con /T(r,n,d)) , we
obtain the natural sheaf homomorphism
Ormd A" *
- ¢ = Ornda (OF) . + — 0.
(M((c,i),x)/f(r’"’d)) o T |(M((c,€>,z\)/T'(r’"’d))

Then the set of all isomonodromic sections defines a sheaf homomor-
phism

(88) Va:@rman (©F) — 9

|(M((c,é>,x)/f(r’"’d)) M by xy 2 (mmd)
which gives a splitting of the homomorphism <PT,;d/,A*- The splitting
(88) is algebraic, because the condition of isomonodromic flows given by
the vanishing of the curvature 2-forms of the associated universal connec-
tions. Since the exceptional locus for RH = Uy RH) has codimension
at least 2, by Hartogs’ theorem, it is easy to see that this algebraic split-
ting (88) can be extend to the whole family of moduli spaces, and we
obtain an extended homomorphism

—~—— %
(89) Va:@rndx (OF) — Opme 2 (rnsd)

(€,H.3)/T
Under the notation above, we have the following

Definition 7.1. (1) The foliation ZF defined by the sub-

sheaf
(90) IFx= V)\((pr,n,d,)\ (ef‘)) - OM?(C,E),A)/T(T’"’d)
is called an isomonodromic foliation on M?(lC,E), NV (r,n,d).

(2) Let h : A — T be a holomorphic embedding such that
h(t) = (Ci,te) for t € A. A holomorphic map h : A —

?EC b )‘)/T(r, n,d) such that @, 4 0h = his called a ZFx-

lift of h if h is tangent to ZFy, that is, h,(©a) C ZFx.

Lemma 7.1. Let h: A — T be a holomorphic embedding and h :

A —> M‘(:EC,E),A)/T(T’ n,d) a ZFx-lift of h. Then the image of RHy oh

lies in the image of a constant section o € Isomd(T, (R’P;,T,‘a X T) ).
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Proof. Note that a lift & of h corresponds to a l-parameter de-
formation of a-stable parabolic connection under a deformation of n-

- #
pointed curves associated to h: A — T'. Since (Mac,é), 3 /T(r, n, d))

is a Zariski dense open subset of ( ‘(’E CHN) /T(r, n, d)), we see that the

curvature form vanishes on the ZF-foliation defined on the total space

( ac,i),x)/i‘(n n, d)) Therefore if h is a ZF-lift of h, we can conclude

that the deformation of connections is isomonodromic. Hence the asso-
ciated representations of the fundamental group of C;\ {t;} are constant,
which means that RHx(h(A)) is contained in the image of a constant

section of (RP;’T,,a X T) —T. Q.E.D.

Now, we can show that the isomonodromic foliation is a differential
system satisfying the Painlevé property (cf. [Mal], [Miwa] and [IIS3]).

Theorem 7.1. For any A € A,(n")(d), the isomonodromic foliation
IFx defined on Mac,é),x) /T-(r,n,d) has Painlevé property. That is,
for any holomorphic embedding h : A — T of the unit disc A =
{t € C||t| < 1} such that h(0) = (C,t) and x = (B, V,{l"}1<i<n) €
M{c.ty.n (T:n.d), there exists the unique TF x-lift

h: A —s M?EC,E),A)/T(T’ n,d)

of h such that h(0) = x.

#
Proof. Ifx e (M?EC,t), A) (r,n, d)) , there is a unique isomonodromic

. ~ #
section o : T — (Mzc,i),x)/f‘(n n, d)) such that o((C,ﬁt)) =x. The
holomorphic map h = goh : A — ( ac,i),x)/T(T’ n, d)) is the unique

ZF-lift of h. _
. sing .
Let us consider the case when x € (M?fc,t), »(mn, d)) . Pulling

back the commutative diagrams (84) and (78) via the embedding h :
A — T, we obtain the commutative diagram

maoRH
M(OEC,E),A)/A(T’ n,d) ——2, RP{Corto),a X A

(91) ﬁl lpz

A _Hd A
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The restriction of the foliation ZFy to MaC,E), Ny A(r,n,d) deter-

mines a vector field vy on M?EC,E),A)/A(T’ n,d) such that ga,(va) = &
where t is a coordinate of A. We will show that there exist a unique sec-

tionh: A — Mac,i),,\)/A(r’"’d) such that A(0) = x and ﬁ*(%) = vy,

which gives a ZF »-lift of k. Such a section & can be locally given by an
analytic solution of the Cauchy problem of an ordinary differential equa-
tion associated to the vector field vy. Such an analytic solution can be
locally given by holomorphic functions of t on A, = {t € C | |t| < €} for
some 0 < ¢ < 1. This gives a section A : Ac — M?EC,E),A)/AE (ryn,d)
which is a ZF x-lift of he = h|a,. Let €; be the supremum of € such that
a IFy lift of h, exists. The above argument shows that ¢; > 0. Now
we will show that ¢; = 1. Assume the contrary, that is, ¢; < 1, and let
ilel F A, — M&C,E),)\)/Ael (r,n,d) be the section over A,.

Let p1 : RP{cy t0),a X A — RP{c, t0),a b€ the first projection and
consider the morphism

prom, o RHjy : MEX(C,E),A)/A(T’ n, d) — RPFCo,to)ya.

st

ng
By definition of (Mﬁat))‘) (ryn, d)) , the point y = p; omg oRH )\ (X)
is a singular point of RP{¢, ¢y and let

sing
Kay = (ma o RH) " ({y} x 8) € (M85 5)/a (i, d))

denote the exceptional locus dominated over {y} x A. Then restricting
(91) to Ka,y, we have the following commutative diagram:

Kay TaoRE, {y}xA
(92) ml lpz

A L, A
From Theorem 6.1, we see that m, o RH) is a resolution of singularity
of RP{¢, t,).a X A, hence each fiber of pay : Kay — A is compact.
Now from Lemma 7.1, we see that he,(Ac) C Ka,,,y. Moreover since
©A.y is proper, we see that h, (A.,) C K&y Where A, ={tt| < e}
Take and fix t = b such that |b| = €;. Then

hel (b) =Yyp € K:A—elyy C MaC,E),A)/A—E;(T’ n, d)

Starting from ¢t = b and y3, we can extend the section ﬁel over A(b, ep) =
{te A||t—b| < ey} with 0 < €, < 1—€;. Again, from the compactness
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of the fiber of pay : Ka,y — A, we can show that the minimum ¢y of
€p for |b| = € is positive, hence for € = €; + € the section h. exists and
this contradicts to the fact that ¢; is the supremum and ¢; <e. Q.E.D.

Remark 7.1. Let us remark that the isomonodromic foliation ZF »

on Mac,i),x)/T'(T’n’d) descends to a foliation on Mf‘(c’e)’)‘)/T, (r,n,d)

under the covering map T — T”, which we also denote by ZFx. Re-
call that the isomonodromic section (81) is the constant section with
respect to the isomorphism (76). Moreover, when the base point x € T’
corresponds to (Cp,tg), the fundamental group m1(T’,*) acts on the
moduli space RP{¢, 4,y Via the action to the generators of m(Co \
D(tg),*'). Therefore, we can define the local isomonodromic sections
for RP;, 1/ oo — T', which also defines a local isomonodromic sections

#
for (M(()EC,t), 2) /T,) — T". Now the set of local isomonodromic sec-
tions determines a splitting homomorphism Vy like (89), and it defines
an isomonodromic foliation

I]:)‘ = V)\(@T/) C @Mf’fc,:)ﬁx)/w

which is obviously the descent of the original isomonodromic foliation

[s 4
on Mfe 6,2/ 7
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