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Associativity Breaks Down
in Deformation Quantization
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§1. Introduction

The Weyl algebra W} is the associative algebra generated over C
by u, v with the fundamental relation u * v — v * u = —hi where £ is
a positive constant. (u,v) is called a canonical conjugate pair. This is
one of the simplest algebra which appears in the theory of deformation
quantization [BFLS].

In such a noncommutative algebra, the ordering problem may be
viewed as the problem of expressing elements of the algebra in a unique
way. In the Weyl algebra, three kind of orderings; normal ordering,
anti-normal ordering, and Weyl ordering, are mainly used. The nor-
mal ordering expression is the way of writing elements in the form
3 @™ % v™ by arranging u to the left hand side in each term. The
anti-normal ordering is in the form > a,, ,v™ * u™. The Weyl ordering
is in the form > am ,u™ ©v™ by using the symmetric product © defined
by u©v = 2(u*v+vxu) etc. (See [OMY] for the detail of symmetric
product.)

Through such an ordering, one can linearly identify the algebra with
the space of all polynomials.

In other words, the Weyl algebra can be viewed, through each order-
ing mentioned above, as a non commutative associative product struc-
ture defined on the space Clu,v] of all polynomials with the ordinary
commutative product. Product formulas are given respectively as fol-
lows: (We denote the ordinary commutative product by o, », - in order
to distinguish what ordering expression is used.)
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e In the normal ordering expression: the product * of the Weyl
algebra is given by the ¥DO-product formula as follows:

(1.1) F(u,v) * g(u,v) = fexp{hi(8, - By)}g.

e In the anti-normal ordering expression: the product * of the
Weyl algebra is given by the WDO-product formula as follows:

(1.2) F(u,v) * g(u,v) = fexp{—hi(d, « 3,)}g.

e In the Weyl ordering expression: the product x of the Weyl
algebra is given by the Moyal product formula as follows:

(13) F(u,0) = g(u,0) = fexp 218, A B}

— = — = = -
where 9, A8, = 0,-0y—0y-8,. Every product formula yields uxv—vxu =
—hi, and hence defines the Weyl algebra. Here, commutative products
o, », - play only a supplementary role to express elements in the unique
way. We distinguish these to indicate what ordering expression is used.

Remark that we can change generators. For every A € SL(2,C), let

(:j:) — A(Z), A € SL(2,C).

Then, it is obvious that [u/,v'], = —hi, and hence «’, v/ may be viewed
as generators. The replacement (pull-back) A* of u, v by u/, v/ gives
an algebra isomorphism of W;. Thus, we may consider the ordering
problem by using v’, v’ instead of u, v.

Moreover, using a suitable canonical conjugate pair u, v, we can
extend the algebra by using one of the above product formulas.

Let Hol(C?) be the space of all entire functions on C? with the com-
pact open topology. In the case that the parameter h is treated as a
formal parameter, which has been the usual attitude in the theory of
deformation quantization (cf. [O,el.2]), the product * extends associa-
tively in any ordering expression to the space Hol(C?)[[A]] of all formal
power series of i with coefficients in Hol(C?). This is because product
formulas mentioned above are bidifferential operators of total order 2k
at the level of the coefficients of i*. (See [Om]|, §13 for more general
treatment.)

However, it is obvious that h should be a positive parameter in a
true quantum theory.

In this paper, we treat & is a positive parameter. Since all product
formulas are given by concrete forms, these extend to the following:
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e f g is defined if one of f, g is a polynomial.

o For every polynomial p = p(u,v), the left-(resp. right-) mul-
tiplication px (resp. #p) is a continuous linear mapping of
Hol(C?) into itself under the compact open topology.

We call such a system a (C[u, v]; *)-bimodule.

Proposition 1. In every product formula mentioned above,
(Hol(C?),C[u,v], %) is a (C[u,v]; *)-bimodule.

By the polynomial approximation theorem, the associativity
fx(g*xh) = (f *g) *h holds if two of f, g, h are polynomials. We
refer this as 2-p-associativity.

On the other hand, it is easy to see that the set of all quadratic forms
in W}, is closed under the commutator bracket [ , ]., hence it forms a
Lie algebra. X = u?, Y = $v?, H = fuv, where uv = u xv + b 2 form
a basis of the Lie algebra s1(2,C): We see

[iu 1 2] [im) 1@2} 1112
SZUV, —=U = ar y L = = T = 9
2h hf h\/" 2k m/8 hv8
e
8 hf 2h
X, Y, H generate an associative algebra in the space Clu,v] of all

polynomials. This is an enveloping algebra of s[(2, C).
The Casimir element C = H2 + (X *Y +Y x X), that is

C <z )2+ LIPS SUC TS SIS S
= | —uwv v v
2 ), h/B A8 8 /3
is given by
i\ ?
8h202u2*v2+v2*u2—2(u*v+3)
2
zuz*'v2+v2*u2—2u*v*u*v—2hiu*v—|—7.

Hence, C = — =% ThlS means that our enveloping algebra is constrained

in the space C’ = ‘E
In a (Clu,v];*)-bimodule with an ordering expression mentioned
above, we can consider the differential equation

d
%ft(uw ’U) = p(u, U) * ft(U, ’U)’ fO(U’7 ’U) = f(u7 U)
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for every polynomial p(u,v). If p(u,v) = u? + (%v)2, this equation is
viewed as that of standard harmonic oscillator. If the complex variable
t is considered, the existence of the solution for arbitrary initial function
does not hold, but a real analytic solution in ¢ is unique, if exists. If
the real analytic solution exists, then we denote this by e* W)y f (u,v),
where eip (u,v) is the solution with initial condition 1.

The purpose of this paper is to investigate the group generated by
ea+bX+eY Tt is obvious that the obtained group should be SL(2,C) or
SL(2,C)/Z,.

However, we have to use several ordering expressions to define
edH+bX+eY for all a, b, ¢ € C. This is just like a 2-sphere can not
be covered by one coordinate sheet. We need at least three ordering
expressions to cover SL(2,C). The precise meaning of the “union” will
become clear in the proof.

Moreover, we see that the -product eaf+bX+cY y ga’ HAt'X+c'Y g
defined in general with an ambiguity of +-sign of 4/-, and the ambiguity
can not be eliminated. Since the group structure is considered by using
s-multiplication and the addition is not used, we can calculate the group
operation with + ambiguity. We show the following in this paper:

Theorem 2. There is no (Clu,v];*)-bimodule with an ordering
expression containing e85+ for all a, b, c € C.

However, if we use several (Clu,v];*)-bimodules with ordering
expressions and forget about the ambiguity of /-, then the group gen-
erated by {edH+bX+<Y g b ¢ c C} is embedded in the union of such
bimodules, and the image is SL(2,C).

Several anomalous phenomena relating this theorem will be also
discussed in this paper.. Especially, we discuss how the associativity
breaks down in the calculation of extended *-product.

§2. Extensions of product formula

In this section, we mainly use the Weyl ordering expression. The
following is the most useful property of Moyal product formula (1.3):

Proposition 3. For every A € SL(2,C), let &* be the replacement
(pull-back) of u, v into v, v’ by the combination of the linear transfor-
mation by the matriz A and the parallel displacement:

() =4()+(5) 1esmeo. @pee

Then, ®* is an isomorphism in both x-product and --product.
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Remark that other expressions do not have such a property. It is easily
seen that

(au+bv)7 = (au+bv)™, but (au+bv)] # (au+bv)* for ab#0.

For the proof of Proposition 3, we have only to remark the following
identity:
— - — —
Oy N Oy = Oy N\ Oyr.

It is clear that if A = diag{\, A~'}, then the replacement ®* of
(uw,v) by (v/,v") which is given by

(z:) :A(D + (Z) A €C,, (a,8) €C?

gives an isomorphism in both *-product and o-product or in both
x-product and e-product.

Starting from a (Clu, v]; *)-bimodule, *-product extends to a wider
class of functions. For every positive real number p, we set

(21) &(C?) = {f € Hol(C?) | | llp.c = sup|fle "€ < o0, Vs > 0}

where |£] = (Ju|? + |[v]?)'/2. The family {|| ||p,s}s>o induces a topology
on &,(C?) and (€,(C?),) is an associative commutative Fréchet algebra,
where the dot - is the ordinary multiplication for functions in &,(C?).
Thus, - may be replaced by o or « to indicate ordering of expression. It
is easily seen that for 0 < p <sp’, there is a continuous embedding

(2.2) Ep(C?) C £,(C?)

as commutative Fréchet algebras (cf. [GS]), and that &,(C?) is
SL(2, C)-invariant.

It is obvious that every polynomial is contained in &, (C?) and Clu, v]
is dense in &£,(C?) for any p > 0 in the Fréchet topology defined by the
family {[| [lp,s }s>0-

Every exponential function e
p > 1, but not in £ (C?), and functions such as € are con-
tained in &,(C?) for any p > 2, but not in £(C?). Functions such as
> Wuk is contained in &,(C?) for any g > p, but not in &,(C?).

Hol(C?) is a complete topological linear space under the compact
open topology.

The following theorem is the main result of [OMMY]: !

>uthv i contained in &,(C2?) for any

au?4+bv? +2cuv

'In [OMMY], the proof is given in the case of Weyl ordering expression,
but the same proof works for other orderings.
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Theorem 4. Any product formula (1.1), (1.2), (1.3) extend to give
the following:
(i): For 0 < p < 2, the space (E,(C?),*) forms a topological asso-
citative algebra.
(il): For p > 2, every product formula gives a continuous bi-linear

mapping of
(23)  E(C%) x £/(CY) = £,(C?), £y(C?) x £(C?) — £,(C?),
>

for every p’ such that % + 1% 1.

We remark here about the statement (ii). Since p > 2, p’ must
be p’ < 2, hence the statement (i) gives that (£,(C?);*) is a Fréchet
algebra. So the statement (ii) means that every £,(C?), p > 2, is a
topological &, (C?)-bimodule.

We remark also that if & > 0, then e F/Mauttboi2eu0) o & (C?)
for every p > 2. Remark also that such an element does not appear in

the theory of formal deformation quantization.
Let £34(C%) = 52 &p(C?). &E24(C?) is a Fréchet space under

the natural intersection topology, e=(1/ R)(au® +bv*+2cuv) g continuous in
&>+ (C?) with respect to (a,b,c) € C3.

The following are examples of elements of £, (C?) which play impor-
tant role in the later sections:

1 1 . 1 ,
(tanh t)uv =1 _ o(2i/R)uv ~ 1 _ ~—(2i/R)uv
/m—coshte dt, (e ) (e )

2.1. Intertwiner, or coordinate transformations

We have three kind of (Clu,v]; *)-bimodules according to normal
ordering expressions, the anti-normal ordering expression and the Weyl
ordering expression.

Let e5“, e’ be *-exponential functions defined by e5* = Y & (su)*
or equivalently by the solution of £ f,(u) = ux fy(u) with fo(u) = 1. By
each product formula, e5* * el is computed as follows:

o es¥xel’ =St  in the YDO-product formula,

o e5Ux el = emhistesutty iy the WDO-product formula,
o U x el = g~ (Mist/2)gsuttv iy the Moyal product formula,

where o, o, - indicate the commutative product used in each expression.

‘We have also

aut+Byv __ _outpBu . . .

° e, =e. in the Weyl ordering expression, but

o 2UTPAY — g(fi/2)afgautbu iy the normal ordering expression

with respect to (u,v).
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Thus, we must identify es%+tv e=Ristesuttv o—(hist/2)gsuttv through
linear transformations. These are obtained by the following

ernauav 6:u+tv e—hzstefu-l-tv’ e(hi/2)8u8v egu-{-t'v e—(hzst/Z)e.‘su+tv '

N —>

Thus we define intertwiners as follows:
I(f) = e Mo f, I(f) = e (R/D%8 5,

We consider also the intertwiner between normal ordering expression
with respect to (u, v) and the normal ordering expression with respect to
(v, ") when (u,v) and (v, ') are related by v’ = au+ bv, v/ = cu + dv
such that ad — bc = 1.

The principle of making the intertwiner is that the *x-exponential

I’ 7 7, !
functions e2**P" and €2 “ 7" coincide if (u,v) and (u/,v’) are canoni-

cal conjugate pairs related linearly by each other and au + v = o'uv’ +
B’

Lemma 5. Ifu' = ou + Bv, and v = vyu + 8v is a canonical
conjugate pair, then ei"' = e?," in the normal ordering expression with
respect to (u',v).

Applying Lemma 5 to a canonical conjugate pair (u',v’), we take
the normal ordering expression with respect to (u’,v’):
631""”,31”1 - e(ﬁi/2)a/ﬁ,e?,ul+ﬁlvl

Suppose au+pv = o/u'+Fv and v’ = au+bv, v' = cu+dv, ad—bc = 1.
Then, we must identify e(7/2)aBeoutpv it (hi/2)o’ B go'u'+f5v"
Hence, we have to define the intertwiner I? as a linear mappings:

(2.4) I° f = (/20,10 ~(hi/2)0u00 f.
Precisely speaking, if (u,v) and (u/,v") relate by
v =au+bv, v =cut+dv, ad—bc=1,
we first consider the exponential of the operator
Oy Oy — 8,0, = —bdd2 + (ad + be — 1)9,,0, — acd?

and then we replace the variable (u,v) by (du’ —bv', —cv’ +av’) to obtain
I f(u,v). That is, if

e—bd83+(ad+bc—l)3u3v—acagf(u, v) = g(u,v),

then we set I? f(u,v) = g(du’ — b/, —cv’ + av’).
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These are first defined on the space C[u, v], and these give different
expressions to a same element written by using x-product via different
commutative algebras.

Theorem 6. The intertwiners defined above extend to continuous
linear isomorphisms of £,(C?) onto itself for every 0 < p < 2, and to
give algebra isomorphisms of (£,(C?); %) onto (€,(C?); ).

However, these do not extend to the space E54 (C?).

Just like a coordinate transformation, the intertwiner is defined only
on a part of £24(C?) onto a part of another £54 (C2).

In spite of this, it is remarkable that the patching property, that
is, IS T2(f) = IS (f) holds for f € &(C?), and this hold also for
f € &4 (C?) if both sides are defined. This is proved by the approx-
imation by elements of £2(C?). Intertwiners have the property of gluing
maps of bimodules.

By the above observation we see in particular:

Lemma 7. The anti-normal ordering erpression with respect to
(u,v), and the normal ordering expression with respect to (—v,u) coin-
cides.

By the observation as above, we have to consider the differential
equations

(2.5) % f = hid,0, f, % f=Hmid’f.

au+bv hiabtemH-b'u
s

The solution with initial function e is given by e
eha’teau+tby, To obtain the solution with the initial function
e HBYHIYW o et f = g(t)e$r (U2 +¢2()2uv | Then the equa-
tions in (2.5) are rewritten respectively as systems of ordinary differential
equations:

(2:6) s'(t) = 2his(t)¢ps(t), ¢ (t) = 4hidy(t)ps(t),
B5(t) = 4higo(t)pa(t), @5(t) = 20 (1 (t)p2(t) + ¢3(t)*).
@) §'(1) = 2hig1(7)s(7), ¢(7) = 4hign(1)?,
Po(7) = 4higa(1)%,  $3(7) = 4hi (7)pa(T).

Through the solutions, we can patch exponential functions of qua-
dratic forms together, and although the domain and the region are not
clearly stated, intertwiners give patching identities of £,(C?)-bimodules
for p < 2, to define a certain &£,(C?)-bimodule as a patched object.



Associativity Breaks Down in Deformation Quantization 295

83. Vacuums, half-inverses and the break down of the associa-
tivity

A direct calculation using the Moyal product formula (1.3) shows
that the coordinate function v has a right inverse v° = 1(1 — e@/Ruv),
and a left inverse v* = 1(1 — e=(3/Mwv) in &, (C?), i.e,

v % v° :1:,0.*,0, 'L)O*v:1—26(2i/h)uv, —— :1_26—(2i/h)uv.

If the associativity holds, then these should be the same genuine
inverse. Hence we must set %Sin %uv = 0. Since this is impossible
(cf. [O,el.1]), we loose the associativity in €4 (C?). This is one of the
most basic phenomenon which breaks the associativity. That is, coordi-

nate functions have both left- and right-inverses.

3.1. Star-exponentials of quadratic forms in the Weyl
ordering expression

These strange phenomena are deeply related to the *-exponential
function such as e!"/™"" defined by the equation 4 f,(u,v) = £(u-v)*
fi(u,v), fo(u,v) = 1. Recall again that such an element can not appear
in the formal deformation theory.

For every point (a, b, ¢; s) in C*, consider a curve s(t) exp{ £ (a(t)u?+
b(t)v? + 2¢(t)uv)} starting at the point sexp{# (au? + bv? + 2cuv)} then
the tangent vector of this curve is given as

(% (a'v® + b'v? + 2cduv)s + s') e(1/R)(au?+bv* +2cuv)
On the other hand, consider the *-product

d

dt

This is computed as follows:

e(t/h)(a'u2+b'v2+26'uv) * Se(l/h)(au2+bv2+2cuv)
t=0

%(a'u2 +bl’02 +2CIU/U) *se(l/h)(au2+bv2+2cuv)

_ %(alu2 + bIU2 + 2cluv)se(l/h)(au2+bv2+2cuv)
2

+ —h—{(b'v + du)(au + cv) — (d'u + v)(bv + cu)}

% Se(l/h)(au2+bv2+2cuv)
1
— 2—h{b’(ha + 2(au + cv)?) — 2¢ (he + 2(au + cv)(bv + cu))

+ al(hb + 2(b’U + C’u)2)}Se(l/h)(flu2+bv2+20uv)
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This may be written as

(3.1)
2
. —leti)?, b, <bleti), 5] s
_ﬁ(a‘labl7cl) _a2, —(C— i)27 —a(c—-i), _% Quv
2a(c+1i), 2b(c—i), l+ab+c? ¢ .

> se(l/h)(au2+bv2+2cuv)-

We denote this matrix by M (a, b, c; s), and by M(a, b, c) the subma-
trix of first three columns.
Remark that

(3.2) detM(a,b,c) = (¢ — ab+ 1)3.

The feature of this matrix is that the radial direction is the direction
of eigen vector:

(3.3) (a,b,c)M(ra,7b,7c) = (1 + (c* — ab)7%)(a, b, c),

holds for every (a, b, c).
If ¢ — ab+ 1 = 0, then we can write

au? + bv? + 2cuv = 2i(au + Bv)(yu + 6v), ab— By =1.

Clearly, [ou + Bu,yu + év] = —hi. Hence, setting v’ = au + fv,
v = ~yu + 6v, (v/,v') is a canonical conjugate pair, and hence by Propo-
sition 3, we easily see by (1.3) that

(34)  (yu+ 6v) x eZ/Meutb)(utdy) — o for af — By =1.

It follows that

(’yu + 6,0)3 * e(l/h)(au2+bv2+2cuv) =0

b

(au + Bo) * (yu + 6v) x el/Mav’+bv’+2eu0) _ o

The second identity yields (a, b,c¢)M(a,b,c) = 0, if 2 —ab+1 = 0, which
corresponds to (3.3), and the first one yields

(v%,6%,v6)M(a,b,c) =0, c —ab+1=0.

Hence we see that M(a,b,c) is rank 1 at the point ¢> —ab+ 1 = 0, but
the rank of M (a,b,c; s) is 2 at such a point. 2e(2i/M)(autBv)(yutbv) 5pd
2e~ 2/ (autpu)(yutév) are called vacuums. Remark that (au + Bv) x
(yu+ 6v) and (yu + 6v)(au + Bv) are distinguished in the expression of
vacuums.
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3.2. Horizontal distributions

Using (3.1), we consider a holomorphic singular distribution D given

by
D(a,b,c;s) = {(a’,¥/,d)M(a,b,c;s) | (a',b,c) € C3}
on the space C* x C,. Let m: C3 x C, — C? be the natural projection.

Let ¥ = {(a,b,c); ?—ab+1 = 0}. £ xC, is a 3-dimensional complex
submanifold of C? x C,.

Though {D} is singular on ¥ x C,, {D} is a strongly involutive
distribution in the sense of [Om] p. 51, for { D} is given as an infinitesimal
action of a Lie group. This gives an ordinary involutive distribution on
(C® — %) x C, and hence there is the 3-dimensional maximal integral
holomorphic submanifold M3 through the origin (0,0,0;1).

A curve g(t) = (a(t),b(t),c(t); s(t)) is an integral curve of {D}, if
4 g(t) € D(g(t)) for every t. For every curve ¢(t) in C* — X, we have an
integral curve g(¢) such that w(g(t)) = ¢(¢). g(t) is a lift of ¢(t). Remark
that g(1) depends only on the homotopy class of curves joining (0, 0,0)
and ¢(1).

Points of M?® is given as the homotopy equivalence class of lift of
curves in C® — X starting at the origin (0,0, 0).

Every integral curve g(t) staring at a point of ¥ x C, remains in
this space. The maximal integral submanifold through a point of 3 x C,
is a 2-dimensional complex submanifold M? such that w(M?) is a one
dimensional submanifold of 3. Hence, ¥ x C, is foliated by maximal
integral submanifolds.

3.3. x-exponentials and vacuums
In this subsection we define the exponential function
2 2 2 2
eilow Fhvitleww) — gop pHautbv F2eww) F(t,u,v), and consider
the evolution equation
19}
(3.5) EZF(t,u, v) = (au? + bv? + 2cuv) * F(t,u,v), F(0,u,v) = 1.

The right hand side of (3.5) is computed by the Moyal product
formula (1.3) as follows:

(au? + bv? + 2cuv) * F(t,u,v)
= (au® + bv? + 2cuv) F + I {(bv + cu)d, F — (au + cv)d, F}
2
- %{b@iF — 20,0, F + ad2F}

This is a partial differential equation. If ab — ¢? > 0, then this is the
heat equation and the existence of solutions is not ensured in general.
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This implies that the mapping f(u,v) — et/ P)(av?+bvt+2euv) f

not always defined for C*°-functions.

However, we see that real analytic solution in ¢ is unique, if
t(au®+bv?4+2cuv)
*

(u,v) is

it exists. Hence we assume that e is a function of
2 2

au? + bv? + 2cuv; that is el(@% THv F2ewv) fi(au? + bv? + 2cuv). Then,

setting x = au® + bv? + 2cuv, we have

(36) A =he) — Fab— ) (f(@) +afl (@),

The right hand side is the Bessel operator.
However, there is another method to treat this differential equation.
We assume that

ei(au2+bv2+2cuv) _ s(t)ea(t)u2+b(t)v2+26(t)uv7

then we have only to solve the system of ordinary differential equations

i(a(t), b(t), c(t); s(8)) = (a,b,c) M (a(t), b(t), c(t); 5(2)),

3.7 dt
(a(0),b(0), ¢(0); 5(0)) = (0,0,0;1).

Lemma 8. The solution of (3.6) with the initial function 1 is
given by

1 T
= cosh(ivab—2t) T hvab = &2

fe(x) taﬁh (71 ab — ¢2 t).

If ab — ¢ = 0, then we set

1
- - 24} —
T tanh (h ab——c t) t.

This shows that ef*¥ cannot be defined for all ¢ € C, if the equation
ad; fe{uv) = (wv) * fi(uv) is considered in the Weyl ordering expression.

We shall show that such singularities appear also in the other order-
ing expressions. Such an observation gives the first half of Theorem 2.
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By Lemma 8, we have
(3.8)
exp, {%(au2 +bv? + 2CU’U)}
_ 1
cosh(vab — c?t)

2 2 1 _ 2
xexp{(au + bv* + 2cuv) <hmtanh( ab—c t)
1

cos(vc? — abt)
2 2 __1_ 2 _
xexp{(au + bv® + 2cuv) <hmtan( c abt)

(cf. same formula is seen also in [MS].)  Remark here that

2 2
ei(a" HovTk2euv) o s, Though the ambiguity of v/ ab — c¢? makes no
difference for the result, the difference of the periodicity of cos and tan
gives that if ¢ — ab # 0, then

(39) 7]__1ﬂ_{e:fk(auz—i—b'uz—|—2cuv);t € (C} _ {iei(au2+bvz+2cuv);t c (C}

Since tanf = /c? — ab gives 5 = ¢ —ab+ 1, (3.8) is equivalent
with

1
V2 —ab+ 1 exp {ﬁ(auz +bv® + ZCuv)}
1
= —_— 2 — 2 2
= exp*{hm (arctan c ab) (au® + bv +2cuv)}.

Using this, we have the following:

Proposition 9. If ¢ —ab + 1 # 0, then V2 —ab+1 x
exp{} (au? + bv? + 2cuv)} are elements of M3. Conversely, if m(Q) =
exp{ 1 (au® + bv® + 2cuv)} with > —ab+ 1 # 0 for some Q € M3, then

(3.10)

Q = /&2 — ab + 1 /M@ +b+2ewv)

—+/cz2—ab+1 e(1/R) (au? +bv* +2euv)

These are written as x-exponential functions written in the form

2 2
egt/ﬁ)(au +bv +2C’U.'U); a, b, ceC

except the case Q = —et/M(aw’+bv’+2euv) (2 _ gp —
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By (3.8), we have in particular, if ¢* # ab, then exp*{g\/%__a—b x
(au?+bv?+2cuv)} = —1, but exp*{%\/—-ﬁ(au2 +bv2+2cuv)} diverges
in the Weyl ordering expression.

Let IIy be the subset defined as follows:

o = {(a,b,c) € C3; eﬁl/h)(auubvq%uv) does not defined}.

Remark that Proposition 9 shows that m: M?® — C3 — X is surjective,
but the difference of period of cos and tan, and the ambiguity of the
sign of v¢2 — ab+ 1 of (3.10) shows that 7 gives a double cover. Hence

we have the following result:

Proposition 10. exp,: C3~TIly — C? —X is a holomorphic map-
ping such that

exp, (C3 — TIy)
_ M3»_ {_e(l/h)(au2+bv2+2cuv); C2 — ab= 0, (a’ b, C) 75 (0,0, 0)}
The element —1 is on a *-exponential function as exp,(¥2uv) = —1.
By the uniqueness of analytic solutions, the exponential law

18T ite _ _i(s+t)x
el x e = e,

holds where both sides are defined.

Lemma 11. For s, o € C such that 1 + so(ab — ¢?) # 0, we have

exp {f(mﬁ + b? + 2cuv)} * exp {%(azﬂ +b? 4+ ZCUU)}

h
_ 1 ex s+o
1+ so(ab— c?) P B(1 + so(ab — ¢2))

(au® +bv” + 2cuv)} .
Thus, we have idempotent elements

1
2exp { + ——(au? + bv® + 2cuv }
p{ h\/ab—cz( )
1 2 2
* 2 exp {im(au + bv + 2CU’U)}

= 2exp {:}: (au? + bv* + 2cuv)} .

1
kvab — c2

Recall 2exp{wﬁ(au2 + bv? + 2cuv)} is a vacuum.
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Corollary 12.

Vacuums are obtained as the limit point of
x-erponential functions:

1
2exp { ————(au? + bv? + 2cuv }
p{h\/ab—CQ( )

t
lim exp ity ab — 02} ex {———————— au? 4 bv? + 2cuw }
Jim exp q it/ P\ r)_62( )
1S G vacuum.

This shows that vacuums may be regarded as certain equilibrium
states (cf. [BL]).

The following lemma is useful in the computation, and is proved by
that both quantities satisfy the same partial differential equation with
the same initial condition:

Lemma 13 (Bumping lemma).

V% eitu*v — eltv*u

* v, eitu*v U= ux eit’v*u
3.4. Anomarous phenomena

We easily see by the Moyal product formula (1.3) that
v x e — g = 2i/RJuv

wxe” F/Mu — g = o=(@/Mu
We call 2e(2/Mw g yacyum and 2e~(2/Mu 5 bar-vacuum and denote

these by wg,0, and @o o respectively. By the Moyal product formula and
the 2-p-associativity, we see easily

(ufu — %) * e(2i/ﬁ)uv = kv % e(2i/h)uv =0.

. . . oo
However, uv—hi/2 = uxv has the inverse i [ e.

OB Gt in g5 (C2).
Thus, the associativity fails in £a4 (C?):

N ;
<(uv - %) * (uv — %)) 5 e(2i/Muv
(3.11) B
# <uv — iiz) * ((uv — @) * e(2i/h)“”) .
2 2

Furthermore, we see that

> 1 ) t
\/0 Eos—h(—t—fz—)'exp{ﬁ (tanh —2-> 2U’U} dt,
0 1 i t
—_— - h-|2u- dt
[ st oo (i (1) 20}
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exist in the space £o, (C?). It follows that u-v has two different inverses
as follows:

S . 0 -
(w-v) 7k = —i / S gt (uv)Th = / et/ gy
0 —o0
The difference is given as

(3.12) (u- v);}o —(u-v) T = —i/ (/MY gy
Since the right hand side of (3.12) can be viewed as the *-Fourier
transform of 1, this may be written as the *-delta function —ié,(u - v)
(cf. [OMMY]). Hence the associativity must break down again, and it
holds (u - v) * x(u-v) = b6x(u-v) *(u-v) =0.

Thus, it is impossible to treat (u - “);;0 and (u-v)_}, in the same
associative algebra. In spite of this, the right hand side of (3.12) has the
expression as follows by using Hansen-Bessel formula:

/00 e{t/Puy g — /00 ——1———exp d tanh—t— 2u-vpdt
oo —oo COsh(t/2) I3 2

m 2
EJ() (g'u - ’l)) .

Hence, —i6,(u-v) is expressed as an entire function by the Weyl ordering
expression.

Several fancy relations to Sato’s hyper functions [M] can be seen,
since (u - v % z)1}, is defined as a holomorphic function with respect to
z on the upper half plane, and —i8,(u - v) is viewed as the difference

(u-v+2)7j — (u-v—2)"};. These will be discussed in another paper.

I

3.5. Several product formulas
Every quadratic form Q(u,v) is written in the form
o (au+ Bv)?,ifab—c? =0,
o \au+ Bv)(yu + év) with ad — By =1, if ab— ¢ # 0.
By Proposition 3, the general product formula for quadratic exponential
functions can be obtained from only the two cases as follows:

2 2 2 2 2
etu % e0Y +bv +20uv, e‘ruv R —+bv +2cuv.

By solving the system of ordinary equations (3.7) with the general
initial condition

(a(0),6(0),¢(0); 5(0)) = (a,b,¢; 1),
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we see that the first one is written as

(3.13)

t 1
exp, {ﬁUQ} * exp {ﬁ(au2 +bo? + ZCuv)}
1
vV1i+bt

___1___ 2 9p 2 2 o
X eXp {h(l 50 {(a+ (ab— ¢ = 2ci + 1)t)u* + bv* + 2(c zbt)uv}} .

The ambiguity of £+1/1 + bt can not be eliminated for all ¢, b.
The formula (3.13) yields several results for the *-product. Remark

first that eg/h)'ﬁ = e(t/R)u”

Lemma 14. For exp{}(u®’}, Q € M?® such that 7(Q) =
exp{} (au® + bv? + 2cuv)} and bt # —1, the product exp{fu’} * Q is
defined as an element of M?> written as

/e2 —ab+1
1+0t

_ 2o 2 g 2 .
X exp {h(l—}—bt) {{a+(ab—¢* — 2ci + 1)t)u” + bv* + 2(c zbt)uv}} .

Similar to (3.13), we have

(3.14)
1
exp, {%’02} * eXp {ﬁ(mﬁ +bv? + 2cuv)}
1

1+ at

1 2 _ 2 : 2 -
XeXp{h(l—l-at) {au*+(b+(ab — ¢ + 2ci+ 1)t)v +2(c+zat)uv}},

and hence we have the similar result as Lemma 14.
Remarking el!/M?% = /T + s2(s/M2w_ and solving carefully the

system of ordinary equations (3.7) with the general initial condition, we
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have
(3.15)
s 1, 9
€xp {ﬁqu} * exp {ﬁ(au + bv* + QCuv)}
_ 1
V/1—2cs + (2 — ab)s?

1
x eXp { B(1 — 2¢s + (¢ — ab)s?)

x (a(1+is)%u? + b(1 —is)*v?+(c — (* —ab—1)s — csz)2uv)} .

The following identity is useful for the computation of discriminant D:

(1 —2cs+(c® - ab)32)2 +(c—(c®—ab—1)s - cs2)2

(3.16) — ab(1 +1is)%(1 —is)?
= (c® —ab+ 1)(1 + %) ((c®* — ab)s® — 2cs + 1),

but the ambiguity of +4/1 — 2cs + (c2 — ab)s? can not be eliminated.
Using (3.15) and (3.10), we have several results as follows:

Lemma 15. If Qi, Qs € M? such that n(Q) = e(8/M2uv
W(QZ) — e(l/h)(au2+bv2+2cuv), then

Q1 =+vV1+ 52 e(s/h)qu’ Q=+ 2 —ab+ 16(1/ﬁ)(au2+bv2+2cuv)

with1+s%>#0,c> —ab4+1#£0.
If 1 — 2cs + (c? — ab)s? # 0, then the x-product Q; * Q2 is defined
as an element of M? by

(\/ 1+ s? exp {%2’(“)}) * (\/ c?—ab+ 1) exp {’—li (au2+bv2+26uv)}

1
K(1 — 2¢cs + (¢ — ab)s?)

=+1+4+ D exp {
x (a(1+is)?u® + b(1 —is)*v?* + (c — (2 —ab—1)s — 052)2uv)}

where D is the discriminant of the quadratic form
1
1—2cs + (c? — ab)s?
x (a(1 +14s)*u?® + b(1 —is)?v® + (c — (> —ab—1)s — cs®)2uv) .
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Hence the right hand side is also an element of x-exponential function.

By Lemmas 15, 14, we have the following:

Theorem 16. M?3 forms a local group, which is locally isomorphic
to SL(2,C) and M3 is embedded in €5, (C2) as

M3 = {:I: 2 —ab+1 e(l/ﬁ)(““2+b“2+2cw); —ab+1# O} .
The open dense subset

M3 — {_e(l/h)(au2+bv2+2cuv); 2 —ab=0, (a,b,c)# (0, 0,0)}

2 2
1s covered by *-exponential functions {eg}/ P (au”+b Jrzcm’)}.

84. Star exponential functions in the normal ordering expres-
sion

Although e*i("/ Ryuv diverge in the Weyl ordering expression, we

prove in this section that such elements make sense in the normal order-
ing expression.
Since uv = u o v + (hi/2), we have au® + 2cuv + bv? = au® + 2cu

. 2 2
v + bv? + Aci. In this section, we compute e“”teg/ R)(au+bv™+ 2euv) _

et/ P)(aw? +bv?+2cuov) by ¥DO-product formula. Thus, we set

egt/h)(au2+bv2+2cu*v) _ S(t)egl/h) (a(t)u?4+b(t)v%+2c(t)uov) )
We first compute
l(a"u? + blv2 + ZC,’U, o ’U) % e(l/h)(au2+bv2+20uov)
h o
1 .
= {}—i(a'u2 + v+ 2duov) + %(Zb'v +2c'u) o (2au + 2¢v)

—11
+ W 5(2b')((2au + 2bv)? + 2ah)} 0 e&l/h)(a"2+bvz+2w°">.

This is
(4.1)
2
1 1, 0, 0, 0 1,:2
(a',,¢) —4a?, 1+4ci — 4, 2ai—2ac, ~2ha | |, "
4asi, 0, 1 + 2ci, 0 "
° se(l/h)(au2+b’l}2+20uov)
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Submatrix of first 3-columns is singular only at 1 4 2ci = 0, i.e. at

/Mo Thig s in fact a vacuum computed by ¥YDO-product formula

(cf. Corollary 12 and (4.3) below).

2,2 2 2 o
Hence, setting egkt/h)(au +bv“+2cuov) _ 1/}(t)e?1(t)u +d2(t)vi+2¢3(t)u 'v7

we have only to solve the system of ordinary differential equations
1

1) = a+ dicgy (t) - 4Rbe (t)*
1

Bh(t) = 7b + 4ibes(t) — 4hbss (t)?

$4(0) = e+ Zies 1) + 2ibeh (0) — 4hbo (1) (1)
P(t) = — 2hbgy (£)3(t)
with the initial condition ¢;(0) = 0 and ¥(0) = 1.

4.1. The case b = 0 as the simplest case
(4.2) is easily solved if b = 0, and we have

(43) e)(kt/h) (au?+2cuov) — 6(a,/4c1}7i,) (e*™ —1)u?4(1/2ih) (e —1)2uov )

. . it/ h)uo 1/h)i
In particular, lim;_, egf [Ruev. _ o(1/Riuc
is the vacuum zogg.

Note also that the case 1+ 2¢i = 0 in (4.1) is written as follows:

. By Corollary 12, the limit

egl/h)(au2+bv2+iuov) _ (e(()1/h)au2 + 00) * egl/ﬁ)bvz
_ e(()l/ﬁ)auz x (woo * ec()l/h)bvz).
We have also the following remarkable fact:

(44) eg"'/2h)(‘1“2+2u*v) — eo—(l/ﬁi)Zuov — egﬂ/h)u*v

2
that is, e{™™ @ F¥**) qoes not depend on a.
Using the exponential law we have the following:

Proposition 17. In the normal ordering expression with respect
to (u,v), the exponential law holds

. 1 ,
(expo {4;h(e4cw —1)u? + ﬁ(ezmS —1)2u- v})

o 1 .
* (expO {ﬁi(e‘mt —1)u? + %(e%“ —1)2u- v})

= exp, {;Z—iﬁ(e‘m(s“) — 1)u2 + %(6261(3—'_0 —1)2u- v}
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In particular, we have the exponential law:

eg1/n¢)(e“—1)uou *egl/ﬁi)(e“—l)uov _ egl/m)(ei<s+t>—1)uov

If we set 0 = e*® — 1, 7 = e — 1, then the exponential law gives the
following product formula:

(45) egl/hi)vuov % egl/hi)Tuov — egl/hi)(ar—i-a—i—f)uuv

Though the product has no singularity, the inverse has a singular point:
(4.6) (egl/hi)auov))—k—l — eo-(l/hi)(a/l—i-cr)uov‘

The singular point e, (1/Ri)uev i in fact the normal ordering expression
of the vacuum wy g.

4.2. Several facts, concluded from the case a = 0
If a = 0 in (4.2), then we have

(4.7) es<t/h)(bv2+2cuov) — egb/4cih)(e4°“~1)v2+(1/2m‘)(62°“-1)2uov

The same exponential law as in Proposition 17 holds.
In particular, we see that

(48) e£7r/2h)(bv2+2u*v) _ eo-(z/m‘)uov - e’(kvr/h)u*v

and this quantity does not depend on b.
By (4.4), (4.8), we have the following remarkable fact:

Lemma 18. In the normal ordering expression with respect to the
canonical conjugate pair (u,v), the identities

eg‘w/h)u*(v-i-a,u) _ e’(kﬂ'/h)u*'v e)(:r/h)(u+bv)*v egzi/h)uov

hold for any a,b € C.

An element e&ﬁ/h)(au-}-ﬁv)(yu-{—&v) - ie&ﬂ/h)(auﬁ-ﬁv)*(’yu-&-&v) with

ad — By =1 is called a polar element. This element is computed in the
normal ordering expression with respect to u’' = au + Bv, v’ = vyu + év.
We denote the set of all polar elements by €pg. Obviously,

— {e£ﬂ/h)(au2+bv2+20’u’l}); C2 _ ab — i}
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eS:r/ Buv _ iei’r/ Ryux is a polar element. Though this is not
computed in the Moyal product formula, this is computed in the

UDO-product formula (1.1) as e/ Puev
Note that v’ = u, v = au + v gives a canonical conjugate pair.
Hence, by Lemma 18 applied for v’, v, we have

e’(kﬂ'/h)u'*v' _ egﬂ/h)(u’—{»bv')*v' _ e(()?i/h)u'ov'
in the normal ordering expression with respect to (u’,v’).
Note that for every ¢ £ 0, -

1+ab
c

(u' +b0" ) xv" = (u+b(v+au))*(v+au) = ( u+ gv) * (cau+ cv).

Thus, in a first glance, it looks very natural to set as

e)(kﬂ/h)u*v _ eiﬂ'/h)u*(v-{—au) _ 6,(:‘-/}1)“,*1)/ _ 6>(,<7r/h)(UI+bvl)*U/,

hence we have

exp, {%u*v} = exp, {% <1tabu+ gv> * (cau—l—cv)}.

However, such equalities are dangerous, because quantities of left and
right members are computed separately by using different canonical con-
jugate pairs. Such two elements should be compared through intertwin-
ers mentioned in §2.1.

Although eit(w/ M is defined only by normal ordering expression,
the equality (3.15) gives also the following:

Lemma 19. Ifc? —ab # 0, then

T 1. 9
exp, {:i:guv} *exp{ﬁ(au +bv +2cuv)}

1

_ 1 2 2
= c2_abeXp{h(ab—cz)(au + b +2cuv)}.

Proof. Remark ef(t/h)%v = /14 sZels/M2w and if t — +3, then
s — oo. Multiplying v1+ s2 to the both sides of (3.15), and take
s — 00. We have the lemma. Q.E.D.

Since linearly related canonical conjugate pairs form an arcwise
connected subset, polar elements look like forming connected complex
2-dimensional manifold. In fact, however, we have the following:
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Proposition 20. For every a, b € €y, we have a x b = =1,
a*xa=—1. Hence a = —a~' and hence a = +b by applying a~*. Con-
sequently, egg forms a single point.

Proof. By Lemma 8, we see easily that a x a = —1. To prove
a* b= %1, we have only to compute

. h)uxv 1
lim {egf/ R
?—ab =2 cosvc2 — ab

1
X exp { (m tanv/c? — ab) (au? + bv® + 2cu'v)}}

in the Weyl ordering expression. By Lemma 19, this is rewritten as

1 1
lim ———=———exp{—|=cot?v/c?—ab |(au?®+ bv? + 2cuv } .
c2—ab—z2 sinv/c? — ab p{ (h >( )

Since cos @ = 0 implies sin § = +1, the above quantity tends to +1. This
shows a x b = £1.

Since the set ad — By = 1 is connected, we see that {exp,{(7/k) x
(au+Bv)(yu+6v)}} forms a single element and axb = 1 in fact. Q.E.D.

We denote the polar element by the same notation €gg.

Remark. - This is a little tricky, because (—v,u) is also a canonical
conjugate pair. Hence at the first glance the above result looks like
e e e (w/R)uxv __  (7w/R)(—v)*u
nsisting ex = €.

—u *x v — hi, we must have

. If this were true, then since —v x u =

e’(:r/ﬁ)(—v)*u _ _e:(‘rr/h)u*v.

However, we have already seen that ego * egp = —1. This gives
e (m/Ruxv _ egf/ h)u*v, and hence we have €gp = —e€gg. This looks like
a contradiction. Remark however, that ¢gg = —€gg does not necessarily
imply 2600 =0.

In Lemma 23, we will see that €y is expressed as e(()%/ Ruev and
{Z/M(=v)eu by normal ordering expressions with respect to (u,v) and
(—v,u) respectively. Thus, we have to use the intertwiner between

canonical conjugate pairs (u,v) and (—v,u) to compare /MY and

esﬁﬂ/h)(_v)*". Consequently, we have to set eﬁ’r/h)u*v = —e&“/")(‘”)*“.
Although €y forms a single element and egg * €go = —1, this does

not imply that egop = 4, because the following holds by the bumping
Lemma 13:
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Proposition 21. u*xeypg +€gp xu = 0, v * €99 + €00 x v = 0. In
particular, €go commutes with every even element.

This suggests that ego has some super theoretic character [W]. There
are several odd variables in our system, but a systematic treatment of
these will be given some other paper [O,el.4].

On the contrary, the normal ordering expressions of egg with respect
to the canonical conjugate pair (u,v) is e{Z/PUr  Ylence the nor-
mal ordering expression of e{™/ M = {7/ Ryur(vta')
(u,v+ a'u) is B/ Muclvta’u) Similarly, the normal ordering expres-
sions of el™/Muv _ (/M (utbv)ro
e((fi/h)(u+b'v)o'v.

, with respect to
with respect to (u + bv,v) is

In the Weyl ordering expression, we have had

exp, {%(bv2 + 2cu o'u)} = exp, {%(bvz + 2cu % v)}

t
= exp{—chit} exp, {ﬁ(bv2 + 2cu - v)}
—chit 1
= exp{—chit} exp { (% tan ct) (bv? + 2cuv)} .

cosct

Thus, we have

Proposition 22. In the normal ordering expression with respect
to (u,v), the product

eit/h)“2 *e,(kl/h)(bvzﬂ‘:“"”) _ e(()t/h)u2 *egb/4cih)(e4°i~1)U2+(1/2hi)(e2°i41)2u0'u

is welldefined for everyt as (/YU (b deif) (1 1)+ (1/2h) (2 ~1)2uov
Recall this is defined only for 1+ bt # 0 in the Weyl ordering expression
(cf. Lemma 14).

4.3. The case ab # 0, Proof of the first half of Theorem 2
If ab # 0 in (4.2), there appear singularities in the *-exponential
functions, and this gives the first half of Theorem 2. This is because that
the exponential function e?#+5X+<Y i not defined for all (a,b,c) € C3

under any ordering expression.
The first equation of (4.2) is

i\ ab-—c? ci \?
(¢1(t) - %) =gy b (¢1(t) - 2—%)
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It follows

$1(t) = ;;b _C;_h_b‘llf (taunZ\/c2 —ab(t —}-to)) ,

where tg is fixed by the initial condition ¢;(0) =0, i.e.

V2 —ab (tanQ\/ 2 —ab to) = jc.

The forth equation gives that

%w(t) = (m (tanZ 2 —ab(t+ to)> - ic) P(D).

It follows

oit) — oo cos@v@=abtg) \"*
- \es2V@-ablitt))

The third equation

1\ 1
— 2 _ 2 _
(453( )+ T ) =2vc? —ab (tan2 c ab(t—l—t0)> (¢3( )+ 577 )
gives
1 A
2hi  cos2v/c2 —ab(t+to)
where A is fixed by the initial condition ¢3(0) = 0, i.e. A = L x

cos 2v/c?2 — abtg.

The second equation is

os(t) +

/ = — L ’ P— 2 2 _
By (t) = —4hb (¢3(t) + 3 ) = —4mbA (cos2 2 _ab(t+ to))
Hence

2
da(t) = —\/2;& (tanQ\/ b(t+to) —

If ¢2 — ab = 0, then the first equation of (4.2) is

(¢1(t) 2h'b>lz_4hb (‘bm 207:1;)2‘

e _ 1
2hb 14 4hbt’

=)

It follows
#1(t) —
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W(t) = (1 + 4hbt) 1/ (40),

Hence, e&t/h)(a"2+bv2+20uv) with ab — ¢2 = 0, ab # 0, is singular

at 1 + 4hbt = 0 in the WDO-expression, while this is computed as
2 2

(/M au”+bv"+2euv) 1) 4he Weyl ordering expression.

Some of x-products are easy to compute in the normal ordering

expression. Note that esf/ Rt et Mt egt/ Ryu? and

e(t/h)u2 % e(l/h)(au2+bv2+2cuv) — e(l/h)((a+t)u2+bv2+2cuv)

egt/h)uov " egl/h)(bv2+20uv) — egl/h)(t(1+2ic)u2+bv2+2cuv)
in the ¥DO-product formula under the normal ordering expression with
respect to the canonical conjugate pair (u,v). Remark these are defined

for all ¢.
By these computations, we see also the following;:

Lemma 23. In the normal ordering expression with respect to

2 2
(u,v), e{T/A au tbv i eusv) b 2 — ab = 1 is given identically as
2/ ucy

85. Proof of Theorem 2

We have already seen the first half of Theorem 2. To prove the
second half, we consider the set obtained by gluing M3 and €y * M? by
the mapping ego*. We set

Mg, _ {egl/h)(au2+bv2+2cuv). 02 —ab=— O}

Y

. . 2 2
Since €gp commutes with every e(1/M(au’+bvi+2cuv) and ¢4o2 = —1,

Lemma 19 gives that egox gives a diffeomorphism of M3® — Mg onto
itself, but this can not extend to the whole space:
For a point P of Mg, the computation is represented by setting

P = e**, Since
eit/h)2u'v N eau2 =/1 + 52 e(l/h)(a(1+i8)2”2+25““)7 tant = s,

this is written in the form of *-exponential function and hence this is a
member of M3, if t # +7%. However, if t — +7, then s — oo. Hence,
we see that e™ ™M™ x ¢#%® can not be a member of M3, but of eyo * M3.
We show the following in this section:
For Qq, Q2 € M3, if Q1 * Qy is not defined in the Weyl ordering

expression, then

QL * (600 * Qz) = (Ql * 600) * Q2
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is defined in the Weyl ordering expression as an element of M>.

If Q1 * Q2 is defined, then the product Q1 * (€go * Q2), (€00 * Q1) *
(€00 * Q2) are defined by epp*(Q1 % Q32), —Q1+ Q2 respectively. If Q1*%Q-
is not defined in the Weyl ordering expression, then —ego*(Q1*(€00*Q2))
is defined.

This shows that M3 U (ego * M?) forms a group. We already know
that by Theorem 16, M3 forms a local group, which is locally isomorphic
to SL(2,C) and M3 is embedded in &4 (C?) as

h

It is well known that SL(2;C) is simply connected with the non-trivial
discrete center {+1}.

Since 1 € M3U(ego* M?), we see that M3U(ego* M?) is isomorphic
to SL{2,C).

By the argument in the first paragraph of §3.5, the case that Q1 *Q2
is not defined in the Weyl ordering expression is represented by the
following two cases: Namely,

e(t/fi)u2 xv/c2 —ab +1 e(l/h)(au2+bv2+2cuv),
/“1‘+‘ 52 e(s/M2uv [c2 _ ab+ 1 e(l/h)(au2+bv2+2cuv)

are not defined only for 1 + bt = 0, and 1 — 2¢cs + (¢ — ab)s® = 0
respectively.

However using the polar element combined with Lemma 19, we show
these are defined by Weyl ordering expressions.

By the computation in Lemmal4, we remark first the following:

Lemma 24. Under the condition 1 + bt # 0, exp*{,—tiuz} *
exp{ }(au?® + bv? + 2cuv)} is a vacuum, if and only if exp{} (au® +bv® +
2cuv)} is a vacuum, i.e. ¢ —ab+1=0.

1
M3 = {:l: c2—ab+1 exp{—(au2+bv2+20uv); cz—ab—i—l;éO}}.

Lemma 19 is used for the computation of

e(t/h)u2 /2 —ab+ 16(1/h)(au2+b'u2+20uv)’

/1 + 52 e(s/h)2uv * /cz —ab+1 e(l/h)(au2+bv2+2cuv)

for 1+ bt =0, and 1 — 2¢cs + (c? — ab)s? = 0 respectively.
Corollary 25. If1+ bt =0, then
t 1
exp, {:{:%uv} * exp {—ﬁuz} x v/ 2 —ab+1 exp {i—i(au2+bv2~|—2cuv)}

1

= exp {m((m — 1)%tu® + bv* +2(c — z'bt)u’u)}
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and the right hand side is written in the form e/ B)(oru+pv)?
If 1 —2cs + (c? — ab)s? = 0, then remarking
(c—(?—ab—1)s— cs2)2 — ab(1 +145)%(1 — is)?
= ((c® —ab+1)(1+ s?) — ((c* — ab)s® — 2cs + 1))
x ((c* — ab)s® — 2cs + 1)

we have

exp, {:I:zr-uv} * v/ 1+ 52 exp {%21“)}

I3

1
*yc2—ab+1 exp{-ﬁ(au2 + bo? +20uv)}

exp{ (c? — ab+ 1)(1+ s?) }
x (a(1+is)%u® + b(1 — i5)%0® + (c — (¢® — ab — 1)s — cs?)2uv).

The discriminant of the right hand side vanishes, and hence it is written
in the form e(1/M)(autpv)?

This completes the proof of Theorem 2.
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