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Complete Integrability
of the Coupled KdV-mKdV System

Paul Kersten and Joseph Krasil'shchik

Abstract.

The coupled KdV-mKdV system arises as the classical part of
one of superextensions of the KdV equation. For this system, we
prove its complete integrability, i.e., existence of a recursion operator
and of infinite series of symmetries.

Introduction

There are several supersymmetric extensions of the classical
Korteweg-de Vries equation (KdV) [5], [8] and [9]. One of them is of
the form (the so-called N =2, A = 1 extension [3])

U = — ug + 6uuy — 3wy — 3PPy — Jwws — Jwiwsg + 3ugw? + 6uww,

+ 6Yp1w — bpYrw — 6wy,
Pt = — 3+ 3pur + 3p1u — 3Yaw — 3wy + 3p1w? + 6pwwy,
Y = — 3+ 3pus + 3hru + 32w + 3prwi + 3prw? + 6wy,
wy = —ws + 3w2w1 + 3uw; + 3w w,
where u and w are classical (even) independent variables while ¢ and
1) are odd ones (here and below the numerical subscript at an unknown
variable denotes it derivative over x of the corresponding order). Being
completely integrable itself, this system gives rise to an interesting sys-
tem of even equations
1 up = —us + 6uug — 3wws — 3wyws + Jugw? + buwwy,

wy = —ws3 + 3w2w1 + 3uw; + 3uqw,

which can be considered as a sort coupling between the KdV (with
respect to u) and the modified KdV (with respect to w) equations. In
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fact, setting w = 0, we obtain
uy = —us + 6uuq,
while for u = 0 we have
wy = —ws3 + 3w2w1.

In what follows, we prove complete integrability, cf. [2], of system (1)
by establishing existence of infinite series of symmetries and/or conser-
vation laws. Toward this end we construct a recursion operator using
the techniques of deformation theory introduced in [4] and extensively
described and exemplified in [5].

In the first section of the paper the theoretical background is intro-
duced. The second section deals with particular computations and
description of basic results.

§1. Geometrical and algebraic background

Here we briefly describe the geometrical theory of partial differential
equations [1], [6] and algebraic foundations of computational approach
to recursion operators [4], [5].

Let m: E — M be a locally trivial vector bundle and 7y : J*(r) —
M, k=0,1,...,00, be the bundles of its k-jets. A (nonlinear) partial
differential equation (PDE) of order k is a submanifold £ C J*(n),
k < oco. Its Ith prolongation is a subset £ C J**!(n). There exist
natural mappings Ty4i41k+1: gH1 5 £l and € is said to be formally
integrable, if all £ are smooth manifolds while Th4l+1,k+] are smooth
fiber bundles. Below, only formally integrable equations are considered.

The inverse limit £%° C J*(r) of the system {&!,mxiskti-1}
is called the infinite prolongation of £ and we consider the bundle
mg: £ — M. This bundle enjoys the following characteristic prop-
erty:

Proposition 1 (see [6]). Let m: E; — M, i =1, 2, be two locally
trivial vector bundles and A: T'(m) — T'(m) be a linear differential
operator acting from sections of w1 to sections of my. Then there exists
a unique differential operator CA: T'(nf(my)) — T'(mw§(ms)) such that

(2) Joo(8)" 0 CA = Ao joo(s)"

for any formal solution s of the equation £. The correspondence A —
CA is C®(E°)-linear and complies with the composition of differential
operators:

(3) C(AQOA]_):CAQ OCAl,
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where Ay: I'(my) — T'(ma), Ag: T'(mg) — T'(w3) are linear differential
operators, w3: E3 — M being a third vector bundle.

As a corollary of Proposition 1, we get

Proposition 2. The bundle g possesses a natural flat connec-
tion.

Proof. 1t suffices to take the trivial bundle 15,: M x R — M for
the bundles m; and 72 and an arbitrary vector field X for the operator
A. Flatness is a consequence of (3). O

Let us denote by D(N) the C°°(N)-module of vector fields on a
manifold V.

Definition 1. The connection C: D(M) — D(£*) is called the
Cartan connection on £%.

Denote by CD(£*°) C D(E°) the horizontal distribution on £°°
with respect to the Cartan connection (the Cartan distribution) and by
D¢ (£°°) the normalizer of CD(£°°) in D(€*°). Then, since C is flat,
CD(£%) is integrable in a formal Frobenius sense and thus CD(€) is
an ideal in D¢ (E%).

Definition 2. The quotient Lie algebra sym £ =D¢(E°°)/CD(E°°)
is called the algebra of higher symmetries of the equation £.

The Cartan connection in m¢ determines the splitting
(4) D(£%) = D"(£) & CD(™),

where D?(£°°) denotes the module of mg-vertical vector fields, and for
any coset S € sym & there exists a unique vertical representative. In
its turn, such a representative is uniquely determined by a section ¢ €
I(r%(m)) (generating section) satisfying the defining equation

(5) lep =0

and vice versa. Here f¢ is the universal linearization operator for £
restricted to £°°. Due to this fact, we shall identify the solutions of (5)
with higher symmetries of £.

The connection form Ug (the structural element of &) of the
Cartan connection C is an element of the module D¥(A'(£%)) of
A(E>)-valued vertical derivations. Thus, we can introduce an oper-
ator Og: DV(AY(£°)) — DY(A1(E>°)) defined by

9eQ2 = [Ug,Q], QeD’(AY(E™)),
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where [, -] is the Frolicher-Nijenhuis bracket. Since the Cartan connec-
tion is flat, one has [Ug, Ug] = 0, from where it follows that dg 0 9g = 0.
Thus we obtain a complex (D?(A$(£°°)), 8¢ ), whose cohomology is called
the C-cohomology of € and is denoted by HZ(E). It is easy to see that
HQ(E) = symé&, while H}(E), by standard reasons, is identified with
classes of nontrivial infinitesimal deformations of Ug (or, which is the
same, of the equation structure).

If Q@ and © are elements of DY(A*(£*)) and DV¥(AI(E™))
respectively, their contraction 2 1 © is defined as an element of
(D?(A*9~1(£%°)) This operation is inherited by the C-cohomology
groups. In particular, if ¢ € sym& and R € H}(E), then ¢ uR = Ry
is a symmetry again. In other words, the module H}(€) acts on the Lie
algebra of higher symmetries.

Let CA'(£%°) C A!(£*°) be the submodule of one-forms on £%
vanishing on the Cartan distribution. Then one has the direct sum
decomposition

A(E%) = CA(E™) @ AL (£%)
dual to (4), where A} (£%°) is the submodule of horizontal forms. This
splitting is also inherited by H}(£*°) and an element R € H}(E™)
acts nontrivially on sym & if only it corresponds to a derivation from

D¥(CA'(£°°)). Moreover, it can be shown that im ¢ ND?(CAY(£*)) = 0
and consequently nontrivial actions can be found by solving the equation

(6) de(R) =0.

Solutions of (6) are called recursion operators for symmetries. Any
recursion operator R is uniquely determined by an element wp €
CAY(£°°) @ T'(me(m)) satisfying the defining equation

(7) P (wr) =0,

where Kg] is the extension of the operator £¢ to the module CA'(£*°) ®
[(mg(n)). If ¢ € I'(n(m)) is a symmetry and S, € DY(£*) is the
corresponding vertical vector field, then the action of R on ¢ is given by

(8) R(p = SV’ AWR .

Local coordinates

Let U C M be a coordinate neighborhood in M such that the bundle
w trivializes over U, x1,..., T, be local coordinates in & and u,...,u™
be coordinates along the fiber in a given trivialization. Then the
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adapted coordinates in 3} (U) C J°°(m) are given by the functions u/,
i=1,...,m,0=11...1, 1 < iy < n, uniquely defined by
) olol fi
*(0 ) —
()" (0) = 5

. Bxik

for any local section f = (f1,...,f™) € [(n|y). Then the Cartan
connection in J*(7) is given by

©) C(ai) +Z i ol o

where D; are the so-called total derivatives. The structural element in
this case is given by the formula

(10) Ur —Zuﬂ —

.7
U

where wi = duj, -5, u] ; dz; are the Cartan forms constituting a basis in
the module CAl(J o (m )) The forms w’ may be rewritten as wl = dcu?,
where d¢ is the Cartan differential acting on f € C*°(J*(r)) by

def = Zau W)

This differential restricts to any submanifold £ C J*°(r) and for infi-
nite prolongations (10) transforms to

2]
(11) Ueg = ;dcuz ® T

where {us} spans the set of internal coordinates in £°°.
If an equation £ C J*(r) is given by the system of equalities

FYx1,...,Tp,...,ul,...) =0,

Fr(zy,... Tpy. - ud, ... ) =0,
then its infinite prolongation is defined by
D,F¢=0, a=1,...,r 0<|o| < oo,

where D, = D;, 0---0D;, for o =4 ...4;. Then the universal lineariza-
tion operator corresponding to this system is of the form

oF*
zg: Bufr Do

(12) lp =
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The operator £g is obtained from (12) by rewriting it in internal coor-
dinates.

Example (Evolutionary 1+ 1 equations). Consider a system £ of
evolutionary equations

(13)
u = F"(z,t,ul, ... ul),

where © = z, t = 2 and u] = 8w/ /8z'. Then the functions z, t,...,

u{ , . .. can be taken for internal coordinates on £%°. The total derivatives
are written down as
a y 8 l
=—+4 ul — —I— D, (
T oz ; oy Z 8ul

in these coordinates. The Cartan forms on £ are
w] = du] —ul,, dz — DL(F7)dt,

while the structural element for £ is given by

(14) Us =) wf ig 0

ou]

The restriction £¢ of the universal linearization operator to £ is of
the form

OF*
le = Za —D. —ED,||,
where E is the identity matrix. So, a vector function ¢ =(pl, ..., ™),
o =i (2,t,...,ul,...), is a symmetry of € if and only if

oOF*
15 =D
(15) Z 8ul o id
for all @« = 1,...,m. The corresponding vector field is given by the
formula

1
%:D(w 83
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In a similar way, recursion operators are determined by vector-
valued forms wr = (wk,...,wq), where wp = >,  wilw® i €
k3
C*°(£), satisfying the equations

oF*
(16) Z 5 ] Dlwl, = Duw.

To compute the left and right sides of (16), it suffices to note that

Dyw! =w],,, Dw] =DLdcF’ = Dlz

a,be

8u ﬁ

Remark 1. Let w = (w',...,w™), o/ =3, YIlw?®, be a vector-
valued Cartan form on £°°. Then for any vector-valued function ¢ =
(..., 9™) on £ the action R, : ¢ — Ry is defined by Ry =
9, sw. In local coordinates, this action is expressed by the formula

(17) (Rop) = > I DL(p").

Operators of this type (i.e., expressed in terms of total derivatives) are
called C-differential (or total differential) operators.

Remark 2. As it was mentioned above, operators of the form (17),
provided w satisfies (16), take symmetries of the equation at hand to
symmetries of the same equation. In other words, one has R, : ker fg —
ker £c. Under not very restrictive conditions on the equation £, this is
equivalent to the operator equality

leoRy, = Ao lg,
where A is a C-differential operator. Taking formally adjoint, one obtains
Rl ol =Lz0A",

which means, that A* is a recursion operator for generating functions of
conservation laws [10].

Nonlocal setting

In practice, when solving (7), one usually finds no nontrivial solu-
tions, though the equation £ may possess recursion operators.

Example (The Burgers equation). Consider the equation

Ut = Ugpy T Uly.
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It is known to possess a recursion operator of the form
1 1

Nevertheless, the only solution of the equation

(19) My = (D2 +upDy +uy — D)w =0

for w = Yowg + - -+ + Yrwy is awg, o € R, which provides the trivial
action R, : ¢ — ap.

To resolve this apparent contradiction, let us extend the algebra
C>® (&) with an additional element u_; and set

Dzu—l = Uup,

2
Dyu_y = uy + Rl

1
@) deusZwiy— duss—ugdo— (un + L)

Then, solving (19) for w = ¥_jw_1 + Yowo + - - - + Yrwg, We obtain a
. two-parametric solution

1 1
w=oawy+ BN, Q=w + —2-u0w0 + 5“1“’—1-

Then the action ¢ — Rap = 9, 1 coincides exactly with (18).

This example reflects a general scheme of computations which arises
in a lot of applications [5] and is used in Section 2. Namely, in search of
recursion operators for symmetries we extend the algebra C*°(£*°) with
a new set of variables w', ..., w",... (so-called nonlocal variables) and
respectively extend the total derivatives to vector fields

_ . 0 ,

(21) Di:D“LZa:Xi%E’ i=1,...,n,
in such a way that
(22) [Di, Dj] = [Di, X;] + [Xi, D;] + [Xi, X;] = 0,
where X; =" X[0/0w®.

Having a solution Xi,...,X, of (21), we obtain an integrable
distribution on the space £ x RY, where N is the number of
nonlocal variables (the case N = oo is included). The projection

T:E® = £%° x RN — £% is called a covering over € and N is called
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its dimension (for an invariant geometrical definition see [7]). Similar
to the local case, we define the Lie algebra sym, £ = D¢ (E%)/CD(E%)
of nonlocal T-symmetries.

We introduce Cartan forms

¢/ =dw’ - X!dw;, j=1,...,N,

=1

corresponding to nonlocal variables on £%°. The module of all Cartan
forms on £% is denoted by CA'(£>*). We also extend the universal
linearization operator £¢ to £ just by changing the total derivatives D;
to D;. Let us now consider two equations, associated to this extension:

fe =0 and Z[;]Q =0,

where ¢ € I'((mg o 7)*m) and Q € T((wg o 7)*m) ® CA(E>®). Solu-
tions of the first equation are called 7-shadows of nonlocal symmetries,
while solutions of the second one are said to be 7-shadows of recursion
operators in the covering 7. The following result establishes relations of
shadows to symmetries and recursion operators:

Theorem 1 (see [5] and [7]). Let 7: E° — £ be a covering.
Then:
1. If ¢ is a T-shadow, then there exists a covering

FiE® g0 T, g0

such that ¢ reconstructs up to a nonlocal T-symmetry.
2. If ¢ is a nonlocal T-symmetry and R is a recursion operator
shadow, then Ry is a symmetry shadow.

Remark 3. Among all one-dimensional coverings over a given equa-
tion there exists a special class consisting of those ones, for which the
fields X1, ..., Xp in (22) are independent of nonlocal variables (so-called
abelian coverings). To any such a covering, one can put into correspon-
dence a differential form on £°°:

Wr = in dIL‘l.
=1

This form is closed with respect to the so-called horizontal differential
dnp, = Cd (cf. Proposition 1). Vice versa, to any such a form there
corresponds a covering of the above mentioned type. Moreover, two
closed forms determine the same class in the cohomology group H'(dy)
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if and only if the corresponding coverings are equivalent. In particular, if
n = 2, the group H!(ds) coincides with the group of conservation laws of
the equation £ [10]. Thus, to construct a covering under consideration
is the same as to find a conservation law. This fact is used in the
computations below.

§2. Basic computations and results

In this section we shall discuss the complete integrability of the
KdV-mKdV system given in (1), i.e.,

(23) up = —us + 6uu; — 3wws — 3wiws + 3uw? + Guww,,

wy = —w3 + 3w2w1 + 3uwy + 3uiw.

In order to demonstrate the complete integrability of this system, we
shall construct the recursion operator for symmetries of this coupled
system, leading to infinite hierarchies of symmetries and, most probably,
of conservation laws. Due to the very special form of the final results,
it seems that integrability of this system, which looks quite ordinary,
has not been discussed before or elsewhere. In order to do this, we
shall discuss conservation laws in Subsection 2.1 leading to the necessary
nonlocal variables.

In Subsection 2.2 we shall discuss local and nonlocal symmetries of
the system, while in Subsection 2.3 we construct the recursion operator
or deformation of the equation structure (14).

2.1. Conservation laws and nonlocal variables

Here we shall construct conservation laws for (23) in order to arrive
at an abelian covering of the coupled KdV-mKdV system as was shown
for Burgers equation (20). So we construct X = X(z,t,u,...,w...),
T=T(z,t,u,...,w...) such that

(24) Do (T) = Di(X)

and in a similar way we construct nonlocal conservation laws by the
requirement

(25) Dy (T) = Dy(X),

where D, is defined by (9); moreover X, T are dependent on local
variables z, t, u,...,w,... as well as the already determined nonlo-
cal variables, denoted here by p, or p,. ., which are associated to the
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conservation laws (X, T) by the formal definition

Dy(ps) = (pi)z = X,
Dy(ps) = (pu)e =T.

Proceeding in this way, we obtained the following set of nonlocal vari-
ables

(26) Po,1, Po,2, P1, P1,1, P1,2, P21, P3, P3,1, P3,2, P41, D5,

where their defining equations are given by

(P1)z = u,
(p1)¢ = 3u? + 3uw? — uy — 3wwy,
(Po,1)z = w,
(po,1)t = 3uw + w? — w2,
(Po,2)z = P1,
(Po2)t = — 6p3 — ua,

(p1,1)s = c08(2po,1)p1w + sin(2po,1)w?,

(p1,1)t = cos(2po,1)(Bpr1uw + prw® — prws + uwy — wyw — w?w;)
+ sin(2po,1 ) (duw? + w? — 2ww, + w}),

(p1,2)z = cos(2po,1)w? — sin(2po,1)p1w,

(p12)t = cos(2p0,1)(4uw2 + w? — 2wws + wf)

+ sin(2pg,1)(—3pruw — prw® 4 prwy — uwy + uyw + wwy),
1 .
(p2,1)z = 3 (4cos(2p0’1)p1,1w2—4sm(2p0,1)p1p1,1w+w(pf - 2u+w2)),

(P2,1): = %(4 cos(2po,1)p1,1 (duw? + w* — 2ww, + wi)
+ 4sin(2po,1)
x p1.1(—3p1uw — prw® + prws — uwy + uyw + wwy)
+ 3p2uw + p2w® — piws + 2pruwy — 2p1usw — 2p1wiwy

— 8ulw — uw® + 2uws — 2uiwy + 2usw + w® + 3w2w2),

1 2

(p3)z = —2-(—u — uw? + wws),

1
(p3)e = 5(—4u3 — 9u?w? + 2uuy — 3uw? + 1luww, — uwi — u?

+ uywwy + dusw? + 6wdws + 3w2'wf — wwy + wiws — w%),
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1
(p3,1)z = E(COS(ZI)OJ)

X w(p} — 6p1u + 39p1w? — 24py,1p12w + 12p3 + 6u1)
+ 2sin(2po,1 )w(12p1p1,1p1,2 + 18prwy + 2w + 3wy)
+ 6p1 2w(—pF + 2u — w?)),

1
(P3,2)s = 12 (2 cos(2po,1)w(12p1p1,1p1,2 — 18p1wy — 2w® — 3wy)

+ Sil’l(2p071)
x w(p} — 6p1u + 39p1w? + 24py 1p1,2w + 12ps + 6uy)
+ 6p1,1w(—pf + 2u — wz)),

1
(Pa1)e = E(B cos(2po,1)w(pp1,2 + 12p1p3 11,2 — 6p1p1,2u

+ 3p1p12w? — 12py 13 yw + 18py juw — 4py 1w’ — 6py 1wy

+ 12p1,2p3 + 6p1 2u1)

+ 8sin(2po,1)w(Pip1,1 + 12p1p1,1pf,2 — 6p1p1,1u + 3p1p1 1w
+12p3 1p12w + 12p1 1p3 + 6p1 1u1 — 18py suw + 4py pw®

+ 6p1,2w2) -

+w(—pi — 24pipi 1 — 24p1p1 5 + 1201w — 6pTw® — 48p1ps
— 24pjug + 48pi1u - 24p%,1w2 + 48pr‘{’2u — 24pi2w2

— 60u® + 4uw?® + 24uy — 13w + 6wwy)),

1
(ps)e = 8(12u3 + 24uw? — 6uuy + 6uw?* — 30uwwy — Jugw?

— 8wiws + Bww,).

In the previous equations, we skipped explicit formulas for (p3 )¢,
(ps,2)t, (P41)t, and (ps):, because they are too massive, though quite
important for the setting to be well defined and in order to avoid ambi-
guities. The reader is referred to the Appendix for them.

It is quite a striking result that functions cos(2pg1), sin(2po,1)
appear in the presentation of the conservation laws and their associated
nonlocal variables.

We should note that p1, po,1, ps, ps arise from local conservation
laws and we shall call p1, po.1, p3, p5 nonlocalities of first order.

In a similar way we see that po2, p1,1, p1,2 arise from nonlocal
conservation laws, where their z- and t-derivatives are dependent on
the first order nonlocalities. For this reason po 2, p1,1, p1,2 are called
nonlocalities of second order.
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Proceeding in this way ps 1, P31, P3,2, P41 constitute nonlocalities
of third order.

2.2. Local and nonlocal symmetries

In this section we shall present results for the construction of local
and nonlocal symmetries of system (23). In order to construct these sym-
metries, we consider the system of partial differential equations obtained
by the infinite prolongation of (23) together with the covering by the
nonlocal variables

Po,1, Po,2, P1, P1,1, P1,2, P2,1, P3, P3,1,P3,2, P4,1, P5-

So, in the augmented setting governed by (23), their total derivatives
and the equations given in Subsection 2.1 we construct symmetries
Y = (Y%, Y%) which have to satisfy the symmetry condition

leY =0.
From this condition we obtained the following symmetries
Yo,1, Y11, Y12, Y13, Y2,1, Y31, Y32, Y33,

where generating functions Y.%,, Y., are given as

* %

You = 3t(6uuy + buwwy + Suiw? — uz — 3wws — 3wiws) + Tug + 2u,
Yo' = 3t(3uw; + 3uyw + 3w?w; — w3) + Tw; +w,

Y11f1 = uz,

le,vl = wy,

Y1y = cos(2po,1)(2uw — wa) + sin(2po 1) (w1 + 2wwn),

Y = — cos(2po,1)u — sin(2po,1)w1,
Y15 = cos(2po,1)(u1 + 2ww) + sin(2po,1 ) (—2uw + wg),
Y= — cos(2po 1)w1 + sin(2pg 1 )u,

1
Y34 = 3 (2c0s(2po,1)(p1,1u1 + 2p1,1wwy — 2p1 2uw + Py 2w2)
+ 2sin(2po,1) (—2p1,1uw + p1,1w2 — P1,2u1 — 2p1 2wwr)
+ 2pyuw — prws + 2uw; + Juw + 2w2w1 — 11)3),
1 .
Yo = 3 (2cos(2po,1)(—p1,1w1 + p12u) 4 2sin(2po,1)(p1,1u + p1,2w1)
—p1u+ug + wwl),

1
Y = 3 (6uu1 + 6uww; + 3ugw? — uz — 3wws — 3w1w2),
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[y

Y4 = 2 (3uw; + 3uyw + 3wwy — ws),

—_ W

Y3 = 3 (cos(2po,1)(—2pfuw + piws — 4pruwy — 6prusw
— dp1wwi + 2p1ws + 8p1,1p1,2u1 + 16py,1p1 pwwy — 8p] Juw
+ 4pi2w2 — 4pa 1u; — 8p2 1 wwy + 10u’w + 6uw® — Suw,
— 1duyw; — S8ugw — 11w?wy — 14ww? + 2wy)
+ 2sin(2po,1)(—8p1,1p1,2uw + 4p1 1p1 2wz — 2P yur — 4pi2ww1
+ 4p 1uw — 2p2 1w2 + 6uuy + 10vww; + Suw? — uz + 2wiwy

- 311}’U.13 — 5’LU1 ’w2)

+ 4p1,2(2p1vw — prwa + 2uwy + 3w w + 2w?wy — ’11)3)),

Y3 = %(COS(2PO,1)(17%U' — 2pyu1 — 2p1wwy — 8py1p1awr + 4P ou
+ 4py qwy — 4u? — 3uw?® + 2us + dwws + 2w5)
+ 2sin(2po,1)
X (4p1’1p1’2u+2p%’2w1 —2p; 1u—3uw; —3uw — 3w?w; + ws)
+ 4p1 2(—pru + uy + wwy)),
Yyl = %(2 cos(2p0’1)(2pilu1 + 4pi1ww1 — 4po juw + 2pg 1wo — Buu,y
— 10uww; — 3uiw? + uz — 2wiw; + 3wws + Swiws)
+ sin(2p071)(—2p%uw + p%wg — dpruwy — 6prugw — dprwiw;
+ 2pyws — Spiluw + 410%,1“’2 — 4ps yuy — 8pe 1wwy + 10uw
+ 6uw® — Suws — 14ujw; — Sugw — 1lw?wy — 1dww? + 2wy)
+ 4p1,1 (2p1uw — prws + 2uw; + 3ugw + 2w?w, — ’LU3)),
Y3 = —;-(2 cos(2p071)(—2pilw1 + 2pg 1u + 3uw; + 3ugw + 3ww, — w3)
+ Sin(2pg,1)(p%u — 2p1uy — 2prww; + 4pilu + 4dpa w1 — 442
— 3uw? + 2uy + dwwy + 2w?)
+ 4p1 1 (—pru + uy + wwy)).

2.3. Recursion operator

Here we present the recursion operator R for symmetries for this
case obtained as a higher symmetry in the Cartan covering of system
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of equations (1) augmented by equations governing the nonlocal vari-
ables (26). As explained in the previous section, the recursion operator
is in effect the a deformation of the equation structure (11).

As demonstrated there, this deformation is a form-valued vector
field (or a vectorfield-valued one-form) and has to satisfy

(27) R =o0.

In order to arrive at a nontrivial result as was explained for Burgers’
equation too (cf. Example 1), we have to introduce nonlocal variables

Do,1, Po,2, P1, P1,1, P1,2, P21, P3, P3,1,P3,2, P4,1, Ps

and their associated Cartan contact forms

wpo,l’ wp0,27 wPl’ wpl,l’ wp1,27wp2,17 wps’ is,l’ wp3,27 wP4,17wP5'

The final result, which is dependent on the nonlocal Cartan forms

wpo,w wpw wPl,l’ wp1,27
is given by
1o} 0

(28) R=R'ee + RVt

where the components R*, R" are given by

Ry = wyy (—1) + wy (4u + w?)

+ Wapo (—2W) + Wy, (—w1) + Wy (Buw — 2w3)
+ wp, ,(—c0s(2po,1) (w1 + 2wwy) + sin(2po 1) (2uw — ws))
+ wp, , (cos(2po,1)(—2uw + wy) — sin(2po,1 ) (w1 + 2wwy))
+ wp, (2u1 + wwy)
+ Wpo , (2Pruw — prwy + 2uw; + 3uyw + 2w?w; — ws),

(29) Ry = Wu, (—1) + wy(2u 4+ w?) + wy, (2w)
+ wp, , (cos(2po,1)wr — sin(2po,1)u)
+ wp, , (cos(2po,1)u + sin(2po,1 )w1)
+ wp, (w1) + wpy , (—pru + u1 + wws).

‘We shall now present this result in a more conventional form which
appeals to expressions using operators of the form D, and D, !. In order

to do this, we first split (29) into the so-called local part and nonlocal
parts, consisting of terms associated t0 wy,, Wy, Wiy, , Wiy, , Wy and those
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associated to wp, ,, Wp, ,, Wp,, Wp,, respectively. The first part will
account for D, presentation, while the second one accounts for the D!
part.

Due to the action of contraction 9, 1R, the local part is given by
the following matrix operator:

—D? + 4u+w? —2wD2 —w; D, + 3uw — 2w,
2w —D? + 2u + w? :

The nonlocal part will be split into parts associated to wp,, wp,, and
Wpy 5> Wp, ;> Tespectively. The first one is given as
[(2u1 +ww;)D;Y (2pruw — prwe+2uw +3uy w+2wiwy — w3)D;1]
w1 D! (—p1u + w1 +wwp) Dt )
To deal with the last part, let us introduce the notation:
Ay = cos(2po 1) (—2uw + we) — sin(2po 1) (u1 + 2wwy),
Ag = cos(2pg,1)u + sin(2pg 1 )wy,
By = —cos(2pg,1)(u1 + 2wws ) + sin(2pg 1) (2uw — wy),
By = cos(2po,1)wy — sin(2po 1)u,
being the coefficients at wy, , and wp, , in (29).
According to the presentations of (p1 1), and (p1,2)s, i-e.,
(p1.1)e = c08(2po,1)p1w + sin(2po,1)w’
(p1,2)x = cos(2po,1)w® — sin(2po 1)pr1w,
we introduce their partial derivatives with respect to pp1, p1, and w as
a1 = —2pywsin(2pg,1) + 2w? cos(2po 1),
a2 = wcos(2po,1),
ag = py cos(2pp 1) + 2wsin(2po 1),
B = —2uw? sin(2po,1) — 2p1w cos(2po,1),
B2 = —wsin(2po,1),
B3 = 2w cos(2pg,1) — p1 sin(2po,1).

From this we arrive in a straightforward way at the last nonlocal part
of the recursion operator, i.e.,

AlD;lasz_l Angl(alD;l +a3)
AQD;1a2D;1 AzD;l(alD;l + a3)

4 [BiDz 8eD; " BiD; (B1D; ! + B3)
ByD;BsD;Y BeDY(BiDL Y + Bs)
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So, in the final form we obtain the recursion operator as

R = —va + 4u + w? —2wD325 — w1 Dy + 3uw — ZwQ]

2w —D? + 2u + w?
n _(2’U,1 + wwl)D;I I{l)z_1
i wy D1 (=p1u + uy +ww;)D;?
4 -Anglangl AlD;l(alD;I + O[3)
_AzD;lazD;l AzDgl(angl + Oé3)
n [BiD;'3,D;' BiD;(B:1D;! + B3)
|B:D;'6:D;' By D' (61D + Bs)|

where K = 2p uw — pyws + 2uw; + 3ugw + 2ww; — ws.

§3. Conclusion

We gave an outline of the theory of deformations of the equation
structure of differential equations, leading to the construction of recur-
sion operators for symmetries of such equations. The extension of this
theory to the nonlocal setting of differential equations is essential for
getting nontrivial results. The theory has been applied to the construc-
tion of the recursion operator for symmetries for a coupled KdV-mKdV
system, leading to a highly nonlocal result for this system. Moreover the
appearance of nonpolynomial nonlocal terms in all results, e.g., conser-
vation laws, symmetries and recursion operator is striking and reveals
some unknown and intriguing underlying structure of the equations.

Appendix

Here we present explicit formulas for (ps1):, (ps,2)t, (Pa,1)t, and
(Ps)ti

(p3,1): = % (cos(2p0’1)(3p:1)’uw + pdw® — pPwy + 3pluw; — 3plugw
— 3p%w2w1 — 24p1u2w + 105p1uw3 + 6pyuws — 6pjuwr
+ 6prusw + 39p1w5 — 27p1w2w2 — 96p1,1p1,2uw2
— 24p; 1p1,2w? + 48py 1 p1 2ww2 — 24Py 11 2wT + 36pzuw
+ 12p3w3 — 12pswy — 12u2w1 + 48uuiw + 39uw2w1 + 3u1w3
— 6uywy + Busw, — Gusw — 9w4w1 — 120wy
— 18wwyws + 6w?;)

+ 28in(2po,1) (36p1p1,1p1,2uw + 12p1p1,1p1 20>
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(P3,2)t =

(p4,1)t =
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— 12p1p1,1p1,2w2 + 5dpruwws + 54pruiw? + 5dpywiw;

— 18p1wws + 12P1,1P1,2u’w1 - 12p1,1p1,2u1w - 12p1,1p1,2w2w1
— 9u?w? + 18uw* + 2Tuwws — 9uw% + Yuy ww; + Sugw?

+ 2u® — 1wiwy + 12ww? — 3wwy + 3wiws — 3w3)

+ 6p1,2(—3pfuw—p%w3+pfw2 — 2pruwy + 2pruaw + 2p1'w2w1
+ 8ulw + uw® — 2uws + 2uiwy — 2usw — wW° — 3w2w2)),

1
12
— 12p1p1,1P1 2wz — SApruww — 54p1uyw® — 5dpyww,

(2c0s(2po,1)(36p1p1,1p1,2uw + 12p1p1 1 p1 2w

+ 18pywws + 12py 1p1,2uwr — 12p; 191 21w — 12P1,1P1,2w2’w1
+ 9uw? — 18uw? — 2Tuwws + Quw% — uwwy — 3uzw2
—2w% + 11wdw, — 1202w? + 3wwy — 3wy ws + 3w?)

+ sin(2po 1) (3p3uw + p3w® — p3w, + 3p?uw; — 3piusw

— 3pfw2w1 — 24p1u2w + 105p1uw3 + 6p1uws — 6p1uswr

+ 6p1usw + 39p1w® — 27pwwy + 96py 1 p1 puw?

+ 24p1 1p1 2w — 48p1 1p1 pwwg + 24Py 1p1 2w] + 36pzuw

+ 12p3w3 — 12pgwy — 12u2w1 + 48uuw + 39'u/w2w1 + 3u1w3

- — buiws + 6ugwy — Busw — 9w4'w1 — 12'w2w3

— 18wwywy + wa)
4 6p1’1(—3p%uw—p%w3 +p%w2 — 2pruw; + 2pruiw + 2prwiwg

+ 8ulw + uw® — 2uwsg + 2ugwy — 2uqw — w® — 3w2w2)),

;115 (8.cos(2po,1) (3pip1,2uw %P?Pl,zwg —pip1,2ws + 3pips 2uws
— 3pip1 2wy w—3p3p1 2w wy +36p1p} 1 p1 2uw+12p;1ps 11 o’
— 12p1p3 1p1,2w2 — 24p1p1 20w — 3p1py puw® + 6p1p1,2uw2
— 6p1p1,2u1w + 6p1P1 2u2w + 3p1p12w® + 9p1p1 2w we

+ 12p%’1p172uw1 — 12pilp1,2u1w - 12pi1p1’2w2w1

— 48p1 1P} quw® —12py 19} yw? + 24p; 19} ywwz —12py 1pF ywd
+ 72p1,1u2w2 + 18p1,1uw4 — 54p; juwws + 18pl,luwf

— 18py 1uywwy — 24py 1ugw? — 4py 1w’ — 32p; ywiw,

- 241’1,1711211)% + 6p1,1wwy — 6py 1wy w3 + 6p; Jws
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+ 36p1,2p3uw + 12p; opsw® — 12p; opswa — 12py pulwy

+ 48p1 2uuyw + 39p172uw2w1 + 3p1,2u1w3

— 6p1,2u1 W2 + 6p1 2uswy — 6P 2uswW — 9Py 2wy

— 12p; sw?ws — 18py swwiws + 6p1 2w?)

+ 8sin(2po,1) (3p3p1,1uw + Pip11w® — pip11we + 3pipy,1uws
— 3pip1,1uiw — 3pip11w’wy + 36pipy,1p; puw

+ 12p1p1,197 yw® — 12p1p1,197 ywa —24p1py 1uPw—3py py yuw®
+ 6p1p1,1uws — 6p1p1 1 U Wy + 6p1p11usw + 3p1py 1 w°

+ 9p1p1, 1w wa+48p3 1 p1 puw? +12p7 1 py pwt —24pT 1 p1 swws
+ 12p7 1p1,2w] + 12py1 197 guwy — 12py 193 Jurw

— 12p1,1pi2w2w1 + 36p1,1p3uw + 12p1,1p3w3 — 12p1,1p3w2
— 12p1’1u2w1 + 48p 1uuw + 39p1’1uw2w1 + 3p1,1u1w3

4w1 — 12p171w2w3

— 6p1,1u1wa+6p1 1ugws —6p1 1usw—9p1 1w
— 18py jwwiws + 6p171wi’ — 72p172u2w2 — 18p172uw4

+ 54p; puwwy — 18p1’2uwf + 18p1 puwwy + 24p1’2u2'w2

+ 4p1,2w6 + 32p1,2w3w2 + 24p1,2w2wf — 6p1 2wwy

+ 6p1 2wy w3 — 6p1 pw3) — 3pjuw — piw® + plw, — 4puw,

+ 4plusw+4piwwy —72pipT juw — 24pTpt 1w’ + 24pipT jw,
— 72p%p¥72uw—24p%pi2w3—|—24pfpf,2w2 + 48pr‘{u2w + Gp?uw3
— 12p%uwy + 12p2u1wy — 12p%usw — 6p2w® — 18p2wws

— 48p1p} yuwy + 48p1pT jusw + 48p1p] jwwy — 48p1pT yuwy
+ 48p1p} surw + 48p1p} ywwy — 144p; psuw — 48py psw®

+ 48p1pswe + 48p1u2w1 — 192p1uuw — 156p1u'w2w1

— 12p1u1w3 + 24piuywe — 24pyuswy + 24p1uzw + 36p1w4w1
+ 48p1w2w3 + 72p1wwiwy — 24p1w‘;‘ + 192pi1u2w

+ 24pi1uw3—48pi1uw2 +48pi1u1w1 - 48pi1qu - 24pi1w5
- 72p%71w2w2 + 192pi2u2w + 24p%’2uw3 — 48p%’2uw2

+ 48pi2u1w1 - 48pi2u2w - 24pi2'w5

— 72pi2w2w2 — 48psuw; + 48psuyw + 48pswiw, — 252uw

— 36uw® + 60u?wy — 144uu wy + 240uuw — Tuw®
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+ 342uw’w, + 24uwwf + 144u§w + 228uq wlw; + 94usuw®
— 24uowy + 24uzw, — 24uqw — 13w’ + 4Twhwy — 4w3wf

~ T8w?wy — 60ww w3 — 120ww3 + 60wiws),
1
(ps)e = 5 (54u* + 180uiw? — T2uup + 126u’w* — 282u ww,

— 12u2wf — 84uuyww; — 1Tduuqw? + 6uuy + 18uw®

— 300uw3wy — 90uw2wf + 66uww, + 6uwiws + 48uw§

+ 42ufw2 — 6uqusg + 12u1w3w1 + 42u wws — 48uiwqwe

+ 6u2 — 39usw? + 162uywwy — 48usw? + 48uzww; + 21lugw?
— 42w5w2 — 12w4wf + 35w3w4 + 120w2w1'w3

+ 195w2w§ + 12()wwfw2 — bwweg — 3Owi1 + 6w ws — 6w2w4).
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