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Diffusion phenomenon for abstract wave equations
with decaying dissipation

Taeko Yamazaki

Abstract.

We consider the initial value problem of the abstract wave equa-
tion with dissipation whose coefficient tends to 0 as t — oo. In the case
that the coefficient of the dissipation is a positive constant, Tkehata—
Nishihara and Chill-Haraux obtained the decay estimate of the dif-
ference between the solution of this equation and the solution of the
corresponding abstract heat equation. In the case that H = L?(R")
and A is the Laplace operator and b(t) is a positive valued monotone C?
function satisfying the sufficient assumption, Wirth obtained the decay
estimate of the difference between the solution of the dissipative wave
equation and the solution of the corresponding heat equation. The
purpose of this paper is to show the decay estimate of the difference
between the solution of the abstract wave equation with decaying dis-
sipative term and the solution of the corresponding abstract parabolic
equation.

81. Introduction

Let H be a separable Hilbert space with norm || - ||. Let A be a
non-negative self-adjoint operator with domain D(A). Then, for a non-
negative number +, the space D(A") becomes a Hilbert space with the
graph-norm of A" denoted by ||-||.,-

For a positive valued C! function b(t) on [0,00), we consider the
difference of the solution of the initial value problem of the abstract
dissipative wave equation

(1.1) Wbt + Au=0, u(0)=uy, u'(0)=u,
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and the solution of the corresponding heat equation (1.2):
(1.2) b(t)v' + Av =0, v(0) = vp,

where
(1.3) vg = ug + ul/ exp(—/ b(o)do)ds,
0 0

u1 o0 b'(S) $
=ug + 50y ul/o b(s)? exp(—/0 b(o)do)ds.

Let Q be an exterior domain in R™ with smooth boundary 051, or
Q=R" Let H=L?Q) and let Ap = Ag = —A with domain

D(Ap) = {u € H*(Q); u(t,z) =0 on dQ},
D(AR) = {u € H*(Q); %(t,x) + o(z)u(t,z) =0 on 00},

where o(z) is a non-negative smooth function on 9Q. Then Ap and Agr
become non-negative self-adjoint operators (see Mizohata [8, Chapter
3, section 16] for Ar), and the abstract dissipative wave equation (1.1)
becomes the following initial boundary value problem:

% Ou .
(1.4) i Au + b(t)—a? =0 in [0,00) x Q,
(1.5) u(0, ) = uo(x), %(O,x) = uy(x) in Q,

with the Dirichlet boundary condition
(1.6) u(t,z) =0 on [0,00) x 0
in the case A = A D, or with the Robin boundary value condition

0
(1.7) 8—u(t,:1:) +o(@)u(t,z) =0  on [0,00) x O
v
The abstract heat equation (1.2)-(1.3) becomes the following initial

boundary value problem:

(1.8) b(t)%—? —-Av=0 in [0, 00) x €,

(1.9) v(0, z) = vo(x), in Q,
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with the Dirichlet boundary condition

(1.11) v(t,z) =0 on [0,00) x 0Q
in the case A = Ap, or with the Robin boundary value condition
(1.12) gﬁj—(t,:v) +o(z)v(t,z) =0 on [0,00) x 09

v

in the case A = Agr. Here we note that if we take ¢ = 0, then (1. 7) and
(1.12) are the Neumann boundary conditions.

In the case that b(t) is a positive constant and that A is the Dirichlet-
Laplace operator on L?(f2) in exterior domain, Ikehata [6] showed that
the L? norm of the difference between the solution u of (1.4)-(1.6) with
b(t) = 1 and the solution v of the corresponding heat equation (1.8)-
(1.11) decays faster than each of the solution does (diffusion phenom-
enon). Ikehata—Nishihara [7] showed the diffusion phenomenon for the
abstract dissipative wave equation (1.1), by obtaining the decay esti-
mate of the norm of the difference between the solution u of (1.1) with
b(t) = 1 and the solution v of the corresponding abstract parabolic equa-
tion (1.2)—(1.3). This estimate is an improvement of the previous one in
[6]. Chill-Haraux [3] improved their estimate to the following one:

(L13)  (fu(t) ~ o)l /o < Ot luoll o + llual)) for every t > 1.

[3] also showed that this estimate is optimal in the sense that the in-
equality
lim sup sup tlu(t) —v(t)lly, >0
1—=00 fluolly /ps[luali<1

holds, when 0 belongs to the essential spectrum of A.

Recently, in the case that A is the Laplace operator on L%(R"),
Wirth [10] considered Cauchy problem of (1.4)—(1.5) in R™, where b(t)
is a positive valued C? function satisfying the following assumption:

(1.14) b(t) is a monotone function,
QI
(1.15) A e =0
d* b(t)

(1.17) /000 E((—i:? < 00.
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i ds

Then, by using the WKB-representation of the solution, he obtained the
estimate
~2

1+t ( (" ds
(1.19) llu(t, ) = v(t, )| L2 SCW (/0 @) ’

in the case b(t) is monotone decreasing, where u is the solution of the
Cauchy problem of (1.4)—(1.5) in R™ and v is the solution of the cor-
responding parabolic equation (1.8)—(1.10) in R™. For the estimate in
the case b(t) is monotone increasing, see [10]. Wirth noted in [10] that
for the WKB representation of the solution, the monotonicity of b(t)
is weakened to the assumption that b(t) is a small perturbation of a
monotone function 7; there exists v € C1([0, 00); (0,00)) such that v is
monotone and lim;_, ty(t) = 00, and that
(@)

(1.20) o) — 27(0)] < e

The purpose of this paper is to show the decay estimates of the
difference between the solution u(t) of the abstract hyperbolic equation
(1.1) and the solution v(t) of the corresponding abstract parabolic equa-
tion (1.2)—(1.3) under the following assumption on b(t):

Assumption. b(t) is a positive valued C! function on [0, 00) sat-
isfying the following: There exist positive constants by, b1, by and 6 and
strictly monotone decreasing continuous function f(t) on [tg,00) and
monotone decreasing continuous function g(t) on [tg, 0o0) for some ¢4 > 0
satisfying
(1.21) lim g(t) =0

t—00

such that the following inequalities for every t > tq:

(1.22) bof(t) < b(t) < bif(),
(1.23) baf(t) < f(2t),
(1.24) . ft) > ba(t +1)%71,
(1.25) LAOI g(t),

b(t)? ~
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(1.26) tsgtp b(t)? /Ot gb((z))Q ds < occ.

We easily see that the following functions satisfy the above assump-
tion on b(t).

Example 1. b(t

i

T 0<ax<]).

(
Example 2. b(t “log(t+2) 0<a<l).
(

Example 3. b(t

i

)=(t+1)
)=(+1)
)= (t+1)"@in(t?’) +2) (a,8>0,a+26<1)
Example 4. b(t) = (t + 1) *(sin(log(t + 1)) +2) (0<a<1).

Here we note that b(t) in Examples 1 and 2 also satisfy Wirth’s
assumption. However b(t) in Example 3 does not satisfy (1.14) (nor
(1.20)) nor (1.16), and b(¢) in Example 4 does not satisfy (1.14) (nor
(1.20)).

Chill-Haraux [3] obtained the estimate (1.13) as follows: They
showed that the restriction of each of the solutions of (1.1) and (1.2)
with b(¢) = 1 in high frequency region decays exponentially, by using
the energy method. In low frequency region, they estimated the dif-
ference between solutions of (1.1) and (1.2)—(1.3) by using an explicit
formula of the solution of the dissipative abstract wave equation (1.1)
with b(t) = 1. Wirth [10] obtained the decay estimate (1.19) by us-
ing the WKB-representation of the solutions. Here, we use a different
method. We show that the restriction of the each solution of (1.1) and
(1.2) in high frequency region decays exponentially by using the energy
method similar to [3], with the separating points and the energy de-
pending on t. We cannot use the method of [3] for the estimate in low
frequency region, since we do not have the direct representation formula
as in [3], of the solution of (1.1) for general function b(¢). We transform
the equation (1.1) into a system of integral equations, and from integral
inequalities we give the decay estimate of the difference of the solutions
in low frequency region.

As applications, we obtain the estimate of the dlfference between the
solution of the initial boundary value problem (1.4)—(1.5) with boundary
condition (1.6) or (1.7) and the solution of the corresponding parabolic
equation (1.8)—(1.10) with (1.11) or (1.12), respectively.

Throughout this paper, we assume that b(t) satisfies (1.21)-(1.26),
and consider the solution of (1.1) as the mild solutions, the unique exis-
tence of which is well-known. As is well-known, if the initial data (ug, u1)
belongs to D(A) x D(A/2), then the solution becomes the strong solu-
tion.
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Last we note that, independently of Wirth [10], we gave in [11] the
detailed proof of corresponding theorems under the following assumption
on b(t) : b(t) is a C! function on [0, 00) satisfying the following.

(1.27) Bo(t +1)"% < b(t) < by(t + 1),

(1.28) |b'(t)] < ba(t+1)771,

where 0 < a < 1, bg, b1, by > 0 are constants.
It is easy to see that the assumption (1.27) and (1.28) is stronger
than the assumption (1.21)—(1.26).

§2. Results

2.1. Abstract theorems

Our main result in this paper is the following, which gives the es-
timate of the difference between the solution u(t) of the abstract wave
equation (1.1) and the solution v(t) of the corresponding abstract para-
bolic equation (1.2)—(1.3):

Theorem 1. Let 3 and «y be arbitrary non-negative numbers. Let Ty
be an arbitrary positive number. Then there exists a positive constant C
such that the following estimates hold for every (ug,u1) € (D(APTY/2)N
R(AY)) x (D(AP) NR(AY)):

4% (u(t) = v@®)],

(2.1) B+
< 0t (MO (b + il + ol + ).

= T th(t)

for every t > Ty, where u and v are the solution of the equation (1.1)
and (1.2)—(1.3) respectively, and up and @, are elements of H such that
ug = A%y and that vg = AV respectively. Here R(AY) denotes the
range of AY.

Remark 1. If 0 is an eigenvalue of A and v > 0, then the elements

gy and vy are not determined uniquely.

Remark 2. By the same argument as in the proof of Theorem 1.3 by
Chill-Haraux [3], we have the individual estimate by using the estimate
(2.1),

B+y
tlirglo th(t) (%) HAﬂ(u(t) - 1’(t))||1/2 =0,
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for each fixed initial data (ug,u;) € (D(AP1/2) N R(A)) x (D(AP) N
R(A")). Similar individual estimates hold in Theorem 2 and corollaries.

Remark 3. Taking § = v = 0 in Theorem 1, we obtain

(22) ) = vt < C; (ol + )

for every t > Ty. By the assumption (1.22) and (1.24), we have tb(t) >
b0b3(t+1)9 (6 > 0) for t > tg. On the other hand, when 0 is an eigenvalue
of A or belongs to the essential spectrum of A, we easily see that

lim sup sup |jv(t)|| = 1.
t—oo||lu(0)]|<1

Hence the solution of (1.2} and therefore the solution of (1.1) itself are

not bounded by C <||uo||1/2 + ||u1||) /tb(t). Thus, (2.2) implies the dif-

fusion phenomenon of (1.1).

Next we obtain that if the initial data belongs to R(A7), the solution
itself decays faster accordingly to +:

Theorem 2. Let 3 and v be arbitrary non-negative numbers. Then
there exists a positive constant C depending only on a, 3, ¥, bg, b1,ba
and the operator A, such that the following estimates hold for every
(ug, u1) € (D(APT/2)NR(AY)) x (D(AP) N R(AM)):

(2.3)  [14%u(D)]

-B
t - .
<C (1 + —b(t)> (luollg + lldoll + llutllmaxgs—g,0y + l%1ll)

= 1
for every (3 such that0 < < g+ 3

for every t > 0, where u is the solution of equation (1.1) and Gy and i,
are an element of H such that ug = AVip and u; = AYu7 respectively.

2.2. Application to dissipative wave equations in exterior

domains

Throughout this subsection, let 2 be an exterior domain in R™ with
smooth boundary 0Q.

We can apply our abstract theorems to the problems for wave equa-
tions with dissipative term in exterior domains (or in the whole space)
(1.4)-(1.5) with Dirichlet boundary condition (1.6) or with Robin bound-
ary condition (1.7).



370 T. Yamazaki

Before stating our results, we introduce some notations. For s > 0,
let

H'®R") = {7 e S®") |(0)f e L*®M |,
with the norm | || ;. = [(€)*f|| 2. For s < 2, let

H®RY) = {f e S®") |Igf € LX®RM },

with the norm || f| 4. = €15 fll L2 (see Bergh-Léfstrém [1, Chapter 6]
and Bourdaud [2]). Let

H*(Q) = {f |39 € H*(R") such that glo = f},

gle =f}-

Remark 4. If 0 < v < n/2, Hardy’s inequality implies the following
continuous embedding:

with the norm ||| . o) = inf { 91l g (g

(24)  LARHCHRY  (v=p+nlz-3)).

S|
N =

for p € (1,2] and p > 0, where
LE(R™) = {u e LP(R™); [Jull = (1 + [&])*u(@)]| » < oo
Let Ap and Ag be operators defined in the introduction of this

paper. The characterization of the fractional powers of Ap and Ag
given by Fujiwara [4] and Grisvard [5] yields the following:

(i) (The Dirichlet boundary condition)
D(A%) ={u € H¥(Q); (-A)*u(z) = 0 on 60
1
for every non-negative integer k such that k < 5 — 1}
1
(for 8 > 0 such that 8 — 1 ¢ Nu{0});
D(A2) ={u € H?(Q); (~A)*u(z) = 0 on Q
for every non-negative integer k such that k < G — i,
and | —|((=A)P~ u(z)|2dz < oo}
a ¢(z)

(for 8 > 0 such that 3 — % e NuU{0}).



Diffusion phenomenon 371
(if) (The Robin boundary condition)
D(A}) ={u € H¥(9); (%u(z) + o(z))(=A)*u(z) = 0 on 6N
for every non-negative integer k such that k& < 5 — %}
(for 8 > 0 such that 8 — Z ¢ NuU{0});

D(A) ={u € H*(Q); (Eu(a:) + o(z))(=A)*u(z) = 0 on HQ

v
for every non-negative integer k such that &k < 8 — 7
1 0u 3
and/— — 4 0(2))(-A)P~ tu(x)2dr < oo
[ 1 Ge + o @N (=AY Fu(a) s < oo)

(for 3 > 0 such that 3 — Z— e Nu{0}).

Taking A = Ap or Agr, Theorem 1 with v = 0 yields the decay
estimate of the difference between the solutions of the dissipative wave
equation and the solution of the corresponding parabolic equation in
exterior domains.

Corollary 1. Let A= Ap or A = Agr. Let 3 be an arbitrary non-
negative number. Let Ty be an arbitrary positive number. Then there
exists a positive constant C such that the following estimates hold for
every (ug,uy) € D(AP{B+1/21}y » D(Amax{0,1/2});

5 1 /b()\"°

=AY ul®) = oDl < Cg5 () (ol + uall o).
for every t > T, where u € ;_g 4 C*([0,00); Hmx{28+1.2}=¢(Q)) s
the solution of the equation (1.4)—(1.5) and v € C1((0,00); H%(Q)) N
C([0,00); L%(2)) is the solution of the parabolic equation (1.8)—(1.10),
with the boundary conditions (1.6) and (1.11) in the case A = Ap, and
with the boundary conditions (1.7) and (1.12) in the case A = Agr re-
spectively.

Next we consider the problem in the whole space. Let
(25) H=L*R"), A=-A withdomain D(A)= H*R")

Then D(AY) = H?>'(R") and R(AY) = H-2'(R™) N L*(R™) for v > 0.
Hence, Theorem 1 implies the decay estimate of the difference between
the solutions of the dissipative wave equation and the solution of the
corresponding parabolic equation in the whole space.
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Corollary 2. Let 3 and v be arbitrary non-negative numbers. Let
T be an arbitrary positive number. Then there exists a positive constant
C such that the following estimates hold for every (up,u1) €
(H?P+Y(R™) N H=27(R™)) x (H#(R™) N H=2Y(R")):
(2.6)

[(=2)2 (ut) = v(®))|

b(t) B+
<0 (D) Guales + ol + Fulloo + -5
Jor every t > Ty, where u € N;—g 1., C*([0, 00); H*T17H(R")) is the so-
lution of the equation (1.4)—(1.5) with & =R", and

v € C((0,00); H2(R™)) N C([0, 00); L2(R™)) is the solution of the para-
bolic equation (1.8)—(1.10) with Q@ = R"™.

Remark 5. Under the assumption (1.22)-(1.23) for monotone de-
creasing function f, the decay order of (2.6) with 8 = v = 0 is same as
that of (1.19) by Wirth.

By taking A = Ap or Ag, Theorem 2 with v = 0 implies the
following estimate of the solution of the dissipative wave equation.

Corollary 3. Let A= Ap or A= Ag. Let 8 be an arbitrary number
such that 8 > % Then there exists a positive constant C such that the

following estimates hold for every (ug,u1) € D(AB‘H/Q) X D(Aﬂ):

s t \7°
l-a)u)],, < c (1 ; W)) (ol gae + 161 | grmtzn—1.0)

for every t >0,

for every B8 such that 0 < 3 < 8+ %, where

u € (Ny—g,1,2 C'([0, 00); H**17%(Q)) is the solution of the equation (1.4)~
(1.5), with the boundary condition (1.5) in the case A = Ap, and with
the boundary condition (1.7) in the case A = Ag respectively.

In the same way as in Corollary 2, Theorem 2 yields the following
decay estimate of the solution of (1.4)—(1.5) with @ = R™.

Corollary 4. Let 3 be an arbitrary number such that 3 > %
Let v be arbitrary nmon-negative numbers. Then there exists a positive
constant C such that the following estimates hold for every (ug,u;) €
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<H25+1(Rn) n H-ny(Rn)) % (HQB(]R") A H—2’Y(Rn)),

-8B
AP, < C (1 n 5(';-)) (ol s + o] g2

(2.7)
+ ||U1||Hmax(2ﬁ—1,0} + HuluH—z“*)

for every t >0,

for every B such that 0 < g < B+ %, where
u € (Nizg.1,2 C'([0,00); H¥TI7H(R™)) is the solution of the equation
(1.4)~(1.5) with Q = R™.

Remark 6. If we take § =0 in (2.7), we have

lu()]] 2

(2.8) t

-
<C <1 + @> (lluoll L2 + lluoll g2v + lluall L2 + sl g-2-)

for every t > 0, where u is the solution of the equation (1.4)—(1.5) with
2 = R™. Hence by (2.4), if ug and u; belong to LF(R") of (2.4) with v
replaced by 27 for 0 < 2y < n/2, then ||u(t, -)|| .2 decays as (1+t/b(t)) 7.
Wirth [10] obtained similar estimate

(2.9)
Hu(®)ll 2

t -y

dr

<1 [ 55 Ouolls + uolloso + furls + )
o b(7)

for every ¢t > 0, under the assumption (1.14)~(1.17) and f;~ ngds = o0.

Estimates (2.8) and (2.9) are equivalent, under the assumption (1.22)-

(1.23) if f is monotone decreasing.

83. Sketch of the proof of Theorem 1

3.1. Reduction of the equations to ordinary differential
equations

Chill-Haraux [3] derived an ordinary differential equation from (1.1)

by using the spectral theorem for self-adjoint operators. We also use

the spectral theorem as in [3]. The self-adjoint operator A is unitarily

equivalent to a multiplication operator on some L? space, by the spectral

theorem (see Reed—Simon [9, Theorem VIIL.4, p. 260]). Namely, we can
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identify H as H = L?(E,du) on a measure space (E, ) and A as the
multiplication operator as follows:

(Au)(§) =a(§)u(§)  ((€E, ueD(4)),
where ¢ is a nonnegative y-measurable function, and
D(AY) = L*(E;(1 +a®")du) for v > 0.
Then the equation (1.1) is equivalent to
{ W(t,€) + bW/ (£,€) + a(§)ult, §) = 0,
u(0,8) = uo(§), '(0,8) =wu(§),

/

(3.1)

for every fixed £ € E, where ' means the derivative by ¢. Also, the
equation (1.2)—(1.3) is equivalent to

(3.2) b(t)v'(t, &) + a()v(t, §) = 0,
v(0,€) = vo(€) = uo(€) + u1(€) f3° exp(— [ b(0)do)ds,

for every fixed £ € E. ‘

Chill-Haraux [3] showed that the restriction of the solutions of (3.1)
and (3.2) with b(¢) = 1 to the region {a(§) > 1/16} decay exponentially
for ¢t > 1 by proving that some energy decays exponentially, and showed
the estimate of the difference between solutions of (3.1) and (3.2) with
b(t) = 1 restricted to the region {a(£) < 1/16}. Here, since b(¢t) decays,
the separating point of the spectrum depends on t.

Since b € C([0,to); (0, 00)), we have infyco 1) b(t) > 0,

SUPye(o,t,) 0(t) < 00 and sup,eq ) 16'(t)| < oo. From these facts and that
f(to) > 0, we can extending the function f and g on [0, 00), such that
(1.21)—(1.26) hold on [0,00) by changing positive constants by and b;.
Thus, we can assume that (1.21)—(1.26) hold on [0,c0). We define the
function A on [0, 00) by

(3.3) A(t) = %bgbgf(tﬂ)? for 0<t<oo
Put
(3.4) o = —-b2by (02

‘ 07 64 072

Then A : [0,00) — (0, X¢] has the inverse function T : (0, Ag] — [0, 00)
defined by

4v/X
T\ =2f71 for 0< X< A,
() f <\/§b0b2> or > A0
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We define the sets G, G_ and Gy as follows:

G-+ ={(t,€) € [0.00) x E;a(€) < A(t)}
(3.5) — {(t,€) € [0,00) x E;a(€) < %o, 0 < ¢ < T(a(€))}
G+ = {(t,€) € 0,00) x E;A(t) < a(¢)}

For each t > 0, put

G-(t):={{eE0<a(f) <
G+ (t) :=={¢€ € E;a(§) = A(t)}-

3.2. Estimate for low frequency

(3.6) A(t)}

In this subsection, we estimate the difference between the solutions
of (3.1) and (3.2) for (¢,£) € G_.
By the assumptions (1.22) and (1.23) and the definition of A(t), we

have
20067 = S03037(¢/2)* > dale)

for (t,€) € G_. Thus, we have
BE)E — 4a(®) > 5b(0)
for (¢t,€) € G_. Put
wi(t,€) : = u/(t,€) + > (b(t) + —4a(©)u(t €),

w(t,6) = w(t,6) + %( (1) ~ VB — da@)u(t,€)

2a(§u(t, )
b(t) + /B(1)? —

=u'(t, &) + 4a(§)'

Here we note that
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We see that (3.1) is equivalent to

(3.7)
wl— (ta é) + b+ (t7 f)w_ (ta E) = d)— tv f) (’LU+ (ta g) - w- (ta E)) t> 07
wi}-(u 5) + b_ (tv f)’w_{.(t, 5) = ¢+(tv 5)(w+<ta 5) - w—(tv 5)) t> 07
w0, =wm(®) + (50) = VF[0) — 4a(®)) uo &),
w(0,6) = () + 5 (5(0) + VE2(0) — 4a(&)) uo(©),
where
be(t,6) = 5 (b(6) + VB~ 4a(E))
_ L (o) - ot —1a@) — 2a(¢)
b-(t,€) := 5 (b(t) = VB —4a(6)) = T AT
b (1)
RO - T

Put

b(t)

% [log + /72 — 4a(€)) £ log /72 — 4a 5)]
b, +d_ = [log T+\T ]

b(0)’

iy
I

b(0)

Wik (t,€) = exp(B(£,€) — B (t,))ws (t,€),
W_(,€) = exp(Ba (t,€) + & (t, €))w_(t,€).

Equation (3.7) is equivalent to

(3.8)
W (t,€) = ¢ (t,€) exp((By — B + ®)(t,€)) W4 (t,€) t>0,
WL(t,€) = —¢4(t,§) exp((B- — By — ®)(£,£)W_(t,§) ¢ >0,
W_(0,€) = w_(0,€) = u1(€) + b_(0,)ue(£), '
Wi(0,8) = wi(0,€) = ur(€) + b4(0,8)uo(§).



Diffusion phenomenon 377
From (3.8), it follows that
(3.9) W_(t,8) =w-(0,¢)

+ / b_(5,0) exp((By — B + ®)(s, )W (s, £)ds,
(310) Wy (t,€) = G(t,€) + F(t,£),
where

(3'11) G(tas) = w+(07 f)

- /0 61(s,0) exp((B- — By — 8)(s,€))dsw_(0,),

12) P =- [ [ or.06-@.em((B- - B - 9)(s.0)
x exp((By — B_ + ®)(0,&))W4(0,&)dods.

Then we can show that

(3.13) P8 < Oy (ua(e) + fur(6))
for (t,€) € G_. By the definition, it can be written as
(3.14)

W4 (tv g)

b(t)? — 4a(€)

= exp [ - / 2a(¢) 4| Mta©)  Gtg)
0 b(s) + /b2(s) —4a(§) ) h(0,a(§)) /b(t)? — 4a(€)

e (- [ 2a(¢) S\ Ata() Pt
" p( /0 b(s) + b2(s)—4a(§)d ) h(0,a(€)) \/b(t)2 — 4a(€)’

where

h(t, \) = (b(t)\/b(t)Q T AN+ b(t)? - 4)\) i

We estimate the difference between the first term of the right-hand side

of (3.14) and t
v(t,€) = exp (— fo 'Z%ds) vo(€).

By using (3.13), we estimate the second term of the right-hand side of
(3.14). By using the integrals (3.9), we estimate w_ (¢, &) itself. Then,
we obtain the following estimates on G_:
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Lemma 1. There exists a positive constant C' such that

wy (t,€) "a($)

Vo ai (- e wee ‘

< C’(l(:((f))2 +a(§)2/0 b(i)3ds) exp (—a(&)/o 5(1;de>
X (luo (&) + [ua ()]

e /t ” exp (- /O ) b(a)qa> dslus ()].

[w-(t,€)]
<c (exp (-% /0 t b(T)dr) +a(é) exp (—a(g) /0 t b(l—s)ds»
X (Juo(&)] + u(é)])

for every (t,€) € G_.

By assumptions (1.22) and (1.23) and the monotone decreasingness
of f, there are positive constants ¢y and C such that

t ! t
i < ), W™ < Oxty

t tl t
i < Jy 5 < O

By using these inequality and the fact that sup,, s” exp(—s) < oo for
every fixed v > 0, the next corollary follows from Lemma 1.

Corollary 5. Let 8 be an arbitrary non-negative constant. There
ezists a positive constant C such that

ol wet8 o [Mal®),Y,
B Wiy R (-1 3) 0(5)’
< Ch(t)P~ P (Jug(€)] + ur(€)])

(3.15)

and

w-(t,€)
Vb(t)? —4a(§)

for every (t,€) € G_.

(3.16)  a(¢)’ < Cb()Pt P (Juo ()] + [ua(€)])
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The sum of (3.15) and (3.16) implies the decay estimate of the dif-
ference between the solution of the wave equation and the solution of
the corresponding parabolic equation for low frequency:

Corollary 6. Let 8 be an arbitrary non-negative constant. There
exists a positive constant C' such that

(3.17)  a(&)®lu(t,€) — v(t, &) < Cb(t) 't (juo(€)] + |ur (€)])

for every (t,€) € G_, where u(t,£) is the solution of (3.1) and v(t,§) is
the solution of (3.2).

3.3. Estimate for high frequency

Let (t,£) be an arbitrary fixed number of G,. Define the energy
function ,

e(7,€) i= 3l (1, )" + Sa@)lu(r, O + bab(e)u(r, T, ),

for 7 > t/2, for some sufficiently small positive constant by. Then by
estimating the energy inequality for e(7, &), we can prove that each so-
lution of (3.1) itself has exponential decay estimate on G .

Lemma 2. There exists a positive constant C' and c¢1 such that

(1 + a(©))|ult, &)1 + [/ (t,6)°

3.18
BI9 - Cexp (calt + 1) (@) lus ) + [ur(6))

for every (t,€) € G4, where u(t, &) is the solution of (3.1).
We easily see that the solution of (3.2) decays exponentially.

Lemma 3. Let Ty be an arbitrary positive number. Let 3 be an
arbitrary non-negative constant. There exists a positive constant C and
co such that

a(€)P (1 + a(€))"?|v(t, &)

1
GBI e (caalt + 1)) (o) + ua(©))2,

for every (t,€) € {(t,€);(t,a(&)) € Gy,t > To}, where v(t, &) is the
solution of (3.2).
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3.4. Proof of Theorem 1

Let t > Ty be an arbitrary fixed number.
We first prove the inequality (2.1) for v = 0.
Integrating the square of (3.17) on G_(t), we obtain

1/2
a 28 u - 2
(3.20) (/geg(t) (6 u(t, &) —v(t, &)l d;%)

< Cb(R) L (Juol| + [fuall) -

Integrating (3.18) multiplied by a(¢)?? on G, (t), we obtain

1/2
a 28 a u 2 u/ 2
(3.21) (/E€g+(t) &) ((1 + a(§))u(t, &)1 + [u'(t, &) )dﬂg)
< Cexp (*02—1(75 + 1)9> (||u0||ﬂ+% + ”uluﬁ) )

Integrating the square of (3.19) on G, (t), we obtain

1/2
< / a(€)*(1+ a(é))lv(t,§)|2dﬂg)
EEGL(t)

< Cexp (—ca(t +1)%) (|[uoll + [Jusl)-

(3.22)

Summing (3.20), (3.21) and (3.22) up, we obtain (2.1) with v = 0.

Next, we consider the case v > 0. We apply the result (2.1) to initial
data 4o and @;. Let @(t) and ©(t) be solutions of (1.1) and (1.2)-(1.3)
with ug and u; replaced by g and @, respectively. Inequality (2.1) with
B and v replaced by 8 + v and 0 yields

[t - v,

B+
< Ct_bl(t_) (”(t_t)) (ol g sz + ol + lurlly + 1))

(3.23)

Since A74(t) = u(t) and AY9(t) = v(t), the inequality (3.23) implies
(2.1).
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