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Abstract.

The Cauchy problem for a coupled system of Schrédinger and im-
proved Boussinesq equations is studied. Local well-posedness is proved
in L>(R™) for n < 3. Global well-posedness is proved in the energy
space for n < 2. Under smallness assumption on the Cauchy data, the
local result in L? is proved for n = 4.

§1. Introduction
We study the Cauchy problem for a coupled system of Schrédinger
and improved Boussinesq (S-iB) equations
. 1 '
(1) 10u + EAU = vu,
(2) 02v — Av — Ad?v = Alul?,

where u and v are complex and real-valued functions of (¢,z) € R X
R", respectively, and A is the Laplacian in R™. The system (S-iB) is
regarded as a substitute for the Zakharov (Z) system

. 1

10 + §Au = vu,

v — Av = Alul?.
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See [8] for discussions on this subject. We refer the reader to [1, 4, 6,
10, 11, 12, 16] for the Cauchy problem for (Z). Especially, in [11,12]
global well-posedness below energy space is proved for (Z) in one space
dimension. For topics related to (S-iB), see [3, 9, 13, 14] and references
therein. Function spaces for (S-iB) as well as (Z) are naturally built in
the form of product spaces with components (u, v, 3;v). In [15] existence
and uniqueness of solutions to the Cauchy problem for (S-iB) with n = 1
is proved in H2@H?® H? for local solutions and in H*@H?G(H? N H™1)
for global solutions, where H® = (1 — A)~*/2L? is the Sobolev space of
order s and H® = (—A)~%/2L? is the homogeneous Sobolev space of
order s.

The purpose in this paper is to prove local well-posedness of the
Cauchy problem for (S-iB) in L2 @ L? & L? for n < 3 and global well-
posedness in H1' @ L2@ (L2 (VH 1) for n < 2. Moreover, the local result
in L2 @ L? @ L? is shown below for n = 4 under smallness assumption
on the Cauchy data.

To state the main result precisely, we introduce basic notation. With
Cauchy data (up,vo,v1) € L? ® L? ® L? we consider (S-iB) in the form
of integral equations

(3) u(t) = U(t)uo—z'/o Ut —t')(vu)(t")dt',
4) o) = K(t)m+K(t)vo+/OtK(t—t’)(wz}u|2)(t')dt’,

where U(t) = exp(i(t/2)A), K(t) = wlsintw, K(t) = costw, w =
(1 — A)~1/2(—A)Y2. In connection with Strichartz estimates, we study
the integral equations (3) and (4) in the function spaces:

>

—~

b~

=
|

(L1 L) ()L (1; L?)) @ L*°(1; L?) @ L=(I; L?),
xnea;L* e L? & L?),

N<
~—~
~
e

I

where I C R is an interval.
Theorem 1. (1) Let n < 3. For any (ug,vo,v1) € L> @ L? @ L? there
exists T > 0 such that (8) and (4) have unique solutions (u,v) such that
(u,v,0pv) € X(I) with I = [-T,T]. Moreover, (u,v,8v) € Y(I), 8}v €
C(I; L?), and the map (ug,vo,v1) — (u,v, Opv) is locally Lipschitz from
L2 L2 L? to X(I).

(2) Let n = 4. Then there exists ¢ > 0 with the following property:
For any ¢ with 0 < € < ¢ and any (ug,vg,v1) € L? & L? © L? with
(| (w0, vo,v1); L? & L? @ L?|| < ¢ there exists T > 0 such that (3) and
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(4) have unique solutions (u,v) such that (u,v,dw) € X(I) with I =
[-T,T). Moreover, (u,v,8v) € Y(I), 8%v € C(I;L?), and the map
(uo,vo, v1) — (u, v, 8:v) is locally Lipschitz from the closed ball of L? @
L?® L? at the origin with radius € to X (I).

Remark 1. The local existence time 7" in Theorem 1 depends only on
lluos L2, [lvo; L2|1, [loy; L?[f, and n.

To study regularity properties of local solutions given by Theorem
1, we introduce the following function spaces with integer m > 1:

Xm™I) = (LS™IHP) (L™ H™) @ L H™) & L®(I; H™),
Y™I) = X™(I)(\CU;H"@H™@H™),

where H* = (1 — A)~™/2LP, H™ = HJ".

Theorem 2. Let (ug,vo,v1) € L2 ® L2 ® L2, Let (u,v) be solutions
with (u, v, 0v) € X(I) given by Theorem 1.

(1) Let m > 1 and let (ug,vo,v1) € H"®H™ ®H™. Then (u,v,0v) €
Y™(I).

(2) Let m > 1 and let {(uék),v(()k),vgk))} C H"@® H™ & H™ satisfy
(u(()k),vék),vgk)) — (ug,vo,v1) in L2OL?®L? ask — oo. Let (u® vk)
be the corresponding solutions of (3) and (4). Then (u® p® k)
Y™(I) and (u'®),v®) 30y — (u,v,9) in X(I) as k — cc.

Remark 2. Theorem 2 ensures that existence time of local solutions
in X(I) can be taken independent of order of Sobolev space.

Concerning the global existence of finite energy solutions, we have
the following result.

Theorem 3. Letn < 2. Let (ug,vo,v1) € H' ® L* ® (L2 H™") and
let (u,v) be solutions such that (u,v,8v) € Y(I) given by Theorem 1.
Then the local solutions extend to the whole time interval and satisfy

ue LM (R HY (CR; HY),

v e C*(R; L?),
B e C(R; L*(H™).

Moreover, ifn =1,

(u,v,0) € L°(R; H' @ L> @ (L*(H 1)),
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Remark 3. The space H' @ L? @ (L?(\H~!) is the natural energy
space for (S-iB).

Remark 4. Smallness conditions are not necessary for n = 2. This is a
significant difference in view of related equations such as the Zakharov
and nonlinear Schrédinger equations [1,10,16,17].

We prove Theorem 1 in Section 2. The method of the proof depends
on a direct use of the Strichartz estimates for construction of local solu-
tions to (3) and (4). We do not use an equivalent system of equations
as in [4,10,15]. We prove Theorem 2 in Section 3, following [10]. We
prove Theorem 3 in Section 4. The method of the proof depends on a
compactness argument and on a priori estimates.

§2. Proof of Theorem 1

In this section we prove Theorem 1. For simplicity, we consider
the Cauchy problem for positive times since the other case is treated
similarly.

Let (ug,vo,v1) € L2 ® L? @ L2. For (u,v,0v) € X(I) with I =
[0,7], T > 0, we define

N(u,v) = (N1(u,v), Na(u)),

where
Ni(u,v) = U(-)up —iG(uv),
No(u) = K()vi+ K()vo + H(w?ul?),
@ne = [ ve-orear.
HA®) = [ K@)t

0

We look for local solutions to (3) and (4) as fixed points of the
mapping N : (u,v) — N(u,v) on a closed ball in
(L3/™(I; LYY N L™(I; L?)) @ L*°(I; L?). For that purpose we use the
Strichartz estimates of the following form.
Proposition 1. [2,5,7] Let n,q;,7;, j = 0,1,2, satisfy 0 < 2/¢q; =
n/2 —n/r; < 1 with the exception (n,q;,7;) = (2,2,00). Then the
following estimates hold:

|U(-)¢; L (R; L™)|| < C||; L2,
|Gf; LO(I; L™)|| < C|\ f; L%(I; L)),
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where C is independent of ¢, f, I =[0,T], and ¢’ is the dual exponent
to q defined by 1/q + 1/q' = 1. Moreover, for any ¢ € L? and f €
L% (I; L"), U(-)¢ € C(R; L?) and Gf € C(I; L?).

For R > 0 we define the closed ball

Br(R)
= {(w,v) & (L™ LY (| LI, L%) © L=(F; L%);

(o)l = llus LMLV flu; LAV Ilv; LE(L2)] < R},

where a V b = max(a, b).
For any (u,v) € Br(R) we estimate Ny(u,v) in L¥™(I; L*)N

L>(I; L?) as
(5) 1N (u,0); L™ (LY () L (L))
1Ny (w, v); L ™ (L) V | N3 (s, 0); L (2
Cllug: L*| + Cluv; L/~ (L4%)]

Cllug; L2 + CT*=/4|lu; L™ (L)l |v; Lg>(L?)]]
Clluo; L?|| + CT™/4R2.

IN N IA

Similarly, for any (u,v), (u',v') € Br(R),

(6) N1 (u,v) — Ny(u',o'); Ly (LY () L (L)
IG((u — 'y + (v~ v"); L™ (L4 () L (L)
< OT Al — oy L™ (LY |lvs L (L))

s LY (LA |v - v's LE(L)])
CT'="/4R]||(u,v) — (', v)]]]

il

IN

We estimate Na(u) and Na(u) — Nao(u') as

(7) N2 (w); L (L2) |

T||vy; L2|| + Ivo; L2 + flw|ul?; LE(L2)||
TJvs; L2 + [lvo; L2 + [[lul%; LE(L2)||

T||vg; L2|| + fvo; L2|| + T /4 |lu; L™ (L))
Tloss L[| + ffuo; L% + T'~"/*R?,

VAN VAN VAN VAN
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(8) IN2(u) — Na(u'); L (L2))|
< lw(ul® = ['[2); LHL?)
< lul? - )% LEEP))
< T4 (s LY I + s LY I ) u — o LY (LY
< CT""™*R|||(u,v) — (', )]

Collecting (5)—(8), we obtain

©)  IN(w )| < C(luo; L[| + Jvo; L|| + Tllvs; L*) + CT*™/*R?,
(10) [[IN(u,v) = N (', 0)||| < CT**R|||(u,v) — (u',)]||

It follows from (9) and (10) that N leaves Br(R) invariant and is a
contraction provided that

T<1,
C(lluo; L2[| + |lvo; L?|| + [[v1; L?|)) < R/2,
CT* ™R < 1/2.

This implies the existence of local solutions to (3) and (4) in Br(R) with
T > 0 sufficiently small for n < 3 and with T, R > 0 sufficiently small for
n = 4. Uniqueness of solutions in (L3/™(I; L*) " L>°(I; L?)) ® L>(I; L?)
follows from similar estimates in the standard argument. Regularity in
time of solutions follows from (3), (4), and Proposition 1. Continuous
dependence of local solutions on the Cauchy data follows in the same
way as above.

§3. Proof of Theorem 2

Local existence of solutions in X™([0,T]) with T depending on
llwo; H™|l, llvo; H™||, |lvi; H™| follows in the same way as in the proof
of Theorem 1 with the bilinear estimates

Cllw; HY |[[|vs H™ ],
Cllu; H*||||v; Hi™ -

luo; Hijsll <

Juws H™| - <
By Proposition 1, we have (u,v,dv) € Ym([O,T]). Let Tyax be the
maximal existence time of solutions (u,v) with values in H™ @& H™. In
the same way as in the proof of Proposition 3.3 in [10], we see that
T < Tiax-
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§4. Proof of Theorem 3

We first prove the following
Proposition 2. Letn < 2. Let (ug,vo,v1) € H*®H*©H? and let (u,v)
be solutions of (3) and (4) with (u,v,dw) € Y2(I) given by Theorems 1
and 2. Then:
(1) The following conservation laws hold for allt € I:

lu(t); 2|l = lluo; L?|l,  E(t) = E(0),
where
E(t)
- %(IIVU(t);LQII2 + o) L2I? + lw™ 0p(t); L2|1%) + (v(t), [u(t)}?)

and (-,-) denotes the scalar product on L2.
(2) There exists a positive constant C depending only on |lug; H1||,
llvo; L), lvi; LEOH ™Y and T, such that

llus LI HY Y Jlos L2 (L5 L2V lw ™ 8oy L®(1; L?)]| < C.

Proof of Proposition 2.

Since the solutions in question are H 2-solutions, formal proofs of
the standard conservation laws are justified as they are. Therefore we
omit the details and proceed to the proof of Part (2). The main task
here is to obtain a priori estimates of local solutions (u,v,dv) € H! &
L2 @ (L2 H1) from two conserved quantities in Part (1).

By the Gagliardo-Nirenberg inequality and the conservation law of
the L2-norm, we have

O A T 9 A e
1
< gl L2 + s 1Y
1 a—
< gl 2+ Clus L2 Vs L2

1
710 L2117 + Clluo; L2 Vs L7

If n = 1, then the RHS of the last inequality in (11) is bounded by

1

1
7103 L2112 + 1903 L2 + Clluos L2
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and therefore
1
Z(IIVU; L2 + Jlv; L)) + o™ '0pw; L2]|?)

E(0) + Clluo; L?|1°
C(IIVuo; LI + flvo; LI + [lw ™ wr; L2[1* + [|uo; L),

[VARVAN

which provides the required a priori estimate.
If n = 2, then instead of (11) we estimate

(v, [ul®)] < Cllo; L2|[||us; L2||| Vu; L
1
< ZIIVU; L?|1? + Clluo; L?|?||v; L?||?
and therefore
1
(12) Z(IIVU;L.QII2 + v L% + [|w™ ' 0pw; L2||?)

< E(0) + Clluo; L??|lo; L2|12.

By the trivial estimate
t
I3 L2 < lloos 2 + | 100w L2 ds
0
and the Schwarz inequality in time, we have
t
(13) lv; L2||* < Cllvo; L?||* + CT/ [|8sv; L?||%ds.
0

By (12) and (13), we have

(149) oL < |19hv; L2 + Gev; B
= w0 L7
< CE(0) + Clluo; L*||?||vo; L?||?

t
+ OT |fug; L*)? / 1805 L2 %ds.
0

By the Gronwall lemma applied to (14), we have

(15)  [[8r; L2|I* < C(E(0) + lluo; L*||?[lvo; L*[|*) exp(Clluo; L*|*T?).
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Collecting (12), (13) and (15), we obtain -

IV L2 + |[v; L2 + ||w ™ Bpv; L2
< CE(0) + C|luo; L?|)?
“(llvo; L21? + CT*(E(0) + Clluo; L?||*||vo; L*[|?) exp(Clluo; L*||*T?))
<C(Vuo; L2 + |luo; L?|*||vo; L2|1* + |lvo; L[| + ||vy; L? ﬂH_1||2)
(1 + [luo; L?|I*T? exp(Cluo; L?||°T?)),

which provides the required a priori estimate for n = 2.

Proof of Theorem 3.

Let (uo,vo,v1) € H' @ L2 @ (L?(VH™') and let (u,v) be solutions
such that (u, v, dyv) € Y(I) given by Theorem 1. Let {(u((,k),vék),vgk))}
be a sequence in H2®H2@® H? such that (ul®, v{", v{*) = (ug,vo, v1) in
H'@L?a (L2 H') as k — oo and let (u®), v(®)) be the corresponding
solutions such that (u®), v(*) 9,0(*)) € Y'2(I). By Proposition 2, we see
that there exists a constant C' depending only on |jug; HY||, |jve; L?||
|lv; L2 H Y|, and T, such that

sup(J|lu®; L°(I; HY)|| v [jo®; Lo°(I; L) |
k>1

Viw™ta,0®: L(I; L)) < C.

By a compactness argument and uniqueness, we conclude that u €
L>®(I; H') and w™'0;w € L*(I;L?). Moreover, we have the conser-
vation law of the L? norm ||u(t); L?|| = ||uo; L?|| for all ¢ € I and energy
inequality FE(t) < E(0) for almost all t € I. By the continuity of u
with values in L2, the boundedness of u with values in H! implies that
u is weakly continuous with values in H' and that energy inequality
holds for all t € I. By the time-reversibility and uniqueness, the energy
inequality turns out to be equality for all ¢t € 1.
By the equation (2) we have

¢
w o =wly — w/ (v + [u)?)(t)dt’
0
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so that the continuity of w™18;v in L? follows from
lw™ 1o (t) — w™tw(to); L?||

B H“’/ (o 4 ()t 27
ue); L4

to

lo(t"); L?||dt’

to

— 0

AN

+

as t — tg since (u,v,d;w) € X(I). Then the energy conservation law
implies the norm continuity of ||Vu; L?|| and therefore Vu € C(I; L?).

Now by taking the limit of a priori estimates from Proposition 2,
we have a priori estimates for (u,v,8v) in H' @ L? ® (L?*(H~'). This
ensures the global existence with values in the last space by the standard
argument.
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