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Semi-classical analysis of the Hartree equation
around and before the caustic

Satoshi Masaki

Abstract.

We consider the asymptotic behavior of the solution to the semi-
classical Hartree equation in the limit of short wave length, with an
initial data which causes focusing at a point. It is known that there
exists a critical index which indicates whether or not the asymptotic
behavior reflects the effect of the nonlinearity in the neighborhood of
the caustic. Investigating time range where the nonlinear effect ap-
pears, we improve previous convergence results. In particular, we show
that the solution behaves as a free solution before the caustic in some
super critical cases.

§1. Introduction

This paper is devoted to the study of the asymptotic behavior of
the solution to the semi-classical Hartree equation

1
10, u° + §E2Au5 = Ae(|z| ™7 * [uf|2)us,

(HE?) 2
uftzo(x) = e "% f(z).
as positive parameter € goes to zero. Here u® is a complex function de-
fined in n + 1 dimensional space-time, 9; denotes the time derivative, A
denotes the Laplace operator in R™, and A is a real constant. The initial
datum f belongs to ¥ := H! N F(H!), where F denotes the Fourier
transform. a and ~ are two positive constants, which characterize the
size of nonlinearity and the long distance behavior of interaction, respec-
tively. In particular v distinguishes between the short range case and
the long range case.

In three dimensions, for the case where we convolute with the New-
tonian potential |z|~!, the Hartree equation is the Schrodinger—Poisson
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system:
1
iedu® + 562Au5 = Vus, (t,z) € RIS
(1.1) AV — |ue'27
U = Ug-

This equation arises typically if we consider the quantum mechanical
time evolution of electrons in the mean field approximation of the many
body effect, modeled by the Poisson equation. The parameter € cor-
responds to the Planck constant and the limit ¢ — 0 is known as the
semi-classical limit. It is relevant when coupling quantum models to
classical models.

Up to a constant, the equation (1.1) is equivalent to the Hartree
equation

) iedus + %52Au5 = (J| =1 * [uf|2)us,

£ — €
Ufy_g = UG-

We restrict our attention to the case that initial data have the form
ug = 60/26—1'2/26'}(‘7 where f is independent of € and o > 1. Note
that “small data” is equivalent to “small nonlinearity”, since, denoting
£7%/2y* by again u®, we see that (1.2) becomes

1
ie0u® + =2Au® = e*(|z| ! * [uf|?)us,
) o gt = e (el e uf)
Uf_g = e 2= f.

Now, we will consider the semi-classical Hartree equation (HE®) which
has more general nonlinearity.
One seeks in general a solution of the form

¢(t;w)),

(1.4) ut(t,x) ~ U (t,x,

for some profile U independent of . The phase ¢ solves an eikonal
equation. Since the initial datum of u® has quadratic oscillation, ¢ has
a singular point, where the asymptotic expansion of geometrical optics
ceases to be valid ([C1]). This phenomenon is well understood for linear
equations. However, for a nonlinear equation, few results are available.
In general, it is known that there exist two distinct notions of critical
index depending on the equations, the nonlinearity, the amplitude of the
initial datum and the geometry of propagation. One critical index tells
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us whether or not the nonlinear term is negligible outside the caustic,
and another one tells the same argument near the caustic. In the case
of Hartree equation, the first distinction is whether « is greater than 1
or not, and the second one is whether a is greater than v or not. Such
distinctions were proved by Joly, Métivier and Rauch ([JMRA4]) for some
nonlinear wave equations, and by Carles ([C1, C2]) for some nonlinear
Schrédinger equations. In particular, Carles and Lannes present a gen-
eral formulation, and apply it to Hartree equations and Klein-Gordon
equations ([CL]).

The aim of this paper is to improve the results of [CL]. We treat
only the case a > 1 (“ linear propagation ”, see [C1, CL}). Roughly
speaking, in [CL] they introduce the scaling

£ 3

t—1
(1.5) us(t @) = e7M2ys <—£>
and consider the equation for ¢*:

00 + 3 A = X (Jal [,
¢ﬁf=—1/s(1:) — 5n/2e—ism2/2f(5$).

Note that the equation of ¢)* has no parameter in its linear part, and
the size of the L? norm of its initial data is independent of . Therefore,
it seems to be natural that if @ > v, the nonlinear term is negligible,
and that if @ = v, it is not negligible, which follows from the results
on (usual) Hartree equations. Moreover, since (t — 1)/e goes to —co (if
t <1)and oo (if £ > 1) as € — 0, the nonlinear effect near the caustic (it
causes the change of asymptotic behavior) is described by the scattering
theory in the case a = . However, this argument is not suitable for
the case o < v since the right hand side of the first line of the equation
(1.6) diverges to oo as € — 0. Obviously, strong nonlinear effect should
happen.

Our strategy is based on a converse idea, that is, we shall adapt the
methods of usual Hartree equation to the original equation (HE®). It
enables us to prove the convergence of the solution u® to a free solution in
a stronger topology than that in [CL] (see Theorem 3.5 and Remark 3.6).
Moreover, we can prove that the solution behaves as a free solution also
in some supercritical case (the case o < : Theorem 4.1). As above, in
supercritical case we encounter very strong nonlinear effect. Therefore,
the description of caustic crossing and the asymptotic behavior beyond
the caustic are difficult (Remark 4.4).

This paper is organized as follows. In section 2, we collect a num-
ber of definitions and preliminary estimates. We shall then study the

(1.6)
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existence theorem and the asymptotic behavior of solutions in sections
3 and 4. We treat the case a > v (“linear caustic”) in section 3, and the
case a < v (“nonlinear caustic” and “supercritical caustic”) in section
4 (for the terminology, see [C1, CL]).

§2. Preliminaries

2.1. Scaled Strichartz estimate and time decay estimate

In this section we summarize some elementary facts on semi-classical
Schrédinger equation, which will be used in the following sections. Let
us first consider the free semi-classical Schrodinger equation

(2.1) (g0 + (1/2)e*A)u = 0.

This equation is solved by the use of unitary group U¢(t) = exp(i(ct/2)A).
That group can be written as

(2.2) Us(t) = M=(t)D(et) FM=(1),
where

(2.3) Mc¢(t) = exp(iz? /2¢t),
(2.4) D)(z) = (it) ™/ 2p(x/t)
Obviously, it holds that

(2.5) U= (t) = Uy(et),

where Up(t) = exp(itA/2) is a usual Schrédinger group which solves
(B + (1/2)A)u = 0.

Therefore, one can easily observe that U¢ inherits many properties of Uy.
We make an essential use of the following scaled Strichartz inequalities.
It is a scaled version of well known estimates on Uy. Before stating
the details, we make several definitions. For real number r, we use the

following notation:
1 1
o(r) = - —=
(r)i=n (2 r) ’

where n denotes space dimensions. A pair of real numbers (g,7) is said
to be admissible if 2 <r <2n(n—-2) 2<r<ooifn=1,2<r<oif
n = 2) and

Note that (00, 2) is admissible for any n.
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Proposition 2.1 (scaled Strichartz inequalities).
(1) For any admissible pair (q,r), there exists C, such that

1
e1 || U (t)ullpo;Lr) < Crllull 2.

(2) For any admissible pairs (q1,71) and (¢2,72), and any interval
1, there exists Cy, r, such that

1

1
gn < Cryrpe @2 ”FHLq’z(I;L'r'g)'

Lai(I;Lm1)

/ US(t — s)F(s) ds
IN{s<t}

The constants above are independent of € and I.

From (2.2), the following formula are obtained by elementary com-
putations

(2.6)  US(t— 1)§UE(—t +1) = f it — 1)V
= M=(t — 1)i(t — 1)VME(—t + 1).

We denote this by J¢(¢). Namely,
(2.7) JE(t) = g +i(t — 1)V.

Je(t) is the Galilean operator which is adapted to our scaled problem,
and has the following properties: .

e commutation property
€ . 1 2
J (t),’LEat + 55 A =0.

e the modified Sobolev inequality
_ 1-6 e 110(r
el < Clt = 11750 ul| 2 Tul| 35

for r which satisfies 0 < §(r) < 1.

Combining the modified Sobolev inequality and the Gagliardo-Nirenberg
inequality, we obtain the following time decay estimate.

Proposition 2.2 (time decay estimate). Let r satisfy 0 < 6(r) < 1.
Then

lullz- < Cle + [t = 1) 72 Jul|12°7) (leVul| 2 + | T5ul| £2)°

for all t € R.
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2.2. Estimates on the Hartree type nonlinearity
The following estimates are useful for the Hartree type nonlinearity.

Proposition 2.3. Let r,s; satisfy 0 < §(r),d(s;) <1 (1 =1,2,3),
0 <y <min(4,n). Then

[l * (viv2))vsll o < flvilles Jvallzez ||vs] Lo,

where
0<d(r)+6(ss) =~ —46(s1) —d(s2) <.

Proof. By the Holder and the Hardy-Littlewood-Sobolev inequali-
ties, we obtain

(|21 ™7 * (v1v2))vsl Lo < [l * (viv2)|lm flus(izes
< lvillzsa vzl nez [Jvall Les,
provided
1 1 n
(5(7") +5(83) =n (p - g) = E
(2 (T Y )= _
=n (n + <S1 + 32> 1) =y —46(s1) — 6(s2)
and 0 < 1/m < v/n. Q.E.D.

If 5(r) + 6(s3) = 0, the above proposition fails. Therefore, we use the
following one in place of it.

Proposition 2.4. Let 0 < v < 2 and n > 0 be sufficiently small
such that 1y satisfy 0 < 6(ly) = (yxn)/2 < 1. Then we have

(127 (viv2))ll > < C\/llvlllL{+ loall e Nvall ey lloall e

Proof. We estimate by the Hélder inequality

|27 % (niv2)] < Iz x(l2] < @)} * (vrv2)]
+ [{lz17"x(|z] > a)} * (v1v2)]
< Clavall g llvall s + a7 Jon]l o ffvzll o)

By minimizing the right-hand side with respect to a, we have

R C\/||U1||Ll+ ||U1“L’— ||U2||Ll+ H'UZHL‘— .

Q.E.D.
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2.3. Conservation laws and a priori estimates

Next we see basic conservation results. Multiplying (HE®) by @°,
integrating over R", and taking imaginary part, we obtain conservation
of charge

(2.8) Allus(t)||22 = 0.

Next, multiplying the equation by 0;u?, integrating over R™, and taking
real part, we obtain conservation of energy

(2.9) HE(us(t)) = 0,

where the energy F is given by

(2.10) E(u) = |eVus |2, + G(uf)
with

UE — o T —7* g2 £12 .
(2.11) G(u) = Ae /Rn<|1 ) 2

From above conservation laws, we deduce a priori estimates. From (2.8),
(2.12) sup [[u®(t)]| 22 = [lu(0) ]} = [ fllz2

teR
Note that it is independent of £. Secondly, we obtain

22 _
B(u () = B (0) = [eVe 5 £+ 2e [ (laf™ w17 P) P
< Cllzfllfe + CE¥|V T2 + O fIL-
by (2.9) and Proposition 2.3 with §(r) = v/4. If A > 0, we deduce that

(2.13) sup [leVus(t)ll2 < C(A || flls)-
e<1,teR

2.4. Function spaces

At the end of this section, we introduce several function spaces. For
an admissible pair (g,r) and an interval I C R, we define

S={¢eH :|gllx = gl + lxdr2 < oo},

() ={¢ € LY, L") : [|¢llser () = 1Nl Lar,Lr)
+ 1eV@lLacr,ory + 1I°@llLa(z,Lry < 00}
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And, for an interval I C R and p > 0 we define the spaces X*(I) and
X5(I) as follows.

X(I) ={¢ € CU,L?): [|¢]|x-1) < 0},
Xs(I)={6€CU,L* : ||¢lx-r) < p}»

where ]
H : ”XE(I) = sup EEH . ||ZE,7‘(1).
(g,r):admissible
We multiply /¢ to || - ||se.a(r) for the reason of adapting them for the
use of scaled Strichartz inequalities.

Remark 2.5. If n = 2 then the pair (2, 00) is not admissible. There-
fore, we understand that the above supremum is took over all admissible
pairs (g, 7) which satisfy 2 < r < rg for a fixed sufficiently large ro. We
also note that the endpoint Strichartz estimates hold for n > 3 ([KT]).

83. Linear Caustic

3.1. Existence Theorem

Theorem 3.1. Letn > 2, a > v, and a > 1. Assume that if v =1,
v is any positive constant and if v <1, 0 < v < (a—1)/(1~). We put

I R ifv>1,
T 1= CoemY, 14+ CoeY]  ify< 1.
[ ¥

Then for any f € X there exists e* = *(||f; 2|, &, v, v, Co) such that

(HE®) has a unique solution in X(I) for all € satisfying 0 < & < &*.
Here, Cy is a positive constant.

Its proof is done by contraction argument. We first rewrite (HE®)
to an integral equation, that is

¢
(IHE®) w®(t) = U (t)ufo — ixe® ! / Us(t — s)(Jz| ™7 * [uf|?)us (s)ds.
0
Now, let us denote the right hand side of (IHE®) by F(u®). We shall

show that F' is a contraction map from X<(I) to itself with suitable
choice of I.

Lemma 3.2. Under the assumption of Theorem 3.1, there exist two
constants p and €* such that F': X;(I) — X (I) for 0 <e <e”.
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Proof. What we have to show is that the norm E%HF(UE)HZEJ is
bounded by p for all admissible pair (g, ).

Step 1. Let us start with estimate for the norm of F(u®). Let
(q1,71), (g2,72) be admissible pairs. From scaled Strichartz estimate,
we have

(3.1) e [|F(u)]| por (1:) < C|lf |12

—~1-L _
+ O TR (| 0 Pl oy g

From technical reason, we can not treat entire range of v at once. So,
we first consider the case v > 4/3. We let I = R and choose 72 so that
8(ra) = /4, then gy = 2/8(ry) = 8/7y. Now, we estimate L™ norm in
(3.1) by Proposition 2.3.

(Il s )] oy, < CllulTe x uf x,s

where :
6(r2) + 8(k) = v — 24(k),
that is,
. 0
(k) = 8(r2) = 1

Applying time decay estimate to ||uE||%k, we can derive time decaying
term:

— € e — e2—3%
(3.2) NI(lel™ * [uP)u 1oy < Cle+ [t = 1)) 7 w72
x (leVu| g2 + |75 (0)usl| L2) # u” i

Taking L% (R) norm in time, we have
(3.3)

(ol = Pl g < © [+ e-107Far) et

x (leVullpere + 170 e r2) 2 lwl| s

L Lk
where 1/g5 = 1/y+/8, that is, y = 4/(4 — ). We denote LI(I : L") by
LILT, for short. If yy/2 > 1, the integral in right hand side of (3.3) is
convergent. This condition is equivalent to v > 4/3, which we impose.
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Therefore,

¥

(3.4) (/R(eﬂt—u)—%idt)% _ (2/0m(s+T)“%dT) ’

< CeEETVET — el
From definition of function space X°, we have

ol 5, << (Bl x ) <o ulxe

t x t £

Then, from (3.1) and (3.3) we obtain

Cllfllzz + Ceo 1% x &7 87|juf}e g

Cllfllze + Ce*[|ull}- -

1
(3:5) e |[F(u)llpa L)

NN

Next, let us consider the case 1 < v < 4/3. We assume I = R, and
choose 75 = 2, then gz = co. We estimate the L? norm by Proposition
2.4.

(277 Ju ) usfl e < (277 % fu ) o u®l e
< Cllufl g Null - Null 22,

where {3 satisfy 6({1) = (v £ 7)/2 with » > 0. 7 is so small that
0 < 6{l+) < 1. Note that §(I4+) 4+ 6(I=) = v. Then, we can derive time
decay effect from |[u®|/;., as previous case:

_ _ 2— (8l )+8(1 -
ull oy ull g < C(e + [t — 1)~ OUD+H8ED) =) 220 +00-)
x (eVu L2 + | T8 (t)us || g2) 2 +00-)
=Cle+ [t — )72 eVl o2 + T (E)us( 12)

Therefore,

(3.6) (™" [u[*)usllr2 < Cle + [t — 1) 7luf)| 327
(eVusllze + [[J5(#)u(i2)"

Taking L'(R) norm in time,

(B.7) (2l ™ * P 2 < C ( /R e+t - 1|>-th) 13
x (leVull gz + 15Ol 12)7-
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Since we assume v > 1, the integral is convergent and bounded by
Cel=". So, from (3.1) and (3.7), we conclude

L a—
(3.8) en [|F(u®)||poar ;) < C fllz2 + Ce ’YHUHXE(R)

Let us proceed to the case 0 < v < 1. The choice of r; is the same
as previous case 1 < v < 4/3, that is (¢2,72) = (00,2). We can obtain
estimate (3.6) in the same way, however, the time integral in (3.7) does
not converge with I = R. Therefore we set

(39) I= [1 - C()E-V, 14 005_V],

where Cy and v are positive constants. Then, there exists some constant
C such that

Cle+Coe™)=7 ifo<y<1

(3.10) /1 <E+|t—”>‘”dt<{cnog@woe—"n ify=1.

Note that we can suppose ¢ < Coe™ and Cpe™ > 1 for small e.
Combining (3.1), (3.6) and (3.10), we obtain

L 14
(3.11)  e® |F(u)llpor (150m1) < Cllfllpz + Ce* 0wl %e
for 0 < v <1, and

(3.12)
e | F(u®)|| par (1;m) < Clfllpz + Ce® | log(2Coe ™) - Jlufl%=ny

for v = 1.

Step2. We estimate eVF(u®). Since the operator €V commutes
U¢(t), it is obtained from (IHE®) that

) .

eVF(u®) = Us(t)(evwlst:o)—i)\aa_l/ US(t—s) (eV (2|77 *|uf|?)us(s))ds.
0

Therefore, for admissible pairs (g1,71) and (g2,72), we deduce that

2
(3.13) e |eVF(uS)|| Lo (1izr1) < ClleVe™ /2 f| 12

_1--——— -
+ 0w eV (a7 * [t ) g g4,
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by scaled Strichartz estimate. One easily verifies by elementary compu-
tations that

(3.14) 1eVe™ /2 f|| 12 = ||(—iz + eV) f]| 12
< efllLe + eIV F 2

and

(3.15) |eV(|z|™" = |u5|2)u€| < |(Jz|7 * 2Re(ufeVu©))u®|
+ (|77 * |uf?)eVus].

We first consider the case v > 4/3. We choose 73 so that d(rg) = v/4
and estimate the L™ norm in (3.13) by Proposition 2.3:

s <[] 77 * 2Re(weVu))u|,
(77wt )e V| oy

< 3J|ufl|7x lle Ve,

(3.16) eV (|27 * [uf|*)u

where k satisfies (k) = v/4. Note that ||ul|3, appears in (3.16). This is
the only term which produces time decay effect in Step 1, and now we
have it. Therefore we can obtain

(3.17)

_ _z 7
€9 (t = 5 W2y < CM e (3P0 gy )
in the exactly same way. Now, since we have

(5% ||5VU6|fL8/v(R;Lk)) <l x= m)

from the definition of X¢, we conclude from (3.13), (3.14), and (3.17)
that
(3.18)

e |[eVF (uf)|| par riprt) < Cllzf L2 + CelVfllLz + Ce® 7 ullke m)-

The case 1 < v < 4/3 We choose (gz,72) = (00,2). From (3.15),
we have

eV (x|~ * [u®|*)us[ L2 < |||z * 2Re(ufe Vur))u| 2
+ (77 % [ufP)eVur| 2.
< (2]~ * 2Re(ufeVus))u®|| 2

+ 12l uf Pl o eV 2.
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Then, estimating the first term by Proposition 2.3, and the last term by
Proposition 2.4, we obtain
(3:19) eV (J2|™7 * [uf[*)u|| 2 < 2[juf||7u[leVus]| 2

+ el e lJutll - leVu©l e,

where §(I) = v/2 and 6(l+) = (v £ n)/2 with small > 0. In this case,
the term ||u®|| 1y ||u®]| ;i provides time decay effect. Note that the term
|[u)|2, can play the same role, since 26(1) = v = 6(I4+)+3(I-) (see (3.6)).
Therefore, we obtain
1 .
(3.20) e |[eVF(u®)||par (m;rr1) < Cllzfll L2
+ Cel|V L2 + Ce® ulXem)

as Step 1.

From above argument, we can derive an estimate similar to that for
F(uf) also in the case 0 < v < 1. Namely, if 0 < v < 1 we have
1
(3.21) e ||eVF(u®)|lpar(r;zmy < Cllzflpz + Cel|Vfll L2+

Ce w1y,
and if v = 1 we have
1
(3.22) en||eVF(u%)llrar(r;zm) < Cllzfllzz + Cel|V Sz
+Ce*Hlog(2Coe™)| - [k 1),

where I satisfies (3.9).

The estimate for J&(t)F'(u®) is essentially equal to that for eV F(u®),
because J¢(t)Up(e(t ~ 5)) = Up(e(t ~ s))J°(s) and J*(t) operates like
derivative on Gauge invariant function. The only difference is estimate
for initial value. Namely, we make use of

(3:23) |5 (M)U(et)e "% fllr2 = |U(et)J*(0)e™ "% fllr2 = |V f]| 2
instead of (3.14). So we omit the detail.

Step 3. We collect the results in Steps 1 and 2, and complete the
proof by combining them. From (3.5), (3.8), (3.18), (3.20) and (3.23),

(3.24) e ||F(u)||ger@ < ClIfllp2 + Cllzf| L2
+Cle + )|V £z + Ce® 7 |ullke )
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for v > 1, where (gq,r) is admissible. Taking supremum all over (g,r),
finally we obtain

(3.25) IF (u) |l xe@) < Cllflls + Ce*|uf|3e m)-

Now, we put p = 2C||f; X]]. Then, if o > 7 there exist a constant *
depending on n, «, v, and || f; £|| such that

1F ()l x-@) < p

for all 0 < e < ¢* and all u* € X;(R). It goes without saying that it
means F': X;(R) — X (R).

For 0 < v < 1, we use (3.11), (3.21), and (3.23). These inequalities
gives us

(3.26) IF (W)l xe(ry < Cllflls + Ce* 0D flul%o ),

where I = [1 — Cpe™,1 + Cpe™"].

Again, we put p = 2C||f;X|| and assume that u® € X;(R). In this
case, we need the condition that v satisfies a — 1 —v(1 — ) > 0, that is
v < (a@—1)/(1 —~) in addition to & > 1. Then there exists a constant
€* depending on n, a, v, v, Cp, and || f; X|| such that

1F(u)llxm < p
for 0 < € < €*. Lemma has been proven for 0 < v < 1.

In the case of v = 1, from the inequalities (3.12), (3.22), and (3.23)
we deduce that

(327)  IF)llx=(r) < Cllfllx + e [1og(2Coe™)| - 4% (r)s

where [ satisfies (3.9). Therefore, if a > 1 there exists * depending on
n, o, v, Cy, and || f; || such that

[1F(u)l xem®) < p

with some constant p which is proportional to | f||x. Q.E.D.

Lemma 3.3. For any p > 0, there erists an €** > 0 such that
F:X;(I) — X;(I) is a contraction map for 0 < & < **.



Semi-classical analysis of the Hartree equation 231

Proof. Let ui,uz € X;(I) be a solution to (IHE®). One easily
verifies the following identities:

(3.28) F(u1) — F(ug) = —ire®~! / U(e(t = $){ (12l ™ * [ua PJua (s)

= (|z[77 * |U2|2)U2(s)}ds.

(3.29)
()77 [ur [P)ur — (|77 * Juz®)ug =z~ * |u1|?) (u1 — uz)
+ (|77 * {uy(ur —uz)})us
+ (1277 * {(u1 ~ u2)W3})ua.

In exactly the same way as in the proof of Lemma 3.2, we obtain for
y>1

(3.30) [ F(u1) = F(u2)ll xe@) < Ce® 7p*|lur — uzllxem),
for0<y<1

(3.31)  ||F(w1) — F(u2)llxer) < Ce® 07 p2luy — ug xe(r),
and for y =1

(3.32) [|[F(u1) — F(u2)llx=(1) < Ce® *|log(2Coe™")|p*|lur — ual x=(1)

with I = [1 — Coe™¥,1 + Cpe™¥]. Therefore, we deduce that F' is a
contraction map for small £, provided o and v satisfies the assumption
of Theorem 3.1. Q.E.D.

Now, Theorem 3.1 immediately follows from Lemmas 3.2 and 3.3.

Remark 3.4. Equation (HE®) can have unique solution also in the
outside of I for any fixed €. However, the norm X¢ may be divergent as
€ — 0 on the subset of R\ I. Therefore I is the interval where the norm
X¢(I) is bounded uniformly in €.

3.2. Asymptotic behavior

We next consider the asymptotic behavior of u®. It is an immediate
consequence of Theorem 3.1. Define we(t, ) to be a solution to

iedw® + Le2Aw® =0,
(3.33) { o+ geAw
Wit=p = Yjt=0"
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Then, we have
(3.34) we(t) = Us(t)uft:(j.

Therefore, we obtain the following theorem.

Theorem 3.5. Let (g,r) be an admissible pair and I be an interval

which satisfies the condition in Theorem 8.1

o Ifa>y>1andl/qg<a—r, then
u® —wfllger@ =0  (e—0).

e Ifa>12yandl/g<a—-1-v(l—r), then
lu® — we||ger(ry — 0 (e — 0).

Proof. From (3.34), we deduce that

Ce*7 ify>1,
(335) ) “U,E - UJEHXE(I) < { Cex1 log(QCoe"’) if vy=1,
Ceo—1-v(1-7) ify<1.

Therefore, the theorem follows from the definition of X*=.

Q.E.D.

Remark 3.6. In [CL], this asymptotics is shown for v > 1 and (¢,7) =
(00,2). The norm X°¢ gives us more information about admissible pairs.
Therefore we obtain more precise result. This theorem says that larger o
provides better convergence. It seems to be natural because the constant

« denotes the size of nonlinearity.

Remark 3.7. The case 0 < v < 1 is called the long range case.

If t ¢ I, the solution u® does not behaves as a free solution.

In this

sense, the nonlinear effect appears near ¢t = F00, that is, in the interval
(00,1 = Coe7] and [1 + Cpe™",00). If v = 1 then v is arbitrary, and
if v < 1then v < (& —1)/(1 —v). Moreover, in the case v < 1, it seems
that the convergence becomes worse for larger v (namely for larger |t|).

Remark 3.8. In fact, we can choose I so that |I| = O(e~(Co=™"))

with ¥ < & — 1 in the case v = 1.
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§4. Nonlinear and Supercritical Caustic

4.1. Existence result and asymptotic behavior before the
caustic
Theorem 4.1. Let n 2 2. Assume v 2 a > max(1,7/2), v > 1
and I = (—o0,1 — Coe*] with

o — max(1,v/2)
Y- max(lafY/Q) .

Then for any f € ¥ there exists €* = e*(|| f; X, o, v, I) such that (HE?)
has unique solution tn X<(I) for all € satisfying 0 < e < £* and it holds
that

(4.1) H < Haqy =

(4.2) [u® —wllxery =0 (e —0).
Note that po~ < 1 under the above condition.

Proof. Again, we use contraction method. We denote the right
hand side of (IHE®) by F(u®). We shall restrict our attention to the
estimate for F'(u®), because that for eV F(u®) and J¢(¢) F(u®) is obtained
in the same way.

Let us begin with the case 1 < v < 3. Letting (¢2,72) = (00,2) and
applying Proposition 2.3, we deduce from (3.1) that

(4.3) (=7 * JufP)usll e < [lufllze luf|lzes uf) Lo,

with 6(s1) = d(s2) = (v — d(s3))/2. Applying time decay estimate to
lluf|| 1 and ||uf||Ls2, and taking L'(I) norm in time with I = (—o0,1—
Copet], we obtain

(4.4) et | F(u) par (1,2 < Cllfllz2 + Ce™ uflke )
with

o(s o(s
(4.5) ﬁlza—l——%g—)—p<7—l——(2—:ﬁ>.

Now, we shall decide 6(s3). Since 3; should be positive, we would like
to choose 6(s3) as small as possible in order to expand the range of a.
The conditions on §(s3) are 0 < §(s3) < 1, 0 < 6(s1),8(s2) < 1 &
v—2<6(s3) <vyand yv—1—-58(s2)/2 > 0 (It comes from integrability).
Therefore we set

(46) 5(52) = {0 ifl1<y<?2

vy—2+(¢ if2<y<3
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with small . Note that in the case §(s3) = 0 we make use of Proposition

2.4 instead of Proposition 2.3. With this choice of s3, if & and p satisfies
(4.7) « > max (1, %) ,

a — max(1,7/2)

4.8 < ——

(48) H S T max(1,7/2)

then B; > 0 for sufficiently small ¢.

Let us proceed to the case 3 < v < min(4,n). Evidently, space
dimension n is larger than or equal to 4. We let (g2,72) to be chosen
later. By Proposition 2.3, we have

(el = ) oy < luflZe % ulllss

with §(s) = (v — §{r2))/3. We assume I = (—o0,1 — Cpe*]. Applying
time decay estimate to |[u®||2., and taking L9 (I) norm in time, we
deduce that

(49) W F@)n(rrn < CUflee + Celu e gy-
Here,

1 1 5 1
410)  B=a-fy-1- 3600 -u(Zv-1- 300).

It should be positive, and we would like to take §(ry) as small as possible
at the same time. Since ry satisfies 0 < d(r2) < 1, v~ 3 < d§(r2) < y(&
0 <d(s) <1)and 5y/6 ~1—4d(r2)/3 >0, we choose §(r2) =y —3+¢
with small . Therefore, we conclude that if

Y

O[>§,

a—v/2
v/2

<

then J3 > 0 for small .
In the same way as the linear caustic case, the result follows from
the estimates (4.4) and (4.9). Q.E.D.

The condition that o is not greater than - restricts the distance
between the caustic (¢t = 1) and the range where the solution u® asymp-
toticly behaves as a free solution. The nonlinear effect appears near the
caustic in this sense.
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Through the scaling u®(t,z) = e~ (@=1/2=n/2ye((t — 1) /e, x/e), we
rewrite (HE®) as follows:

000 + 5 A%F = A(ja| 7 |92,

(SHE®) o
¢lst=~1/s($) = la=7)/24n/2,—icz /zf(E:L‘).

Let us define ¢° by ¢°(t,z) = Uo(t)¥f,—_;,.(z). Then, Theorem 4.1
implies that under those assumption, (SHE®) has unique solution and
1) behaves as free solution ¢ on I’, where

I = (—o0, —Co&‘”_l].

Note that if 0 < u <1, I - R\ {0} and I’ — @ as ¢ — 0. Thus, from
the view of usual Hartree equation this theorem seems to be almost
meaningless. Our approach makes some divergent quantity stay finite,
and hence makes the nonlinear effect clear.

In [CL], the following v°(t, ) is used as asymptotic behavior:

1 T i _z2
€ — LR =y
(4.11) ve(t, x) (1—t)"/2f(t-—1)e

This is exactly of the form (1.4). It holds that there exists a continuous
function h : R — R which satisfies h(0) = 0 such that

(4.12) [w® = v¥llzezn) < C(Ifll2) sup h (t - 1)

(by an argument similar to [C2], Lemma 1). Therefore the following
asymptotics holds. It is an extension of the result in [CL].

Corollary 4.2. Under the assumptions of Theorem 4.1, it holds for
all f € ¥ that
(4.13) lu® — v¥||ge2(r) — 0 (e = 0).

Remark 4.3. In [CL}, it is shown that nonlinear caustic crossing
causes the change of asymptotic profile, and that it is described by the
scattering operator associated to equation

(4.14) O + %Aw = Mje| ™7 * [¥ ).
Remark 4.4. If A > 0 and « satisfies
s ;Lz:i’ ifg<—y<2,
12> T2 ify > 2,

2 y+4+4
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then we can describe the asymptotic behavior of the solution also beyond
caustic. The proof will appear elsewhere.
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