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A subharmonic Hardy class and Bloch pullback
operator norms

Ern Gun Kwon

Abstract.

We estimate the operator norm of the composition operators
mapping Bloch space boundedly into Hardy spaces, BMOA space,
Lipschitz spaces and mean Lipschitz spaces respectively.

§1. Introduction

This is to give a brief survey of a resent result on Bloch pullback
operators, whose detailed proof will appear at [5]. Our purpose here
is two-fold. One is to obtain hyperbolic version of Littlewood-Paley
g-function equivalence, the other is to estimate the operator norm of
Bloch-pullback operators. At first glance these two topics seem to be
quite apart, but they are very closely related.

Let D be the unit disc of the complex plane and S = dD. Let HP?,
0 < p < oo, denote the classical Hardy space defined to consist of f
holomorphic in D for which

£l =t ([ 150 da(o>1/,, < oo,

where do is the rotation invariant Lebesgue probability measure (Haar
measure) on S.

For a holomorphic function f in D, the g-function of Littlewood-
Paley defined as

1/2
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satisfies the following beautiful and powerful relation

(1.1) lgslize = | f — f(O) e
(see [1] or [8], also see [16] for 1 < p < o0). Here and throughout,
1P = L7(S).

In parallel with HP, there defined is ¢pH? consisting of holomorphic
self map ¢ of D for which

1/p
(6llame =l ( [ 20660),07 do©)) < o
r—1\Js

where g is the hyperbolic distance on D :

1+ |, (w)| _EFmw
(w) = 1-zw’

1
z,w) = =lo ,
o) = 5 8 T o )
We set A(z) = log 1—_1[—2—[, z € D. Note that if ¢ is a holomorphic self

map of D, then Ao ¢ is subharmonic in D and radial limit ¢*(¢) =
lim, 3 ¢(r{) exists almost every ( € S, so ¢ € pHP? if and only if
Ao ¢* € LP(S). Throughout, dA(z) denotes the Lebesgue area measure
of D normalized to be A(D) = 1.

Along with [6, 10] for previous results on pullback theory, we refer
to [3, 16] for Hardy space theory and [2, 15] for composition operator
theory.

§2. Hyperbolic g-function

Our first subject is the Littlewood-Paley type g-function that char-
acterizes the membership of pH?. See [4] and [6] for related previous
works. We define, as in [4],

1 / 2
@) = [ @-n) () an ces

As our first result, we have the following hyperbolic analogue of (1.1).

Theorem 2.1. Let 0 < p < co. Then

(2.1) logsllLr = [[Xo¢™||Le

for all holomorphic self map ¢ of D with ¢(0) = 0.
When p = 1, (2.1) follows immediately from the following.



A subharmonic Hardy class and Bloch pullback operator norms 205

Lemma 2.2. Let ¢ be a holomorphic self map of D and 0 < p < co.
Then

/JJIOgTi}A(/\W)”(Z) dA(z) = ||Ao 67|, — (A0 ¢(0))".

For the proof of Theorem 2.1, we need several more techniques. We
skip them and refer to [5].

§3. Norm of the Bloch-pullback operators

We next pass to our second subject, the Bloch pullback. It is known
that there is a Bloch function having radial limits at no points of S,
while functions of HP should have radial limits almost everywhere on S.
This observation give rise to the problem of characterizing holomorphic
self maps ¢ of D for which fo¢ € HP for every Bloch function f. It is so
called “Bloch - H? pullback problem” and the Bloch-pullback operator
(induced by a holomorphic self map ¢ of D) means the composition
operator Cy defined on the Bloch space B by Cof = fo¢. HP is a
Banach space with norm || f||z» when 1 < p < oo, while it is a Frechet
space with the compatible metric || f||%,, when 0 < p < 1. The following
characterization of the Bloch-H? pullback operator shows a connection
between Hardy space and hyperbolic Hardy class.

Theorem A [4, 6]. Let 0 < p < 0o and ¢ be a holomorphic self map of
D. Then Cy maps B boundedly into HP if and only if ¢ € oHP/2,

As an application of Theorem 2.1, we moreover have the following
theorem. Here, B® denotes the subspace of B consisting of f € B with

£(0) =0.

Theorem 3.1. Let 0 < p < oo and ¢ be a holomorphic self map of'
D with ¢(0) = 0. If we set ||Cy|l = sup {||Cofllmr: f € B | flls <1}

then it satisfies
wy1/2
IColl = Ao &™ Nl /2

The assumption that ¢(0) = 0 is not essential restriction in the sense
that if C4 is bounded (or compact) then so is Cy with ¥ = @g(0) © ¢.
Note also that Cy : B — Y is bounded if and only if Cy : B® — Y is
bounded.

As a limiting space of HP, a similar problem might be asked for
BMOA. BMOA, the space of holomorphic functions of bounded mean
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oscillation, consists of holomorphic f in D for which

1/2
Iflaacon = sup {1 [ 17 o0a(r6) ~ F@P o)} < o
acD "1 Js

In parallel with BMOA, there defined is pBMOA consisting of holo-
morphic self map ¢ of D for which

[6lomsson = sup liny [ 0(60@a(r0).6(a) do(() < .
aeD Tl Js

The classes pBMOA as well as oHP were defined and studied mainly as
a hyperbolic counterpart of the corresponding Euclidean classes by S.
Yamashita [11, 12, 13], and later studied by several authors in connection
with the composition operators.

Theorem B [7]. Let ¢ be a holomorphic self map of D. Then Cy maps
B boundedly into BMOA if and only if ¢ € pBMOA.

Noting that the Mobius invariance of g implies p (¢ o ¢4 (2), ¢(a))=
0 (go¢(a) oo waz), 0), it follows that ¢ € pBMOA if and only if

sup “)‘ © (‘qu(a) ogo ‘Pa)*HLl < 00.
a€eD

Since log |1 — ¢(a)¢ o @,| is harmonic in D,
Ao (g(a) 0 @0 @a)*llLr = Ao (Popa)” — Ao d(a) L

[7, (3.7)], so that the next theorem gives Theorem B. Here, as the norm
of BMOA we take | f(0)| + || fll Bmoa, which makes BMOA a Banach
space.

Theorem 3.2. Let ¢ be a holomorphic self map of D with ¢(0) = 0.
Then the operator norm of Cy from B boundedly into BMOA satisfies

IColl = sup Ao (¢owa)* — Ao g(a)]}h2.

VMOA, the space of holomorphic functions of vanishing mean os-
cillation, consists of holomorphic f in D for which

lim lim/S|focpa(r§) — f(@)]?do(¢) = 0.

la]—=1r—1
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In parallel to VMOA, oV MOA is defined to consist of holomorphic self
map ¢ of D for which

lim lim Sg(¢04pa(rﬁ),¢(a)) do(¢) = 0.

’a’—d r—1
We have

Corollary C [9]. Let ¢ be a holomorphic self map of D. Then Cy maps
B boundedly into VMOA if and only if ¢ € oV MOA.

See [9] for previous study on gV MOA.

§4. More on Bloch-pullback operator norm

We give some more examples of Banach space Y and resolve Bloch-Y
pullback problem by further evaluating the operator normofCy : B — Y.
Let D denote the space of holomorphic functions f in D satisfying

1 llp = ( [irer dA(z))l/Q <o

Then D is a Banach space with the norm |f(0)| + || f||p. Similarly, we
let oD denote the space of holomorphic self map ¢ of D satisfying

/()12 1/2
Illen = (/D @ ~|~¢I¢(>(ll)l2)2 dA(Z)) < oo

Then we have

Theorem 4.1. Let ¢ be a holomorphic self map of D. Then Cy
maps B boundedly into D if and only if ¢ € ¢D. Moreover, if $(0) =0
then the operator morm of Cy from B boundedly into D satisfies

ICsll = l|¢llep-

H®°, consisting of bounded holomorphic functions, is a Banach space
with the norm || f|| ge = sup,cp | f(2}|, while pH> is defined to consist
of holomorphic ¢ of D for which |¢| < ¢ for some ¢ < 1.

Theorem 4.2. If ¢ be a holomorphic self map of D, then Cy : B® —
H® is bounded if and only if § € oH>™. If $(0) = 0, then the operator
norm of Cy from B° boundedly into H> satisfies

ICsll = sup po (2),
zeD

where p is defined by p(w) = p(0,w) = L log e e D.

T—fw|”
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Beyond H>, there are function spaces having smooth boundary con-
ditions. We are going to mention about holomorphic Lipschitz spaces.
For 0 < a < 1, we say, by definition, that f € Lip, if f is holomorphic
in D, f € C(D), and satisfies the Lipschitz condition:

| £l Lipe :zsup{M:z,weD,z#w} < o0.

|z —w|*

Lip, is a Banach space equipped with the norm |f(0)| + || f|| Lip..- Sev-
eral different (but essentially same) notions for Lip, are used in the
literature. We followed that of [2].

Corresponding to this, there is hyperbolic Lipschitz class of Ya-
mashita [14]. We say, by definition, that ¢ € gLip, if ¢ is a holomor-
phic self map of D, ¢ € C(D), and satisfies the hyperbolic Lipschitz
condition:

2(¢(2), g(w))

rz,2wE€ D z#wp < oo.
|z — w|®

Illozim. = sup{

We have

Theorem 4.3. Let 0 < a <1 and ¢ be a holomorphic self map of
D. Then Cy : B — Lip, is bounded if and only if ¢ € oLip,. Further
if $(0) = 0, then the operator norm of Cy from B° boundedly into Lip,
satisfies

ICsll = lI®lloLipa-

For 1 <p < oo and 0 < a < 1, we say, by definition, that f € Lip?
if f € HP and satisfies the mean Lipschitz condition:

1l = sup{tia ([ 1500~ s@past@))" 0 < 1-ni < t} < 0.

Lipk is a Banach space equipped with the norm || - ||g» + || - || Lip2-

Corresponding to this, there is hyperbolic mean Lipschitz class of
Yamashita [14]. We say, by definition, that ¢ € pLip? if ¢ is a holomor-
phic self map of D, o(¢*) € LP(S), and ¢ satisfies the hyperbolic mean
Lipschitz condition:

l6lloripe = sup {tia (/S @(¢(?7C),¢(C))Pda(€)> Ti0< |1—n| < t} < o0.

We have
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Theorem 4.4. Let 1 <p < oo and 0 < a < 1. Let ¢ be a holo-
morphic self map of D. Then Cy : B — Lipk is bounded if and only if
¢ € pLip®. Furthermore, if $(0) = 0, then operator norm of Cy from
B° boundedly into Lip? satisfies

xn1/2
IColl = X0 ¢* |32, + 1Ml pLipe-
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