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Abstract.

We show that f € LP(X;m) implies |f]dm € Sk for p > D with
D > 0, where Sk is a subfamily of Kato class measures relative to
a semigroup kernel p.(z,y) of a Markov process associated with a
(non-symmetric) Dirichlet form on L?(X;m). We only assume that
pt(z,y) satisfies the Nash type estimate of small time depending on
D. No concrete expression of p.(x,y) is needed for the result.

§1. Introduction

A measurable function f on R? is said to be in the Kato class Kgq if

lim sup / ——w%dy = 0ford>3,
=0 cRrd lz—yl<r |:B—y|
lig sup [ (logle—yl D Wldy = 0ford=2,
=0 cRrd |z —y|<r

sup/ |f(W|dy < ooford=1.
zeRd J|z—y|<1
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Let M™ = (Q, By, P;)cge be a d-dimensional Brownian motion on R%.
The following theorem is shown in Aizenman and Simon [1]:

Theorem 1.1 (Theorem 1.3(ii) in [1]). f € K4 if and only if

sup 2| [ 1rias] = s [ ([ putands) itan =

where p(z,y) == ml)—d/—z exp[— ‘Z;ty‘z] is the heat kernel of M™.

Zhao [13] extends this in more general setting including a subclass
of Lévy processes, but his result does not assure the low dimensional
case even if the process is MY. The following is also shown in [1]:

Theorem 1.2 (cf. Theorem 1.4(iii) in [1]). LP(R?) C K4 holds if
p>d/2 withd>2, orp>1 withd=1.

Note that there is an f € L%?(R%) \ K4 for d > 2. Indeed,
taking g € Co([0,2/e[— [0,00]) with g(r) := 1/(r?logr~!) if d > 3,
== 1/(r*(logr=1)1*¢), € €)0,1] if d = 2 for r € [0,1/e], f(z) := g(|z|)
does the job through the proof of Proposition 4.10 in [1]. Here (4.10) in
[1] should be changed to fol/e r(logr=1)|V(r)|dr < co if d = 2.

In the framework of strongly local regular Dirichlet forms with the
notions of volume doubling and weak Poincaré inequality, Biroli and
Mosco [3] gave a similar result with Theorem 1.2 (see Proposition 3.7
in [3]). Their definition of Kato class depends on the volume growth
of balls. The purpose of this note is to show that Theorem 1.2 holds
true in more general context replacing K, with S}, the family of Kato
class smooth measures in the strict sense in terms of semigroup kernel of
Markov processes associated with (non-symmetric) Dirichlet forms (see
Theorem 2.1 below).

Finally we will announce the content of [10]. In [10], we extend
Theorem 1.1, that is, under some conditions, we establish K4 5 = S}< in
the framework of symmetric Markov processes which admits a semigroup
kernel possessing upper and lower estimates, which includes the low
dimensional case. Here K g is the family of Kato class measures in terms
of a Green kernel depending on d,3 > 0. In particular, Theorem 2.1
below can be strengthened by replacing LP(X;m) with LY ..(X;m).

unif

§2. Result

Let X be a locally compact separable metric space and m a posi-
tive Radon measure with full support. Let Xa := X U {A} be a one
. point compactification of X. We consider and fix a (non-symmetric)
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regular Dirichlet form (€, F) on L?(X;m). Then there exists a pair of
Hunt processes (M,ﬁ), M = (Q,X:,¢, Py, M = «©, X., ¢, B,) such
that for each Borel u € L?(X;m), Tyu(z) = E[u(X;)] m-ae. z € X
and Tyu(z) = E [u(Xy)] m-ae. z € X for all t > 0, where (T})¢0
(resp. (T3)i>0) is the semigroup associated with (£, F) (resp. (€,F)),
where £(u,v) := E(v,u) for u,v € F is the dual form of (£, F). Here
¢ :=inf{t > 0| X, = A} (resp. ¢ := inf{t > 0 | X; = A}) de-
notes the life time of M (resp. ﬁ) Further, we assume that there
exists a kernel p;(x,y) defined for all (¢,z,y) €]0,00[xX x X such that
E,[u(X,)] = Pu(z) = [y pi(z, y)u(y)m(dy) and E,[u(X,)] = Pu(z) =
Jx Pe(z, y)u(y)m(dy) for any z € X, bounded Borel function v and
t > 0, where pi(z,y) := p:(y,x). pe(z,y) is said to be a semigroup ker-
nel, or sometimes called a heat kernel of M on the analogy of heat kernel
of diffusions. Then P, and P, can be extended to contractive semigroups
on LP(X;m) for p > 1. The following are well-known:

@) pera(s) = [ pa@2Iplzw)mldz), Yoy e X, s >0
(6) pifa, dy) = pil,Im(dy), Yz € X, Ve >0,
(c) / pe(z,y)m(dy) <1, zeX,"t> 0.

The same Eroperties also hold for p(z,v).

Definition 2.1 (Kato class S%, Dynkin class S%). For a positive
Borel measure pu on X, p is said to be in Kato class relative to the
semigroup kernel p,(x,y) (write u € S%) if

(2.1) lim sup /X(/Otps(x,y)ds) u(dy) =0

t—0 zeX

.and p is said to be in Dynkin class relative to the semigroup kernel
pe(z,y) (write p € SY) if

(2.2) sup /X(/ot ps(z, y)ds),u(dy) < oo for 7t > 0.

reX
Clearly, S% C S%. The notions S'?( and S’% are similarly defined by
replacing p:(, y) with pi(z,y).

Definition 2.2 (Measures of finite energy integrals: Sy, Soo, cf. [6])-
A Borel measure p on X is said to be of finite energy integral with respect
to (€, F) (write u € Sp) if there exists C' > 0 such that

/ lvldu < Cv/E1(v,v), v e FnCo(X).
X
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In that case, for every a > 0, there exist Uy, ﬁau € F such that
EaUapt,v) = Eq(v, Ugp) = / v(z)p(dz), “ve FNCy(X).
X

Moreover we write u € Spg (resp. p € 5'00) if u(X) < oo and Uyp €
FNL>(X;m) (resp. Upp € F N L>®(X;m)) for some/all o > 0.

Definition 2.3 (Smooth measures in the strict sense: Sy, cf. [6]).
‘A Borel measure y on X is said to be a smooth measure in the strict
sense with respect to (€, F) (write p € S1) if there exists an increasing
sequence { E,, } of Borel sets such that X = Uf;l E,,"neN,Ig u€ Sy
and Py (limp—oo 0x\E, = () =1, Yz € X. Here ( is the life time of M.
The family of smooth measure in the strict sense with respect to (é ,F)
(write S1) can be similarly defined.

Definition 2.4. We define Sk := S% NSy, Sh == & N Sy, Sk :=
§9.nS, and SL := 59N S;.

We fix D > 0 and assume the Nash type estimate: for each tg > 0
we have

(2.3) 3Cps, > 0s.t. sup pi(z,y) < Cpst™ P, Yt €0, tol.
z,yeX
Remark 2.1. The condition (2.3) implies the following:
(a) EiC’D,to > 0s.t. ||P]]1m00 < Cp gt~ for any t €10, tol.
(b) For each p > 1, 3Cp sy > 0 s.t. || Pillp—oo < Cp pitot~P/P for
any t €0, to[.

If (£, F) is a symmetric Dirichlet form, (2.3) is equivalent to one (hence
all) of (a),(b). If further D > 1, (2.3} is also equivalent to the Sobolev
inequality (see [5]): there exists C} > 0 and v > 0 such that

(c) ”u“-ﬁz% < CHé (u,u) for all u € F.

Next theorem extends Theorem 1.2 and the lower estimate of p in
this theorem is best possible as remarked after Theorem 1.2.

Theorem 2.1. Suppose (2.3) and p > D with D € [L,00[ orp > 1
with D €]0,1[. Then f € LP(X;m) implies | f|dm € Sk N Sk.

§3. Proof of Theorem 2.1

oo
We set 7o {z,y) = / e”**p,(z,y)dt. First we show the following:
0
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Lemma 3.1. u € S% is equivalent to

(3.1) lim sup/ ro(z,y)u(dy) =0
=X reX JX
and p € S is equivalent to
(3.2) sup/ ro(z,y)p(dy) < 0o, Za>0.
reX JX

Proof. We first show (2.1)=(3.1). Take ag > 0 with a > ag,

| roteuputa)

/ / ps(z,y)dsu(dy) + / / **ps(x, y)dsu(dy)
< /X /0 po(e,y)dsp(dy) + e~(@—a0)t /X / €=, (a, y)dsp(dy).

Here

(k+1)t
/ / (z,y)dsp(dy) = / (z, y)dsu(dy)
Xk 1 kt
= Z / / e WD 4 ke (2, y)dup(dy).
k=1"X 70

Since puy e (1) = / pre (2, 2)pulz, y)ym(dz),
X

/ / (z,y)dsu(dy)

ie‘“"’“ / Prt(T, 2 / / ~%pu(z, y)dup(dy)m(dz)

1
et [ putes) [ / P2, y)dups(dy)m(dz).

|

IA
Mg T

>
Il

1

t
From (2.1), Ny := sup/ / Pu(z,y)dup(dy) < oo. Then
zeXJX JO

(3.3) sup / o (Z, y)u(dy)

zeX
< sup ps x,y)dsu dy — N,
:fex/ / ) 3 ) — et
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Therefore
lim sup/ ro(z, y)uldy) < sup/ / ps(z, y)dsu(dy) =90,
A= reX JX zeX

Next we show (3.1)=-(2.1). We have

sup / / ps(x, y)dspu(dy) < e sup / Ta (2, y)pu(dy).
reX reX
Therefore

t
lim sup / / ps(z, y)dsp(dy) < sup / ra(z,y)p(dy) <= 0.
t—-0zeX 0 zeX JX

The implications (3.2)<=>(2.2) are clear from (3.3) and (3.4). O

Lemma 3.2. The following are equivalent to each other.
(a) e Sy,

(b) sup /X(/Otps(zz,y)ds)u(dy) < oo for ¥t >0.

reX

(c) sup/ rala, y)pu(dy) < oo for Yo > 0.
zeX JX
Proof. We first show (a)=(b). Suppose that (a) holds for some
to > 0. For any t > 0, we take n € N with ¢ < nty. We have

o [ ([ evpis)utan

to
SnSUP/ (/ ps(:v,y)u(dy))d8<00-
xeX JO X

(b)==>(c) is clear from (3.3) and (c)==(a) is clear. O

Proposition 3.1. Suppose that u € S, is a positive Radon measure
on X. Then p € S;.

Proof. 1t suffices to show that for a positive Radon measure p €
5%, Ixu € Sp for any compact set K. Indeed, there exists an increasing
sequence {G,} of relatively compact open set with |J77; G, = X. Then
we see Ig, i € Spo for each n € N, which implies u € S; by Thoerem
5.1.7(iii) in [6]. Though the framework of Thoerem 5.1.7(iii) in [6] is
symmetric, its proof only depends on the quasi-left-continuity of M and
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remains valid in the present context. We show Ixu € Sy for a compact
set K. Fix & > 0 and set Ropu(z) := [y ro(z,y)p(dy). First we show
Ra(Ixp) € L*(X;m).

RT3 < N1Ra(Trci)lool| Ra(Trc i) |12
| Ra (I ) |00 (T 1y RRal)

=1 Ra Tl s(K) < o0

Next we prove Ry (Ixp) € F. It suffices to show

2“90 géﬁ)(Ra(IKﬂ)v Ra(Ikp)) < oo,
>

where Sc(lﬁ)(u,v) := B(u — BRp+al, V) for u,v € L?(X;m). Then

sup EL) (R (Ixp), Ra(Ixp)) = supB(RataIxp), Ra(Ixi))m
B>0 B>0

“Ra(IK,U) l| oo sup B{Ik i, Rﬁ+a1>
B>0

| Ra(Ix )] oo t(K) < 00.

Finally we prove Ixu € Sg and Ry (Ixp) = Us(Ixp). It suffices to show
that for any v € F N Cy(X)

EalRallx).v) = Jim EP(Rallicn),0)

Jim B(Rasa(Lich), v)m

IN

I

= ﬂh_{lolo ,6<IK,U'1 Rﬁ-l-aU) = <IK/1'7U>a

where we use the right continuity of the sample paths of M. O

Proof of Theorem 2.1. By duality, it suffices only to prove that f €
LP(X;m) implies |f|dm € Sk. Take p > D with D € [1,00[ or p > 1
with D €]0,1[. Since || P:|lp—oo < Cpp.tot~P/P for t €]0,to[, we have

sex /X( /Otps(x’ y)ds )| (w)im(dy)
T oex / ( /X F@)lps (@, y)m(dy) ) ds

t
< Cppoll I / s~Dirgs
0

D -D t—0
= CD.,p,to”f”Pp___Etl » 0.
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Then |f|dm € S%. Since |f|dm with f € LP(X;m) is a Radon measure,
we conclude |f|dm € S; by Proposition 3.1. Therefore |f|dm € Sk. O

§4. Examples

Example 4.1 (Symmetric a-stable process). Take a €]0,2[. Let
M® = (Q, X¢, Py),cpre be the symmetric a-stable process on R, that
is, Lévy process satisfying Eo[eV~—1€X:)] = ¢~tl€l°, Tt is well-known
that M® admits a semigroup kernel p;(z,y) satisfying the following
(cf. [2],[7]): 3Ci = Ci(a,d) > 0, i = 1,2 such that for all (¢,z,y) €
10, 0o[xR? x R¢

Similar estimate holds for jump type process over d-sets (see [4]). In
particular, there exists Cy = Ca(a,d) > 0 with pi(z,y) < Cyt—d/
for (t,z,y) €]0,00[xR? x R%. Then we have that f € LP(R?) implies
|f(z)|dz € Sk if p>d/a withd > a, or p > 1 with d < .

Example 4.2 (Relativistic Hamiltonian process). Let M" be the
relativistic Hamiltonian process on R? with mass m > 0, that is, MH =
(Q, Xt, Pr)zere is a Lévy process satistying

E, [ev—_ué.,xf,)] = e~ tWIEP+m?—m)

It is shown in [8], the semigroup kernel p;(z,y) of M¥ is given by

t
= —d mt,—+/(lz—y[>+t2)(|2]2+m?)
pe(z,y) = (27w ——*————/ee dz.
zy) = (2m) [z —y|? + t2 Jra
Hence we have that for each ty > 0, there exist C; = C;(d) > 0,7 =1,2
independent of ¢ such that for any t €]0,¢[, z,y € R¢

o e—m!z—yl Cy eMto

- <pi(z,y) < -7 :
d (d+1)/2 d (d+1)/2
Y1 ) T )

In particular, sup, ,cge pt(z,y) < Cae™ /td for t €]0,to]. Then we have
that f € LP(R?) implies |f(z)|dz € S for p > d.
Example 4.3 (Brownian motion penetrating fracrals, cf. [9]). The

diffusion process on R? constructed in [9] admits the heat kernel p;(z, y)
which has the following upper estimate: there exists C > 0 such that
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SUp, ycrd Pt (z,y) < Ct=%/2 if ¢ €]0,1]. Hence f € LP(RY) implies
|f(z)|dx € Sk for p > d/2 withd > 2 or p> 1 with d = 1.

Example 4.4 (Diffusions with bounded drift). Let a be the sym-
metric matrix valued measurable function such that A|£|? < (a(z)¢,¢) <
A%, Yz, 6 € R4 for 0 < X < FA. Let b : R — R? be a bounded
measurable function and assume divb > 0 in the distributional sense.
Consider (£%°, C3°(R?)) defined by

E¥(u,v) = %/Rd(a(:c)Vu(w),Vv(x»dx - /}Rd(b(:c),Vu(x))v(:c)dx

for u,v € CP(RY). Then we see £%°(u,u) > 0 for v € C(R?) and
(2%, C5°(R?)) is closable on L?(R?) (see Chapter II 2(d) in [11]). We
denote by (£, HY(R?)) its closure on L2(R%). (£%%, H'(R?)) is a non-
symmetric Dirichlet form on L2(R%). Let {T{°};¢ be the L2(R%)-
semigroups associated with (£%°, H'(R%)). Then, by §IL. 2 in [12], T
admits a heat kernel p®®(z, y) on ]0, co[xR? x R? such that P** f(z) :=
Jra P2t (z, ) f(x)dy is an m-version of T** f for f € L2(R?) and p**(z, y)
satisfies the Aronson’s estimates: (see (II. 2.4) in [12]) there exists an
M = M(\ A, d) € [1,00) such that for all z,y € R9, ¢ €)0, 1]

1
Md/2

_ 2 b M 2
(4.1) e~ M(t+lz—yl*/t) Spf’ (z,y) < tdWeMt le—y|*/Mt_

In particular, sup, ,cgd pf’b(x,y) < MeM/t4/2 for all t €]0, 1], hence
f € LP(RY) implies | f(x)|dz € S, NSk for p > d/2 withd > 2,0rp > 1
with d = 1.
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