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non-isentropic magnetohydrodynamic equations 

Song Jiang, Qiangchang Ju and Fucai Li 

Abstract. 

We summarize our recent results on the low Mach number limit 
for the compressible non-isentropic magnetohydrodynamic equations. 
We consider two cases: (i) small variations on density and tempera
ture with well-prepared initial data; (ii) large variations on density and 
temperature with ill-prepared initial data. In both cases, we establish 
the limits rigorously. 

§1. Introduction 

The magnetohydrodynamic (MHD) equations govern the motion of 
compressible quasi-neutrally ionized fluids under the influence of electro
magnetic fields. The full three-dimensional compressible MHD equations 
read as (see [10], [11]) 

(1.1) OtP + div(pu) = 0, 

(1.2) 8t(pu) + div (pu Q9 u) + 'Vp = ('V x H) x H + divW, 

(1.3) 8tH- 'V x (u x H)= -'V x (v'V x H), divH = 0, 

Ot£ + div (u(£' + p)) = div((u x H) x H) 

(1.4) + div(vH X ('V X H)+ uW + K'VB). 

Here the unknowns p denotes the density, u E ~3 the velocity, H E ~3 

the magnetic field, and () the temperature, respectively; W is the viscous 
stress tensor given by 

W = 2pJI»(u) + .Adivu 13 
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with ][J)(u) = (V'u + V'u T)/2, and 13 being the 3 x 3 identity matrix, 
and V'u T the transpose of the matrix V'u; & is the total energy given 
by & = &' + IHI 2 /2 and £' = p ( e + lul 2 /2) with e being the internal 
energy, plul 2 /2 the kinetic energy, and IHI 2 /2 the magnetic energy. The 
viscosity coefficients >. and p. of the flow satisfy 2p. + 3>. > 0 and p. > 0; 
v > 0 is the magnetic diffusion coefficient of the magnetic field, and 
"' > 0 is the heat conductivity. For simplicity, we assume that p., >., v 
and "' are constants. The equations of state p = p(p, (}) and e = e(p, (}) 
relate the pressure p and the internal energy e to the density p and the 
temperature () of the flow. 

The MHD equations have attracted a lot of attention of physi
cists and mathematicians because of its physical importance, complex
ity, rich phenomena, and mathematical challenges, see, for example, 
[2], [4], [5], [10], [8], [11], [13] and the references cited therein. One of 
the important topics on the equations (1.1)-(1.4) is to study its low 
Mach number limit. We consider two cases: (1) small variations on den
sity and temperature with well-prepared initial data; (2) large variations 
on density and temperature with ill-prepared initial data. In both cases, 
we establish the limits rigorously. 

First we rewrite the energy equation (1.4) in the form of the internal 
energy. Multiplying (1.2) by u and (1.3) by H, and summing them 
together, we obtain 

d 1 1 1 
dt (2plul2 + 21HI 2 ) + 2div(plul 2u) + V'p · u 

= divw . u + (V' x H) x H . u + V' x ( u x H) . H 

(1.5) - vV' x (V' x H) · H. 

Using the identities 

div(H x (V' x H))= IV' x Hl 2 - V' x (V' x H)· H, 

(1.6) div((u x H) x H)= (V' x H) x H · u + V' x (u x H)· H 

and subtracting (1.5) from (1.4), we obtain the internal energy equation 

(1.7) Ot(pe) + div(pue) + (divu)p = viV' x Hl 2 + W: V'u +"'D..(), 

where W : V'u denotes the scalar product of two matrices: 
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In this paper, we shall focus our study on the ionized fluid obeying 
the perfect gas relations 

(1.8) p = SJtpe, e =eve, 

where the constants SJt and cv > 0 are the gas constant and the heat 
capacity at constant volume, respectively. 

§2. Small variations on density and temperature with well
prepared initial data 

In this section we study the low Mach number limit of the system 
(1.1)-(1.3) and (1.7) in the framework of classical solutions with small 
density and temperature variations. We use its appropriate dimension
less form as follows (see the Appendix of [6] for the details) 

(2.1) 

(2.2) 

(2.3) 

OtP + div(pu) = 0, 

p(8tu + u · V'u) + V'(~e) = (\7 x H) x H + div\1!, 
E 

8tH- \7 x (u x H)= -\7 x (v\7 x H), divH = 0, 

p(ate + u · ve) + ('y- 1)pBdivu 

(2.4) = E2 vl\7 x Hl 2 + E2 W : V'u + r;,b.B, 

where E = M is the Mach number and the coefficients f.L, >., v and r;, are 
the scaled parameters. "( = 1 + SJ\fcv is the ratio of specific heats. Note 
that we have used the same notations and assumed that the coefficients 
f.L, >., z; and r;, are independent of E for simplicity. 

We shall study the limit as E ---+ 0 of the solutions to (2.1)-(2.4). 
We further restrict ourselves to the small density and temperature vari
ations, i.e. 

(2.5) p = 1 + Eq, 8 = 1 + up. 

We first give a formal analysis. Putting (2.5) and (1.8) into the 
system (2.1)-(2.4), and using the identities 

curlcurlH = \7 divH- b.H, 

(2.6) V'(IHI 2 ) = 2H · V'H + 2H x curlH, 

(2.7) curl (u x H)= u(divH)- H(divu) + H · V'u- u · V'H, 

then we can rewrite (2.1)-(2.4) as 

(2.8) Otq€ + u€ · \7 q€ + ~ (1 + Eq€)divu€ = 0, 
E 
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1 
(1 + Eq•)(Btu• + u• · V'u•) +- [(1 + Eq•)v¢• + (1 + Ec/J.)V'q•] 

E 

(2.9) - H• · V'H• + ~Y'(IH.I 2 ) = 2Jtdiv(][))(u•)) + .AV'(tr][))(u•)), 

')'-1 
(1 + Eq•)(8tc/Je + u• · V'c/Je) + --(1 + Eq•)(1 + Ec/Je)divu• 

E 

(2.10) = "'A¢• + E(2JLI][))(u•)l 2 + .A(tr][))(u•))2 ) + vEIY' x H•l2 , 

(2.11) 8tH• + u• · V'H• + divu•H•- H• · V'u• = vfl.H•, divH• = 0. 

Here we have added the superscript E on the unknowns to stress the 
dependence of the parameter E. Therefore, the formal limit as E -+ 0 
of (2.8)-(2.11) is the following incompressible MHD equations (suppose 
that the limits u• -+ w and H• -+ B exist.) 

(2.12) 

(2.13) 

(2.14) 

1 
Btw + w · Y'w + Y'1r + "2 Y'(IBI 2) - B · V'B =fLAw, 

BtB + w · V'B- B · V'w = vAB, 

divw = 0, divB = 0. 

The system (2.8)-(2.11) is equipped with the initial data 

We shall show that for sufficiently small Mach number, the com
pressible flows admit a smooth solution on the time interval where the 
smooth solution of the incompressible MHD equations exists. 

We first recall the local existence of strong solutions to the incom
pressible MHD equations (2.12)-(2.14) in the whole space JR.3 . The proof 
can be found in (12]. 

Proposition 2.1 Q12]). Let s > 3/2 + 2. Assume that the initial 
data (w,B)It=O = (wo,Bo) satisfy WoE H 8 ,Bo E H 8 , and divwo = 0, 
divBo = 0. Then, there exist a T* E (0, oo] and a unique solution 
(w, B) E L00 (0, T*; H 8 ) to the incompressible MHD equations (2.12)
(2.14) satisfying div w = 0 and divB = 0, and for any 0 < T < T*, 

The main result in this section reads as follows. 

Theorem 2.2 ((6]). Lets> 3/2 + 2. Suppose that the initial data 
(2.15) satisfy 

llq0(x), u0(x)- wo(x), H0(x)- Bo(x), ¢0(x)lls = O(E). 
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Let (w, B, 1r) be a smooth solution to (2.12)-(2.14) obtained in Propo
sition 2.1. If (w,1r) E C([O,T*],H8 +2 ) n C1 ([0,T*],H8 ) with T* > 0 
finite, then there exists a constant Eo > 0 such that, for all E :::=; Eo, the 
system (2.8)-(2.11) with initial data (2.15) has a unique smooth solu
tion ( qE, uE, HE, ¢E) E C([O, T*], H 8). Moreover, there exists a positive 
constant K > 0, independent of E, such that, for all E :::=; Eo, 

The proof of Theorem 2.2 is based on the energy estimates for sym
metrizable quasilinear hyperbolic-parabolic systems and the convergence
stability lemma for singular limit problems [3], see [6] for details. 

§3. Large variations on density and temperature with ill
prepared initial data 

In this section we study the low Mach number limit of the system 
(1.1)-(1.3) and (1.7) in the framework of classical solutions with large 
variations on density and temperature. Let E be the Mach number, 
which is a dimensionless number. Consider the system (1.1)-(1.3), (1.7) 
in the physical regime: 

p '""Po+ O(E), u'"" O(E), H'"" O(E), \JB'"" 0(1), 

where Po > 0 is a certain given constant which will be normalized to be 
one. Thus we consider the case when the pressure p is a small perturba
tion of the given state 1 while the temperature e has a finite variation. 
As in [1], we introduce the following transformation to ensure the posi
tivity of p and e 

(3.1) p(x, t) = eEp'(x,Et), B(x, t) = e0'(x,Et), 

where a longer time scale t = T / E (still denote T by t later for simplicity) 
is introduced in order to seize the evolution of the fluctuations. Note 
that (1.8) and (3.1) imply that p(x, t) = eEP'(x,Et)-O'(x,Et) by taking 9'\ = 
cv = 1. Set 

(3.2) 

and 

(3.3) 
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Under these changes of variables and coefficients, the system, ( 1.1 )
(1.3), (1. 7) with (1.8), takes the following equivalent form: 

1 '+8' OtPE + (u•. \l)p• + -div(2u• - K,•e-•P ve•) 
E 

(3.4) = Ee-•P'[v•lcurlH.I 2 + W(u•): \lu•j + K,•e-•p'+fJ'\lp• · \J(}•, 

e \Jp• 
e-8 [Btu• + (u• · 'V)u•] +

E 

(3.5) = e-•p' [(curlH•) x H• + divw•(u•)], 

(3.6) 8tH• - curl ( u• x H•) - v• ~H· = 0, div H• = 0, 

8te• + (u• · \l)e• + divu•- "'•e-•P' div(e8've•) 

(3.7) = E2e-•P'[v•lcurlH.I 2 + w•(u•): vu•], 

where w•(u•) = 2J.L•IIJ)(u•) + >.•divu• 13 , and the identity curl (curlH•) = 
\ldivH•- ~H· and the constraint divH• = 0 are used. 

Formally, as E goes to zero, if the sequence ( u•, H•, e•) converges 
strongly to a limit (w, B, fJ) in some sense, and (J.L•, >.•, v•, "'•) converges 
to a constant vector (p,, X, iJ, K-), then taking the limit to (3.4)-(3.7), we 
have 

(3.8) div(2w - K- e19 \lfJ) = 0, 

(3.9) e-19 [8tw + (w · 'V)w] + \l1r =(curl B) x B + div<I>(w), 

(3.10) OtB- curl (w x B) - iJ~B = 0, divB = 0, 

(3.11) OtfJ + (w · \l)fJ + divw = R-div(e19 \lfJ), 

with some function 1r, where <I>(w) is defined by 

(3.12) <I>(w) = 2P,IIJ)(w) + Xdivwl3. 

We supplement the system (3.4)-(3.7) with the following initial data 

(3.13) (p•, u•, H•, e•) lt=O = (Pin (x ), ufn (x ), Hfn (x ), Bfn (x )), x E IR3. 

For simplicity of presentation, assume that J.L• = p > 0, v• = iJ > 0, 
"'• = K- > 0, and >. • = X. 

As in [1], we will use the notation llvllw := llviiH.,.-1 + "lllviiH.,. for 
'I 

any a E lR and 17 ~ 0. For each E > 0, t ~ 0 and s ~ 0, we will also use 
the following norm: 

ll(p•, u•, H•, e•- B)(t)lls,e := 

sup {ll(p•, u•, H•)(r)IIH• + II(Ep•, w•, EH\ e•- B)(r)IIH:+2} 
rE[O,t) 
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rt 1/2 
+ { Jo [IIV'(pE, UE, HE) Ilks+ IIV'(mE, EHE, f1E)II~:+2](T)dT} . 

Then, the main result of this section reads as follows. 

Theorem 3.1 ([7]). Lets 2: 4. Assume that the initial data (Pfn, 
ufn, Hfn, Ofn) satisfy 

II(Pfn, ufn, Hfn, Bfn- B)(t)lls,E :S Lo 

for all E E (0, 1] and two given positive constants B and £ 0 • Then there 
exist positive constants To and Eo < 1, depending only on L0 and B, 
such that the Cauchy problem (3.4)-(3.7), (3.13) has a unique solution 
(pE, uE, HE, f1E) satisfying 

ll(pE, uE, HE, eE- B)(t)lls,E::::; L, 'V t E [0, To], 'VEE (0, Eo], 

where L depends only on £ 0 , B and T0 . Moreover, assume further that 
the initial data satisfy the following conditions 

IB3(x)- Bl :S Nolxl-1-<~, IV'B3(x)l :S Nolxl- 2-(, 'VEE (0, 1], 

(Pfn, curl (e-Ofnufn), Hfn, Bin) -+ (0, wo, Bo, 19o) in H 8 (1R3 ) 

as E -+ 0, where N 0 and ( are fixed positive constants. Then the so
lution sequence (pE, uE, HE, BE) converges weakly in £ 00 (0, T0 ; H 8 (lR3 )) 

and strongly in £ 2 (0, To; Hj~c(JR3 )) for all 0 ::::; s2 < s to the limit 
(0, w, B, 19), where (w, B, 19) satisfies the system (3.8)-(3.11) with ini
tial data (w, B, 19)lt=O = (wo, Bo, 19o), where wo is determined by 

div(2wo- FtefJ 0 \7190 = 0, curl (e-fJ0 wo) =curl (e-fJ0 uo). 

The key point in the proof of Theorem 3.1 is to establish the uniform 
estimates in Sobolev norms for the acoustic components of solutions, 
which are propagated by wave equations whose coefficients are functions 
of the temperature. The strategy is to bound the norm of (V'pE, divuE) 
in terms of the norm of ( Eiit) (pE, uE, HE) and that of ( Ep<, Ell<, EHE, (1<) 
through the density and the momentum equations. Once the uniform 
bounds of the solutions are obtained, the convergence result in Theo
rem 3.1 can be proved by applying the compactness arguments and the 
dispersive estimates on the acoustic wave equations in the whole space 
developed in [9], see [7] for details. 
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