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A numerical scheme for the Hele-Shaw flow with a 
time-dependent gap by a curvature adjusted method 

Shigetoshi Yazaki 

Abstract. 

We will sketch a curvature adjusted method for a moving plane 
curves and apply it to the Hele-Shaw flow in a time-dependent gap 
together with the boundary element method. 

§1. Introduction 

In this paper we study evolution of a family of closed smooth plane 
curves r(t): x(u, t) E IR.2 for u E [0, 1] c IR./Z and t E [0, T) starting 
from a given initial curve r(o) = ro, and driven by the evolution law: 

8tx = at + (3n, 

where t = 8uxfl8uxl is the unit tangent vector, and n is the unit 
outward normal vector which satisfies det(n, t) = 1. Here and here­
after, we denote 8eF = 8F/8~ and lal = ...;a:a, where a· b is Eu­
clidean inner product between vectors a and b. The solution curves 
are immersed or embedded such that l8uxl > 0 holds. The normal 
velocity (3 may depend on many factors. The classical curvature flow 
(3 = -k is the typical example. Here k is the curvature in the direc­
tion -n, which is defined from 88 t = -kn, 88 n = kt, and described 
as k = det(88 x, 888X), and 88 x = t is the unit tangent vector, where 
we denoted BeeF = 8(8eF)/8~. Note that 88 is not partial differen­
tiation. It means the operator 88 F(u, t) = g(u, t)- 18uF(u, t), where 
g(u, t) = l8ux(u, t)l > 0 is called the local length and sis the arc length 
parameter determined from ds = g(u, t) du. 
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We will mention a brief sketch of the utilization of a non-trivial 
tangential velocity a, and will apply one of the utilization to the Hele­
Shaw flow in a time-dependent gap. 

§2. Curvature adjusted tangential velocity 

The tangential velocity a has no effect of the shape of evolving 
curves, and the shape is determined by the value of the normal velocity 
(3 only. Therefore a tangential velocity a will be chosen in a non-trivial 
way depending on purpose. For example, the simplest setting a = 0 
can be chosen. However, in general, such a choice of a may lead to var­
ious numerical instabilities caused by either undesirable concentration 
and/ or extreme dispersion of numerical grid points. Therefore, to obtain 
stable numerical computation, several choices of a non-trivial tangential 
velocity have been emphasized and developed by many authors. We will 
present a brief review of development of non-trivial tangential velocities 
as follows. Kimura [4] proposed a uniform redistribution scheme in the 
case (3 = -k by using a special choice of a which satisfies discretiza­
tion of an average condition and the uniform distribution condition (U): 
r(u,t) = g(u,t)/L(t) = 1 for any u. Here L(t) is the total length of 
r(t). Hou, Lowengrub and Shelley [3] utilized condition (U) directly 
(especially for (3 = -k) starting from r(u, 0) = 1, and derived 

(1) 88 a = (k(3) - k(3, 

which comes from 8tr = ( 88 a + k(3- (k(3) )g/ L = 0. Here and hereafter 
(F) = ~ fr F ds is the average of F along r. It was proposed indepen­
dently by Mikula and Sevcovic [5]. In [3, Appendix 2], Hou et al. also 
pointed out generalization of (1) as follows: 

(2) 8s(cp(k)a) = _jj)_- _j_ f = cp(k)k(3- cp'(k) (8ssf3 + k2 f3) 
cp(k) (cp(k)) cp(k), 

for a given function cp. If cp = 1, then this is nothing but (1). (2) is 
derived from the following calculation. Let a generalized relative local 
length be r cp( u, t) = r( u, t)cp(k( u, t)) / (cp(k( ·, t)) ). Then preserving condi­
tion 8trcp(u,t) = 0 leads (2). 

As mentioned above, in the paper [5] the authors arrived (1) in gen­
eral frame work of the so-called intrinsic heat equation for (3 = (3(0, k), 
where() is the angle of n, i.e., n = (cos 0, sin O)T and t = (-sinO, cos O)T. 
After these results, for example, in the paper [6], they proposed method 
of asymptotically uniform redistribution, i.e., derived 

(3) 8sa = (k(3)- k(3 + (r-1 - 1)w(t) 
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for quite general normal velocity (3 = (3(x,O,k), where wE Lfoc[O,T) is 

a relaxation function satisfying J0T w(t) dt = +oo. 
Besides these uniform distribution methods, the so-called crystalline 

curvature flow is known, which is not uniform distribution method but 
its numerical computation is quite stable. Under the method, grid points 
are distributed dense (resp. sparse) on the subarc where the absolute 
value of curvature is large (resp. small). In the paper [10], the author 
shows that the tangential velocity a = 8sf3/k is utilized in the crys­
talline curvature flow equation implicitly and the above non-uniform 
distribution is realized by the tangential velocity. Note that under the 
crystalline curvature flow, polygonal curves are restricted in an admissi­
ble class, which is generalized in a prescribed class, and several polygonal 
curvature flows were proposed in the class [2]. 

The asymptotically uniform redistribution is quite effective and valid 
for wide range of application. However, from approximation point of 
view, unless solution curve is a circle, there is no reason to take uni­
form redistribution. Hence the redistribution will be desired in a way 
of taking into account the shape of evolution curves, i.e., depending on 
size of curvatures. In the paper [7], it is proposed that a method of 
redistribution which takes into account the shape of limiting curve: 

(4) 
8s(cp(k)a) (!) f -1 

cp(k) = (cp(k)) - cp(k) +(rep -1)w(t). 

If cp = 1, then this is nothing but (3), and if cp = k and r is convex, 
we have a = 88 (3/k in the case w = 0. Therefore, this is a combina­
tion of method of asymptotic uniform redistribution and the crystalline 
tangential velocity as mentioned above. This method-curvature ad­
justed method-was applied to various curvature-dependent flows and 
an image segmentation, and nice results were confirmed [1], [7], [8]. 

§3. Hele-Shaw flow in a time-dependent gap 

The so-called Hele-Shaw flow is flow of viscous fluid which is con­
tained in the narrow gap between two parallel plates, that is, in the 
Hele-Shaw cell. Fig. 1 indicates the Hele-Shaw cell settled in the xyz-

z 

tix ~~% Fig. 1. Hele-Shaw cell 

coordinate. Let b be the gap between two parallel plates in the z­
direction. In classical Hele-Shaw experiments, b is fixed. 
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Taking average of fluid region in z-direction, we deduce the problem 
to two dimensional problem. Let n be the two dimensional viscous 
fluid region enclosed by r. In the Hele-Shaw approximation, the two 
dimensional velocity vector is given by u = - 1; 2

'" "Vp, where J1 is viscosity, 

'9 means the two dimensional gradient: '9 = (ox,oy)T, x = (x,y)T, 
and the pressure p = p(x, t) is harmonic: tip = 0 in D. Since the 
boundary r = 80 moves with the fluid, deformation velocity (3 = x · n 

in the normal direction n for X E f is given as (3 = U · n = - 1~1" g~, 
g~ = "Vp. n, where we denoted F = OtF. On the boundary r, we use 
the Laplace's relation p- p* = Tk, T > 0. Here p* is the atmospheric 
pressure and T is a surface tension coefficient. Since p* is a constant, we 
can assume p* = 0 without loss of generality by replacing p- p* with p. 
Consequently, we have the following classical Hele-Shaw problem: 

(CHS) {
tip= 0, 
p= Tk, 

- _Jf__ !2E_ 
(3- 121" &n' 

X E D(t), 
X E f(t), 
X E f(t), 

t > 0, 
t > 0, 

t > 0. 

Shelley, Tian and Wlodarski [9] proposed a problem in the case 
where b depends on the time t, i.e., the upper plate is lifted uniformly 
at a specific rate. The following is the Hele-Shaw problem in a time­
dependent gap b( t): 

(THS) {

A _ b(t) 
up - l2J1 b(t)3, 

p= Tk, 

(3 - - b(t) 2 !2E_ 
- 121" &n' 

x E D(t), 
X E f(t), 

X E f(t), 

t > 0, 

t > 0, 

t > 0. 

They established the existence, uniqueness and regularity of solutions 
in the case where the surface tension is zero. They also studied numeri­
cal computation by means of the small-scale decomposition investigated 
in [3]. In the present paper, we will propose another scheme by means of 
boundary element method with a curvature adjusted tangential velocity. 

In the case where the plates are fixed, then b(t) = 0 and (THS) 
is nothing but the classical Hele-Shaw problem (CHS). The problem 
(THS) can be dimensionalized, and retaining the same variable names, 
we have the non-dimensional (THS), which is (THS) without 2J1 appar­
ently. Note that r.h.s. of the Poisson equation depends only on time. 
Then it can be erased by means of a special solution p* satisfying tip* = 

b(t)jb(t) 3 . For instance, if we put p = p-p*, p* = b(t)lxl 2 /(4b(t) 3 ), then 
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the non-dimensional (THS) becomes 

(HS) {
flp = 0, 

- k b(t) I 12 p - T - 4b(t)3 X ' 

f3 - b( )2 8p Jill_ - - t 8n - 2b(t) X . n, 

Here we have denoted p again by p. 

§4. Numerical experiments 

X E O(t), t > 0, 

xEr(t), t>O, 

xEr(t), t>O. 
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We show a numerical simulation of (HS). Algorithm is as follows. 
Step 1. For a given data, say 1 on r, solve the following Dirichlet 

problem (D): flp = 0 in 0 with p = 1 on r, and obtain the data apjan 
on r, by means of boundary element method (BEM). 

Step 2. Move r with the normal velocity f3 in (HS) by using a 
technique of curvature adjusted tangential velocity [7]. 

We explain a brief sketch of BEM. Let p be a solution of flp = c in 
0 with the boundary condition p = 1 on r. Here c = r::(x) (x E 0) is 
an error. Then pis an approximated solution of (D). One of the typical 
strategy of BEM is to find the data ap I an on r under the constraint 
J fn wr:: dO = 0 for a given weighted function w. Then from c = tlp, we 

have B = - Jfn pflw dO = fr w g~ ds- fr ~~~ ds. For the choice of 
w, we use the fundamental solution w(x, e) = 2~ log la:~t;l· Hence we 

obtain B = 8J!l p(e) (e E r), where O(e) is the inner angle at e E r if e 
is a corner, or e(e) = 7r if e is a smooth point. 

To construct the numerical scheme, r would be a closed N-sided 
polygonal curve SUCh as r = U~1 ri, where ri = [Xi-1, Xi] is the i-th 
edge with the vertices xi_ 1 and Xi· We assume that p(x) = 1(xi) = "fi, 
8PC"'l - apca::J - " r d * - ( )/2 Th h ---an= an- qi 10r x E ian xi - Xi-1 +Xi . en we ave 

and for the choice of e = x: on ri (i = 1, 2, · · · , N) we obtain 

O(xi) ( *) 1 ~ { ( *) d ~ { aw(x, xi) d 
~p xi = 2'Yi = ~ }, . w x, xi qj s - ~ }, . an lj s. 

J=1 rJ J=1 rJ 

Hence we solve the linear equation Gq = H 1 and obtain the solution 
q = (q1,q2,··· ,qN)T = c-1HI, where I= (11,"(2,··· ,"(N)T, and 
G = (Gij) and H = (Hij) are Gij = fr w(x, x:) ds, Hij = ~5ij + 

J 

fr awC:;,"'7) ds. Note that G and H can be calculated analytically. 
J 
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As a consequence, for i = 1, 2, · · · , N we solve D.p = 0 in O(t) with 

b( t) I * 12 ( ) [ ( ) ( )J Pi= Tki- 4b(t)3 xi on ri t = Xi-1 t ,Xi t 

by BEM, and obtain qi and 

(3 . _ -b· ( )2 . _ b(t) 8Jx:J2 
• - t q, 2b(t) an on ri(t). 

Here 0 is enclosed region by r and ki is a discretized curvature defined 
on ri as a constant value: 

where vi's are computed from ti =(xi- Xi-1)/JfiJ = (cosvi,sinvi)T. 
Then we track the polygonal curve r(t) = Ui=1 ri(t) by the evolution 
equation Xi = ait; + f3in; (i = 1, 2, · · · , N), where t; and n; are the 
unit tangential vector and the unit normal vector at Xi: 

t * ( * . *)T i = COS 1/i , Sin 1/i , 

and ai is a given non-trivial curvature adjusted tangential velocity com­
puted from discretization of (4) with cp(k) = 1- c2 v'1- c + ck2 , w = 
~~;1-~~;2t E!1 ki/3ilriJ, L = E!1JriJ, ~~;1 = 1000, ~~;2 = 100, c = 0.1. Fi­
nally, we discretize the above evolution equation in time semi-implicitly 
and construct a numerical algorithm. See [7] in detail. 

As an initial curve, we use x(u, 0) = R(u)(cos(27ru), sin(27ru))T, 
R(u) = 1+0.02(cos(67ru)+sin(147ru)+cos(307ru)+sin(507ru)) (u E [0, 1]), 
which is shown in Fig. 2 (a). Fig. 2 (b) and (c) show effect of usage of the 

(a) Initial curve (b) Without a (c) With a 
Fig. 2. Initial curve and effect of tangential velocity a 

tangential velocity. Without the tangential velocity a, the computation 
will collapse immediately as in Fig. 2 (b), otherwise the appropriate a 
makes a stable computation as in Fig. 2 (c). 
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In what follows, we will show three examples in the case where the 
surface tension coefficients are r = 2, 1, ~ x w-4 with the number of grid 
points being N = 300. For comparison, the initial curve and the three 
values of surface tension coefficients T are the same as in [9]. In each 
Figs. 3-5, top and left figure indicates selected curves within the time 
t = 0,...., 2.6. Even with a small number of grid points N = 300, fingering 
phenomena can be realized stably and the simulation patterns are the 
same as in numerical computation [9, Figure 2-4]. This is advantage 
of our scheme, i.e., one can catch small or delicate wave patterns along 
curve with small and necessary number of grid points. See [1], [7], [8] for 
several features of the curvature adjusted method and many examples. 

0::::; t::::; 2.6 t = 0.65 t = 1.15 

0 0 
t = 1.85 t = 2.39 t = 2.6 

Fig. 3. Case T = 2 x 10-4 

0::::; t::::; 2.6 t = 0.65 t = 1.15 

~-{ !~ ~ 
t = 1.85 t = 2.39 t = 2.6 

Fig. 4: Case T = 10-4 



260 S. Yazaki 

~~?,V!_~ 
i?f)~i,~ 

0:::; t:::; 2.6 t = 0.66 t = 1.16 

c~(< ·Sjfr: ~~) 
t = 1.85 t = 2.25 t = 2.6 

Fig. 5. Case T = ~ X w-4 

Remark. We have two properties. One is that the volume is pre­
served in the sense b(t)ID(t)l = b(O)ID(O)I. The other is that the center 
of mass is preserved in time fit IOCtll ffo(t) x dD = 0. It is to be desired 
that numerical scheme should satisfy the above two properties in some 
sense, e.g. in discrete sense. However, it is still open problem. 
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